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Summary of thesis

This thesis is an account of some aspects of time series analysis for directional
data (or, more strictly, circular data), which is an almost totally unexplored area of
statistics. The thesis is in four chapters.

The first concerns a family of models for directional time series which is naturally
derived from the ARMA family of time series models. The identification problem for
the family is discussed and an analogue of the auto-correlation function is defined. The
remainder of the chapter is devoted to estimation of that analogue with major attention
being given to showing that the estimators used are both consistent and asymptotically
normal.

The second chapter examines the estimation problem in detail for the simplest
model from the family introduced in the first chapter. A form of moment estimation is
described and its asymptotic properties derived. The majority of the chapter is devoted
to maximum likelihood estimation. Maximum likelihood estimation is shown to to be
consistent and asymptotically normal. The asymptotic properties are quantified and
shown to be superior to those for moment estimation, and the chapter closes with a
discussion of the computational problems involved in performing maximum likelihood
estimation for the model.

The third chapter deals with a number of aspects of Markov models for directional
time series. Most of the chapter is given to a discussion of the various bivariate circular
distributions to be found in the literature, while stationarity, higher order models, and
estimation properties are also considered.

The final chapter is a trial data analysis for a sequence of wind directions. Two
useful diagnostic techniques are introduced. The analysis proceeds from the models of
the first chapter to the Markov models of the third chapter and the chapter conclude

with an attempt to model some of the seasonal behaviour apparent in the data.
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Chapter 0O

Introduction

The title of this thesis is “Time Series Analysis for Angular Data”. It might more ac-
curately be described as an initial investigation of this area. While time series analysis
has become part of mainstream statistics, relatively little work has been done on non-
linear models or models for unusual kinds of data. This parallels the development of
non-dependent statistics where only relatively recently has attention turned to statis-
tics for directional or other unusual data. However, directional statistics has been the
focus of considerable attention in the last decade, and it seems likely that this is only

the beginning in terms of the exploration of new areas of statistical modelling.
Background

The origins of this interest in directional statistics lie in the rich diversity of situations in
the physical, biological and earth sciences where such data arise naturally — magnetism
in physics, molecular orientation and growth in chemistry, the directions of rock fracture
and hence of veins of mineralisation in geology, migrational and homing behaviour of
animals in biology (see [1] for many biological examples). Other areas also give rise
less frequently to directional phenomena; the time of day at which something occurs
may be thought of as a circular variable. It has also been suggested to me that the
error involved in truncating a number to a computer representation might usefully be
considered to be a circular variable.

Many situations where directions arise naturally do not require the application of
special directional statistical methods. For example the direction of magnetic North at
a point on the earth’s surface is constrained to lie within a few degrees of true North

as defined by the Pole star. In this case there is no reason why the small part of the



circle which contains observations should not be identified with part of the real line and
conventional statistical tools applied. On the other hand, if the whole circle is rich with
data then this identification would not be reasonable. To perform the identification it
would be necessary to cut the circle at some point in order to lay it flat on the line.
The problem is then that points which are close to each other on different sides of the
cut would be identified with points a long way apart on the real line. My reason for
discussing these two cases is that the work which has been done for directional data
can be divided into two categories, depending on which case it deals with. From the
point of view of new techniques interesting problems are those where the data to be
modelled is truly circular, in the sense that it fills the whole circle, as there is no real
need for time series models for circular data which is localised on the circle since the
data can be transformed to the real line and normal techniques applied.

Examples of time series of this kind are far less obvious than examples of general
directional data. However, this must to some extent be due to the lack of techniques
for their analysis, leading researchers to transform data into some other space prior to
analysis. For example, most people are sufficiently familiar with the sine and cosine
functions that they can transform their data to the real line before attempting analysis.
The flaw with that approach is the consequent loss of information. In fact when dealing
with time series that approach may fail simply because of the paucity of time series
models for data confined to a finite interval. There are some fairly obvious examples
where time series of angles arise — the variation of the earth’s magnetic field at a
fixed location on its surface and the time of day at which peak traffic congestion occurs
in a city. The example with which I have chosen to work is the variation of wind
direction. This has certain advantages, over other possibilities, in that there is a large
quantity of such data readily available and that the data are of high quality, not being
flawed by requiring subjective interpretation in the process of measurement. It can be
argued that wind directions are a somewhat artificial example, since the wind speed is
usually observed together with the direction, thus making possible the construction of
velocity vectors which could be analysed as a two-dimensional time series. The latter

approach has severe problems of its own. Firstly analysis of multivariate time series



is by no means easy, requiring techniques which are more difficult to use than those
for univariate time series analysis — the cross spectrum, for example, is much more
difficult to interpret than the ordinary spectrum. Secondly, it has been the experience
of others that this velocity data does not fit very well with the assumptions of the
available two-dimensional linear models.

Time series analysis for directional is an almost totally unexplored area. A certain
amount of work has been done in the area of stochastic processes of this type (see
22, 31, 33]). The most notable result is the fact that any random walk on the circle has
the uniform distribution as its marginal distribution. This has important implications
for time series analysis, rendering the simplest family of models useful only in very

limited circumstances.
Dependence measures

Having established the background and need for circular time series analysis, I shall
turn to the difficulties involved. The essence of modelling time series is to establish the
nature of the dependence between observations at different times. For non-directional
data the most commonly used measure of dependence is correlation which measures the
degree of linear dependence between variables. In the late 1970’s and early 1980’s there
was a brief flurry of papers ([10, 17, 18, 23, 28, 29]) proposing “correlation” measures
for circular data. Most of these were based on the idea of developing circular analogues
of the ordinary correlation. It would be unfair to dismiss these proposals, but it is well
to point out that there are a number of flaws in the general approach adopted.

All of these authors approach the problem as being one of finding an all-purpose
“correlation” measure. No doubt this is due to the almost exclusive use of correlation
for measuring dependence between real variables. Strictly speaking, correlation is only
a good measure when the nature of the dependence is linear and the random behaviour
is Gaussian, i.e. the variables have a bivariate normal distribution. Fortunately, many
phenomena fall broadly into that category of dependence. The classical reason given
for this is that most phenomena are the result of multiple influences and the central
limit theorem indicates that this gives rise to Gaussian behaviour. Where two vari-

ables do not have a bivariate normal distribution, other measures of dependence are



appropriate. In fact the measure of dependence should be derived for the family of
joint distributions under consideration. The latter problem has been discussed in [19].
Where does this leave those who would advocate a standard measure of dependence
for circular random variables 7 Only a few families of bivariate circular distributions
have been proposed. There has not yet been sufficient shared experience to suggest
which, if any, of the families might be a standard. The circle does not have a central
limit theorem so there is no help available from that quarter. One possible argument is
that most directional phenomena arise as projections onto the circle of two-dimensional
variables. If those variables are themselves subject to multiple influences, they might
have bivariate normal distributions, and this would give rise to a generalisation of the
offset normal distribution as a plausible standard family of bivariate circular distribu-
tions. The essential point is, however, that there is not yet sufficient evidence to allow
a decision in favour of any one family of distributions.

The more specific criticisms which I would make of the proposed “correlation”
measures lie in two areas. Firstly they are mostly based on the concept of linearity.
Linearity is a very restrictive relationship between circular variables. It is only possible
to take linear combinations of circular variables if the coefficients are integers. Secondly,
nearly all involve the use of trigonometric functions. As noted earlier, the sine or cosine
of an angle contains considerably less information than the angle itself. The conclusion
I draw from these facts and the preceding paragraph is that it is more important to
start with models from which can be derived the required measures of dependence for
identification and other purposes. I have, in fact made extensive use of the measure
proposed in [29] as an identification tool for the models discussed in chapter 1. I make
no claim that it is any way optimal, but it has the virtue of being mathematically

tractable for that family of models.
Outline of thesis

The material discussed divides naturally into two sections each of which subdivides
naturally into two chapters. The first two chapters are a discussion of a family of
models derived from the ARMA models for conventional time series. The first chapter

is a general examination of the family with particular emphasis on the problem of



identification within the family. The second chapter is a detailed examination of the
estimation problem for the simplest model from the family. The last two chapters
deal with Markov models for circular time series. The third chapter contains a general
analysis of stationarity, the available families of bivariate distributions, a method for
developing higher order Markov models and the asymptotic behaviour of maximum
likelihood estimation for Markov models. The final chapter is a description of a trial
analysis of a sequence of wind directions. It also contains a description of a general
technique for diagnostic analysis of fitted models. Finally there is a short appendix of
referenced material drawn from various areas of probability theory.

Chapter 1 exploits the idea of wrapping (well known in circular statistics) to intro-
duce a family of models derived from the ARMA family. The measure of dependence
proposed in [29] is used to define a circular version of the auto-correlation function.
The asymptotic behaviour of this function is derived in detail, and it is shown that it
can be used to identify wrapped moving-average models. The possibility of defining
an analogue to the partial auto-correlation function is discussed briefly, but it is clear
that a different kind of approach will be required for that problem.

Chapter 2 is a detailed analysis of the simplest model from the family introduced
in chapter 1 — the wrapped first order auto-regressive model. Moment estimation
is discussed briefly, mainly for the purpose of comparison with maximum likelihood
estimation. A detailed understanding of the behaviour of the non-wrapped process
conditional upon the wrapped process is developed as a basis for the proofs of strong
convergence and asymptotic normality which follow for the maximum likelihood es-
timates. Numerical values for the covariance structure of the maximum likelihood
estimates are computed and compare favourably with those obtained for moment es-
timation. Finally there is a short account of the computational problems actually
encountered when computing and maximising the likelihood.

Chapter 3 is a discussion of Markov models. I commence by considering the exis-
tence problem for stationary processes having a given transition probability function
and show that under certain mild conditions there is a unique stationary process. I

then consider the suitability, for use in Markov models, of a number of families of



bivariate distributions which have been proposed in the literature. In many contexts
data exhibits more than first order dependence and I discuss some properties of a fam-
ily of higher order Markov models called linear conditional probability models. These
models have the attractive feature that they can be defined in terms of first order
models. Finally I show that under certain useful conditions on the transition function
maximum likelihood estimation for Markov models is consistent and asymptotically
normal.

Chapter 4 is a discussion of a trial analysis of a sequence of wind directions. Two
useful methods for diagnostic analysis of models are also introduced. Daily periodic
behaviour is observed in the sequence and related to physical processes. For the re-
mainder of the analysis, I work with daily averages. A sequence of Markov models
is fitted, followed by a sequence of higher order Markov models using the technique
described in chapter 3. There is clear seasonal variation in the sequence and a seasonal

model is fitted with limited success in accounting for the seasonality.
Conclusions

Clearly the subject of time series analysis for directional data is only at a beginning.
I have only considered the simplest case of circular data which is, in certain ways,
a special case. There are new problems of several kinds for the general case. Most
importantly, the technique of wrapping is only available for circular data. This means
that there is no easy way to generate non-Markovian models for spherical time-series.
In fact even Markov models are difficult. The loss of wrapping robs us of large families
of bivariate distributions which are available for the circle. Even more fundamental
difficulties exist than the lack of models. The problem of how best to display a spherical
time series is not an easy one. Totally new techniques will be needed for general
directional data.

There is no evidence yet indicating that the wrapped models of chapters 1 and 2
will be of any practical use. It does certainly seem reasonable that some natural
circular phenomena might arise via “wrapping”. Chapter 1 indicates that, if such
phenomena exists, the theory of some aspects of the appropriate wrapped model is

not excessively difficult. Chapter 2 is in many ways more interesting, despite the fact



that at first it would appear to be much more limited. I believe it to be reasonably
obvious that the estimation properties proved in chapter 2 for the wrapped AR(1)
could easily be extended to the wrapped AR(n). However, this is not the real interest.
The theory developed for the conditional behaviour of the unwrapped process given
the wrapped process has potentially wide-ranging implications. It seems likely that it
could be extended to apply to a large class of processes which are functions of Markov
processes. Obviously not all functions are appropriate, but it should be a large class
of functions. Equally, not all Markov processes would be appropriate. A minimum
requirement would be stationarity. Almost certainly any Markov process having a
strong contractive property like that of the AR(1) could replace it as the process being
wrapped. It seems likely also that regularity conditions could be established so as
to extend the asymptotic normality proof to a large class of these general “wrapped”
processes. The form of the derivatives of the log-likelihood function would retain many
of the features of those for the AR(1), in particular the fact that they involve conditional
moments of stationary sums of functions.

Some parts of chapter 3 extend naturally to a large group of spaces in which time
series might take values. The stationarity properties of Markov processes depend only
on the fact that the circle is compact. The proof of consistency and asymptotic normal-
ity for maximum likelihood estimation is also based largely on the fact that the circle
is compact. The definition of linear conditional probability models is totally general.

Chapter 4 raises far more problems than it solves. Seasonality is very difficult to
deal with satisfactorily. Linear conditional probability models almost certainly do not
have a sufficiently wide range to cope with the forms of dependence are be observed.
However, the real failure of the analysis is probably that it does not model the first order
dependence adequately. There is a real need for new families of bivariate distributions.
There are some encouraging aspects to the chapter. Spectral analysis is available
as a tool for circular time series, as it is for the ordinary case. This enables the
detection of periodic effects as was found to be the case for the wind data. The
diagnostic approach of the conditional cumulative distribution sequence is available

for time series analysis in any space. Admittedly its distributional properties are not



known and appear intractable, but it can still be used as a qualitative tool. Further
its properties for any given model can be obtained by simulation as was done for the
final model fitted in chapter 4.

The real key to time series analysis for circular data must be to find physical
processes which generate natural families of models for time-series. If this can be done
there will surely be close similarities between the circular and more general situations.
Difficult problems are seasonality and long-term variation. These are difficult in all
areas of time series analysis, but especially for directional data where the concept of
linearity is extremely limited. Solutions to these which are found in other contexts
will, however, help to indicate solutions for the directional case. Ultimately, all comes
down to the need for more data analysis in order to develop the insight required to

make progress.



Notation

I1I[X,Y]

33

O(z) asz — a

denotes the probability of the event A

denotes the expectation of the random variable X

denotes the variance of the random variable X

denotes the covariance of the random variables X and Y
denotes the correlation between the random variables X and Y
denotes E|[(X — E[X))(Y — E[Y])(Z — E[2])]

with a subscript denotes the (possibly joint) probability density
function of the random variables in the subscript.

with a subscript denotes the (possibly joint) cumulative distri-
bution function of the random variables in the subscript.

where X is a stochastic process denotes the sigma-algebra gen-
erated by the random variables X,,, X,,41,..., X,

a bold-face letter denotes a vector (possibly infinite dimensional)

a bold-face letter with subscript and superscript generally de-
notes the vector of values x,,, Tyi1, ..., Ty

denotes the space of real numbers (with an integer superscript
denotes the product space of that many copies of the real line)

denotes the space of integers
denotes the space of positive integers

denotes any quantity g(x) for which there exists C' such that
lim, ., g(z)/x < C

denotes the partial (or absolute) derivative with respect to «



Chapter 1

Wrapped Linear Processes

In this chapter I introduce a family of models for circle-valued time-series, derived from
the familiar ARMA models for real valued time-series. The problem of identification for
these models is considered using an approach similar to the use of the auto-correlation
function for ARMA models, and statistics are defined for performing the identification.
Formulae are derived for the asymptotic distribution of these statistics and its implica-
tions are illustrated for models derived from white noise and moving average models.
Finally consideration is given to the problems of finding an analogue for the partial

auto-correlation function.

1.1 Wrapped Models

One of the earliest methods used to obtain distributions for circle-valued random vari-
ables was by “wrapping” a real-valued random variable. The name originates in the
idea of wrapping the real line around the circle (anti-clockwise) — like thread on a
spool. Thus a given value of the circle-valued random variable arises from an infi-
nite number of values of the real-valued random variable. Let us assume throughout
what follows that the circle is chosen to have unit circumference and that values of
a circle-valued variable are given as distances along the circumference anti-clockwise
from some origin 0. Then, if X is the circle-valued random variable and Y is the
real-valued random variable,

fx(@) =" fr(z+))

JEZ

if the wrapping is done so that 0 on the circle coincides with 0 in R. An alternative

way of understanding this is that X is a partial observation of ¥ where we see only
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the fractional part of Y and lose the integer part. i.e.
X=Y -]

This suggests an obvious way to obtain time series models for the circle. If Y; is
a real-valued stochastic process, we can obtain a circle-valued stochastic process by

wrapping each co-ordinate so that
Xy =Y, —[V]
and hence

f(th,...7th)(xt1a s 7'Itn) = Z f(Y}l,...,Ytn)(xtl + j17 s 7Itn + jn)

jpezn

thus defining a model for a circular-valued time series.

1.2 Wrapped Gaussian Linear Models

In this section we will consider the sub-class of wrapped models obtained from Gaussian

linear models. Denote by Y; a zero mean Gaussian linear process. i.e.
o0
YV, =Y aje; where «; € R, and the o; are summable
=0

and the ¢, form a sequence of independent Gaussian random variables with mean 0 and
variance o2. Further, suppose that Y; is a stationary sequence, i.e.
> oy < oo
J
and that Y; is invertible, in other words we can write
[e.e]
€ = Z 0 X
j=0
for some real summable sequence [3;. Now let X; be the corresponding “wrapped”

process, i.e.
X =Y, — [y

One of the problems that occurs with ARMA models is to identify which model
from the family is appropriate. The usual tools are the auto-correlation function and

the partial auto-correlation function.
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1.2.1 Circular auto-correlation function

In the attempt to find a circular analogue of the auto-correlation function we encounter
the problem of defining correlation between circle-valued random variables. While
many alternatives have been proposed, as discussed in the introduction, no concensus
has yet emerged as to which, if any, is the best. For the purposes of this section I have
chosen the one which has the simplest form and which, more importantly, is easy to
calculate for wrapped linear models. This is the measure proposed in [29] and is given
by

Elsin 2m(X; — fi(X71)) sin 27( Xy — i(Xa))]

ﬁ(XlaXQ) = 1
{ Elsin? 2m (X — ju(X1))|E[sin® 27(Xz — ji(X2))]}

(1.1)

where i(X) is the circular mean given by fi(X) = the direction of E[e*™*]. When X

and X5 have zero circular mean this becomes
(X1, Xa) = p(sin 2w X7, sin 21 X5)

This suggests the definition of the circular covariance of zero-mean circle-valued random

variables by

CX1, Xo] = Esin(27X;) sin(27.X5)]

The question is now whether the measure in (1.1) provides a useful means for iden-
tification of zero-mean wrapped ARMA processes. Define the circular auto-correlation

function pc ; by

~ Ye.j
poj = p(Xe, Xij) = —
Yc,0

where 7; is the circular auto-covariance function given by

Yo, = ClXy, Xi—j| = E[sin(2nX) sin(27.X;_;)]
= E[sin(2rY))sin(27Y;_)| (1.2)
_iE {(ezmyt B 6—2m'yt)(e2myt,j . e—zm'yt,j)}
But since the ¢ are i.i.d. N(0,1)
E [ezwme%m,ﬂ - E [e2m(Yt+YH)}
= F [exp (27?2'[22":0 ap€rp + roo(ar + ozkﬂ-)et,j,k])}

12



Jj—1 0o
= H E[€27T7;Oék€t—k} H E[@2ﬂ—i(ak+ak+j)5t—j—k}
k: 0 k=0

— H 6_5026&(27’ H —30%(agtajr)?(2m)?
k=0
= eXp(—27T 0'2{2 Zk:O ak + 222020 O{kOé]Jrk})
Similarly
E [ewme—zm‘n_j] - exp<—27T202{2 S gar —230%, akak+j})
Thus
Yo; = —gexp (=40’ T2, af)

X {exp (—4m20% Y72 o apapy;) — exp (420 Y02 ) akcur ;)

But
Y= EY;Y,_ ] = [Z&kﬁt kZOéZEt j— l}
o o0

= ZZO%OQE[Q%Q*J' l Zzakalaz&ffk,tfjfl
k=0 1=0 k=01=0
(0.)

- ZOWHZUQ
=0

Therefore

— 472 .
Yo = € 470 sinh 4%y,

and
_ sinh 42y,
PCI = Sinh 4727,
This compares to p; = 2. Thus there is a clear similarity between p; and pc; and

Yo

as one would expect this is especially pronounced when the auto-covariances are small
since then the level of information loss through “wrapping” is low. In particular, when
Y; is an MA(k) process (i.e. a; = 0 for j > k), then 7; = 0 for j > k. This means
that p; = pc; = 0 when j > k. This would appear to provide the same basis for

identification in either case given the existence of satisfactory estimators for the p¢ ;.
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1.2.2 Estimation of the circular auto-covariance function

I have chosen to estimate the circular auto-covariance function of the sample z1, ..., x,

by gc; where

n—j
> sin(2mxy,) sin(2m a4 )
k=0

gc’j:n—j

which from (1.2) is obviously an unbiased estimate of y¢ ;. In order to derive various
asymptotic properties of the {gc;} we shall need some knowledge of their covariance

structure. Now
C[QC,]‘ ) gC,k’]

= m > > Elsin2rX,;sin2rX,_;sin 27X, sin 2 X, k] — e /70k
t=j+1 u=kt1

But

E | sin 27X, sin 2rX;_; sin 27 X, sin 27X,

= X %E |exp2i{m X; + 1 Xo—j + 13X + Xt} (13)
174116{*171}4 ( Z)

Suppose that u < t — j, then

B [exp(mi{m X, + mXe_j; + mXy + 1 Xui})]

j—1 t—j—u—1
= FE |exp <27”{ n%amet—m + Z (77104m+j + n2am)2€t—j—m
m=0 m=0
k—1
+ Z (nlam+t—u + MN2C0mtt—j—u + nSam)Zeu—m
m=0

+ Z (Mt tb—u + M2tk j—u + M3k + n4@m)2€u—k—m}>]

m=0

e (—27r202{n% LR D ST PR S
m=0 m=0 m=0 m=0

2 MmO 2 Y N30 et

+2> s Cmt—jmu + 2> 340 sk

m=0 m=0
e} o)
+2 Z 2N 40m Oy t—j—utk + 2 Z 771774am04m+t—u+k}>
m=0 m=0

14



= eXP(—47T2{270 + N2+ MN3Ve—u + M2N3Vt—j—u
+N3N4Yk + 24 Ve—j—utk + 7717]47t7u+k})

Ift >u>t— 7 we obtain

Eexp(2mi{m X, + 2 Xe—j + nsXu + maXu i })]

= oxp (=4 {270 + MgV + MMV F MMVt

MYk TSI+ Yk}

which is the same since ; = v_;.
Consider those terms in (1.3) for which nym, = n3ny = 1. We have
6_“2(7#%){ eXP(—47T2{%—u T Ve—utk T Vt—j—u T %—j—u+k}>
+ exp(—4m {7 + Yootk + Vejou + Ve jutk})
+ exp(—4m{ —Yi—u — Veeutk — Vemju — Vi—jutk})

+  exp(— 47 {—Vemu — Ve—utk — Veej—u — %—j—u+k})}
_ 46—47r2(Vj+Vk) COSh<47T2(’}/t_u F Vecutk F Viejmu + 'Vt—j—u—',-k))

By applying the same method to the other terms in (1.3), the right-hand side

becomes
ie_&r%{ e~ 0 cosh(4m(Yemu + Vi-usk + Vi-jou T Vimjutk))
=472 (% =) cosh(4m2(— DV .
€ COoS ( ™ ( Yt—u + Vt—u+k Yt—j—u + ’Yt—]—u—i-k))
— et COSh(47T2(—’Yt—u — Vicutk + Vi—j—u + Viej—utk))
+ 6_4772(_%_%) COSh(47T2<7t7u — Vi—utk — Vi—j—u T ’thjfu+k)) }
Also
Yo Yor = e~ 040 ginh 4%, sinh 47y

— %6787970 {6*47"2('Yj+7k) e~y oA () 6747@(*%*%)}

and coshz — 1 = 1{e” + 7@ — 2} = 1(e® — e7®)? = 2sinh® Lz. Therefore

15



E { sin 2w X, sin 2w X,_; sin 27 X, sin QWXu_k}

—F {sin 2w X, sin 27TX,5,J} E {sin 2w X, sin QWXu,k}

g2 A 2(~s .

=ge " 70{ e~ 00t ) sinh® (21 (Yo—u + Vimutk + Vimjou + Ve—j—utk))
4 (=) Sinh2(27T2(_%—u + Yemutk = Vemjou + Vejutk))
4 (=) sinh2(27r2(_%—u — Yemutk + Vemjou + Vejutk))

+ ™) sinb® (27 (Yemu — Yecusk — Vemj-u t Ye-j-utk)) }

Suppose that j < k. Let h(t,u) be some function of two variables which in fact
only depends on ¢t — u so that we can actually write h(t — u). Then

> Y hew = 3 Y A

u=k-+1t=j+1 u=k+1t=j+1

=YY w-w

u=k+1t—u=j+1—u

- Y Y a@ (14)

u=k+1d=j+1—u

From figure 1.1 we can see that when d = 0,—1,..., —j — k, that value of d occurs
n — k times; when d = 1,2,...,n — k — 1, that value occurs n — k — d times; and when
d=j—k—1,j—k—2,...,j—n+1, that value occurs n —k — (j —k—d) =n—j+d
times, i.e. any given value of d occurs min(n — k,n — k — d,n — j + d) times. So (1.4)

becomes

n—k—1
> min(n—k,n—k—d,n—j+d)h(d)

d=j—n+1

So we have now shown that
Elgcjger) — Elgc i Elgex]

= m Z Z Elsin 27 X, sin 27 X, ; sin 270 X, sin 20 X, x| — Yo 70k
t=j+1 u=k+1

16



n—k—1| 1 o ... 0 0
n—k—2 1 r ... 0 0
2| 1 1 0 O
1] 1 1 1 0
0 1 1 1 1
d

j—k| 1 1 1 1
j—k—1 0 1 1 1
j—k—=2| 0 o . . . 1 1
j+2—n| O 0 S 1 1
j+1l—n| 0 o . .. 0 1
E+1 k+2 n—1 n

u

Figure 1.1: Diagram indicating which values of d occur for which values of u
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1 n—k—1
= (n_j)(n_k) Z min(n_k7n_k_d,n_j—d)%€_8ﬂ270
d=j-n+1

% { e~ 4™ (vt k) sinh2(27T2 (Va + Yark + Va—j + Va—j+x))
_ A () sinh? (272 (=74 4 Yaur — Vd—j + Va-j+h))
o 47r2(

'™ 07 sinh® (27 (—y4 = Yak + Ya—j + Va—jik))

+e! 0 sinh* (27 (Y — Yok — Yaj + Va-jik)) |
which is the first part of the following theorem.

Theorem 1.1 a)

6*87T2’Yo nfl )
: min(n —k,n—k—d,n—j+d
2= )=k 2

Clgc,j, 9ox) =

{6—471'2(’)/3"'1")%) sinh2(27T2(’Yd + Yark T Yd—j + Va—jt+k))
_ A =) sinh® (27 (—vYa + Yark — Vaj + Ya—jrk))
=05 Sl (2% (g — sk + Yag + Ya544)

+€47r2(’7j+’7k) Sinh2(27]'2 (")/d — Vark — Vi + ’Ydfj+k))}

b) Suppose that oy < O(j73/%) as j — oo. Then Clgcj, gox) < O(n™') asn — occ.

Proof: We have already shown part a). Thus, we have

Clgc, 9gcr) = : ' min(n —k,n—k—d,n—j—d)Ty

AN
3
S
|
=
[sH
1
&3

where the definition of T, is obvious from the statement of part a) of the theorem.

Since a; < O(573/), there exists a* such that a; < a*/j%2. Therefore we have

k’0'20é*2 0'20_/*2 2 %2

oo
ke =kY oo <Y s <Y s <Y ——— =0 <00
Ej: 7T %313/2(J+k)3/2 %:J?’/QJW zj: 52

18



and so v, = O(k™') as k — oo which implies that v4 + Y1k £ Ya—j + Ya—jir < O(d71)

as d — oo. Also sinh(x) = O(z) as + — 0. Combining these gives

T, <O0(d™?) as d— oo

which implies ‘Zso:_oo Td‘ < oo and therefore that

Clgcj, gox) < O(n™)

as required.
Q.£.D.
We now know the covariance structure of the estimators of the circular auto-
covariance function. The remainder of this section is devoted to showing that the
gc,; are, asymptotically, normally distributed, which then completes our knowledge of
their asymptotic distribution. The key to this is the use of a central limit theorem for
certain strongly mixing stationary processes. The next three proofs show that, under
mild conditions on the «;, the Y; process is strongly mixing with coefficients which die
out sufficiently rapidly. I believe that this has probably been shown before but, in the

absence of a suitable reference, I have chosen to derive this explicitly.

Definition 1.1 A stationary stochastic process {Z;} is said to be strongly mizing if
Vy(T) = sup ’P[AHB]—P[A]P[B]’ —0 asT— o0
AeFO _(Z2),BEF=(Z)

The ¥z (7) are called the (strong) mixing coefficients for {Z;}.

The following lemma will be used, together with theorem A.1, to find upper bounds

for the mixing coefficients of {Y;}.

Lemma 1.2 [f the stationary linear process {Y,;} is invertible, then the spectral density

f(X) is everywhere non-zero and there exists C' such that
fA)>C >0 forall A

Proof: Define a; = 0 for all j < 0. Then

) = 3 e

j==o0
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o0

o
= Y e

j:—oo k=—00

0 0 . s
— Z Z akak+j€—zk)\€z(]+k))\

j=—00 k=—o0

— Z Z ozkaje_’k’\e”’\

j=—00 k=—00

0 ..
= | > P

j=—o00
Suppose that > =0; i.e. Z ae¥* = (0 and Z a;e 9% = (. Consider
j= —oo & =0+ =0 >

the €, sequence given by €¢; = acos(tx — b). Then
}/t — Z e = %a(z aje—zbez(t—])m + Z ajezbe—z(t—j)x)
=0 =0 =0

oo 00
— %a(ei(t:c—b) Z aje—ijx + ei(b—tx) Z ajeij:c) =0

Thus any pair of realisations of the e-process which differ only by acos(tz — b) give
rise to the same realisation of the Y-process; i.e. the Y-process cannot be invertible,
contrary to the hypothesis.

Therefore we have f(A) > 0 for any A. But f(\) is continuous since the v; are
summable. Therefore f(\) is a continous function on the closed interval [—m, 7] and

must attain its infimum somewhere on that interval and so infy f(\) > 0 as required.

Q.ED.
Lemma 1.3 Let a; < O(572) as j — 0o. Then ¢y (1) < O(77%) as 7 — oc.

Proof: From the hypothesis, for some a*

1
] = K7 ZU k| < kSUZO‘*Z 3

* 2 _def _x
Y = <
j=0 735+ k)3 Z J? ! OO

The ;. form, therefore, an absolutely summable sequence. It is however well known
(see [5]) that any complex power series is analytic in any disc where it is absolutely

convergent. So setting

0 .
= Z ’YT—jZ]
7=0

defines a function analytic in the unit disc.
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Furthermore, since {Y;} is invertible by the original definition, lemma 1.2 shows

that there exists C' > 0 such that |fy(A)] > C for all A\. Thus, from theorem A.1
Yr(r) < infsup|fy(A) = eole™)I/fr(A)
< sup Cil|fy(>\) o ei/\‘ré‘r(e%)\”
A

= swpC7 30y = 3. e

j=—00 j=—00

o
= supC’1| Z fyjeij’\\
A j=7+1

’7* 00 4
sup — Z J
A Cj:T+1

IN

,y*
2072

IN

as required
Q.E.D.
We have now sufficient resources to prove the following theorem on the asymptotic
normality of the {gc;}. We shall make use of a central limit theorem for stationary

processes which are functions in a local sense of strongly mixing sequences.

Theorem 1.4 Let a; = O(57?) as j — oo. Then the {gc;} are asymptotically jointly
normally distributed in the sense that, if (t1,...,t,) € R™ and ji,...,Jm are any

natural numbers, then

vy te{geg, — o = N(0,57)
k=1

where 6% = Y7°__ F[GoG)] exists and is non-negative and

G, = Z te{sin 27X, sin 270 X5, — ye4,. }
k=1

Proof: First we let {Y;} and G, take the roles of {Z;} and W respectively in theo-
rem A.4, and we show that conditions (1), (2) and (3) of the theorem are satisfied. Gy
is clearly a measurable function of {Y;}. E[G¢] = 0 by definition, and G| is obviously

obtained by time-shifting Gj.
(1) |Gi] < (maxi<k<m [ve | + 1) Xiy [tk| and is clearly uniformly bounded.

(2) Gy is a function only of Yy, Y7,...,Y; where J = maxi<x<m jm. Therefore, when-

ever T' > J, E[Go|FL (Y)] = Gy and the summation must converge.
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(3) S92, Yy (k) <322, v*/(Ck?) < oo by lemma 1.3.

Therefore 62 is finite and non-negative. We must now consider two cases separately.

a) 52 =0

- G = o) + 520 - 0G|

I=1
by stationarity of {G;}. But we already know that >7°, F[GoG] is convergent

and so lim,,_.,, £ 72, IE[GoG)] = 0 which implies that

lim IE[(li Gl>2] = i E[G()Gl] =0

n—00
l=—0

ie. ﬁ >y Gi — 0 in Lo-norm, which in turn implies that
1
ZQHAmm N(0,5%)
V=

b) 6% > 0 By theorem A.4, we already know that

The final part of the proof is to show that ﬁ Y1 G is asymptotically equivalent

to v SF _ tm{gc, — ’Yij}- However

|\/_ 90, jm — ’VCym \/_ Z sin 27 X sin 2w X5, — VC,jm)

n 1 n
= v Z sin 27 X;sin 2w X;_; — ——= Z sin 2w X sin 2w X .

n- jm I=jm+1 l \/ﬁ =1
1) "
< ( \/ﬁ —) > sin27X;sin 21X,
= Jm \/ﬁ =1
+ ! i in 27 X, sin 27 X,
— sin 2w X; sin 2w X4,
\/ﬁ l=n—jm—+1
n 1 Jm
< )| Y L e
n—Jm N Vn

and the result follows.

Q.ED.
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1.2.3 Estimation of the circular auto-correlation function

In this section we shall explore the asymptotic behaviour of the r¢ ;. Three main results
will be obtained. First it will be shown that the convergence of r¢ ; to pc ; is better than
almost sure; r¢ ; converges rapidly in mean to pc ;. Secondly the covariance structure
of the 7¢; is explored in terms of the covariance structure of the g¢ ;. Finally the r¢ ;
are shown to be, asymptotically, normally distributed. The principal tool for the first
two of these is the theorem below, taken from [11], on the behaviour of functions of
random variables in terms of Taylor series expansions.

I have chosen to estimate the circular auto-correlation function pc ; by

_9c

rej=—"
gc,o

This is clearly consistent since the {gc} are consistent for the {y¢;} and ¢ > 0.

Throughout this section we shall asume that v; < O(j7?) and hence that there exists

a constant v* such that for all j

*

~y

The approach used for deriving properties of the r¢; is based on Taylor expansion.
The following lemma will be used to validate the assumptions of a theorem from [11]

quoted in the appendix.

Lemma 1.5 Asn — oo
El(ge; —vc4)'] = O(n?)

Proof: For the duration of the proof, let s(z) denote the function sin(27z). Then by

an argument similar to that used in theorem 1.1, we have

Els(Xi)s(Xi—j)5(Xu)s(Xuj)s(Xo)s(Xoj)(Xuw) (X))

- Y I (15)

nfe{-1,1}8 (=1
x exp (—4m {470 + (M + Mg + 115706 + 117s)7;
+A+B+C+D+E+F})

23



where

= (mM3 + MMa)Vay + MNaVdy+5 + M2M37ds—j

= (M5 + M2M6)Vdy+d> + M6Vds+dotj T M2M5Vds+do—j

= (M7 + N208) Ve +da-t+ds + NSV +do+dstj + M207 Yy +do+ds—
(0305 + NaM6 ) Yy + M376Vdp+j + Mal5Vd—;

= (M307 + MaN8) Vdatds T 1378 Vdotds+j + NaT7Vdo+ds—j

4 = O QA B o=
I

= (MsM7 + N6M8) Vs + M58 Vds+5 + M6M7Vds—j

where dy =u —t,dy =v —wu and d3 = w — v.

Now by the same approach we find

Els(X¢)s(Xe—j)s(Xu)s(Xu—j)s(Xo)s(Xoj)]

1

6
Y S° T mexp(—47*{3v0 + (mnz + nsma + nsm6)y; + A+ B + D})
77?6{_171}6 =1

We also have

— 472 .
Yo = e "0 sinh4r?y,
_ 1 —4mPyo A3y, — 472y
= e (e —e 7)
1

= —= > nmgexp(—4n* (o + ns;))
n7,ms€{—1,1}2

and so
E[s(X0)s(X,—3)s(X0)s(Xu—y)s(X0)s (X oy | X 70, (1.6)

1 8
R L

nfe{-1,1}8 (=1
x exp(—4m* {470 + (mna + nsma + Ms76 + 1me)7; + A+ B+ D})
If in the last equation we use u, v and w instead of ¢, u and v we get the same result
with D, E and F instead of A, B and D. If we use t, u and w we get A, £ and C. If

we use t, v and w we B, ' and C.

By the same approach we also obtain

E[s(X)s(Xi-)s(X0)s(Xom)] 22, (17)

24



1 8
= 256 Z H m exp(—47r2{470 + (mmne + n3ns + n5M6 + 777778)%. + A})
nfe{-1,1}81=1

If we use different indices than ¢t and u we get a different term instead of A. Using ¢
and v gives rise to B. Using ¢t and w gives rise to C'. Using v and v gives rise to D.
Using v and w gives rise to F. Using v and w gives rise to F'.

Finally, we have

1
'Yé’,j =— > J]mexp(—47*{4yo + (mn2 + n3ma + 056 + m0s)v; ) (1.8)
290 i Tpsizt

Combining (1.5), (1.6), (1.7) and (1.8), we have (n — j)*E[(gc; — vc,;)*] =

DD DS B(s(X0)s(X, — §) — 70, (s(X)s(Xu — §) — 705)

t=7+1 u=j+1 v=7+1 w=5+1

X(s(X0)s(Xy = 5) = v0,) (s(X0)s(Xo = J) = 7e5)]

:256n_j4z Z Z Z Z Hnl

t=7+1u=j+1v= j+1w—]+17786{ 1,1}8 =1

X GXP(—47T2(771772 + M3n4 + 576 + 777778)%‘) (1.9)

X{6747r2(A+B+C+D+E+F) N 6747r2(A+B+D) N 6747r2(D+E+F) . 6747r2(A+C+E)

A2 A2 A2 A2 A2 A2 A2
—e 47r(B+C+F)_|_€47rA_|_€47rB_|_647rC_|_647rD+647rE_|_647rF_3}

Denote by g(dy, ds,d3,n}) the expression in braces in equation 1.9. Then

El(9c,; — 70,;‘)4}
6—167r Yo .
! 256 4 Z Z Z Z Z ‘ (d17d27d37771)|
t=7+1u=75+1 v=5+1 w=j5+1 7786{ 1,1}8
6716772’70 n n n n .
S E——YY dy, dy, d 1.10
— 256(n—j)4 Z Z Z Z Z ‘9( 1, @2, 37771)’ ( )

n§€{7171}8 t=j+1di=—ndo=—ndz=—n

Now, by Taylor’s theorem, we have

Zl_1+ G _1+§121
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for some (; € [0,z]; i.e. some & € [0,e*]. Therefore putting 2z, = —4n2A, zp =

—4m2B, ... etc.

g(di,da,ds, ;) = (1+&21)(1+ &2a) (1 + &23) (1 + Eaza) (1 + 525) (1 + &o26)
— (I +&z) (1 + &) (1 + &az4)
— (14 &za) (1 4 &25) (1 + Eo26)
— T+ &)1+ &) (1 + 625) (1.11)
— (14 &) (1 + &23) (1 + Se26)
+ (14+&2) + (1 + &) + (14 &323)
+ (L+&2za) + (14 &25) + (1 + &o26)

- 3

Expanding this into a polynomial in & 21, ...,&z2s yields a complicated expression of
41 terms which has the important feature that every term involves at least two distinct
§iz-

But, by definition of A,

[4m? Al < 4An® (2ya, |+ Vayss] + a—s])

< 472 + — + .

N <1+d% 14 (dy +7)? 1+(d1—J)2)
1672y € M > 1

(1.12)

IN

The same holds for B,C,...,F. Thus |z;] < M and |¢;| < e. Hence the modulus of

each term in the polynomial expansion of g is less than
MM Mz ez, (1.13)

for some ji,jo € {1,2,...,6} with j; # jo. Consider the case when j; = 5 and j, = 6.
Then by (1.12)

di=—ndo=—nds=—n di=—ndo=—nds3=—n
where
h(l) 2 1 1

= + — + .
1+ 14+(1+7)?2 1+({-j)?
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But

n n

ST S h(dy+dy)h(ds) < i i h(ds + d3)h(ds)

do=—nds3=—n do=—00 d3=—00

_ S W) S h(dy)

do=—00 d3=—00
and

oo oo 1 o

l=—00 l=—00

Thus, from (1.14),

S0 > aslleel < (2n+ 1)16m4~*2C2
di=—nds=—nds3=—n
and similarly for other values of j; and js giving

> > X ezl < @n+1)16a'y703 (1.15)

di=—ndo=—nds3=—n

Combining the count of the number of terms in (1.11) with (1.10), (1.13) and (1.15)

we find

El(gc; — ve;)"]

671671'2 (v0—5)

< 41.M*e™M 256(2n + 1)7*y*2C?

n?e{flzl}g

10516(2n + 1) w4y 2C2 M4 eM =167 (0 =)
(n—j)?

=0(n?)

as required.
Q.E£.D.
This is now used to prove the following theorem which is really a lemma for the
corollary which follows. The corollary is the first real result of the section, on the

nature of the convergence of r¢ ; to pc ;.

Theorem 1.6 Asn — oo

_9ci _ pei(gea=nco) | g (n)
7co Tco

rC’]
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Proof: We shall show that (r¢; — gcj/vco + (900 — VC,O)WC,J'/V%,O)Q satisfies the

conditions of theorem A.7 with Z = (gc0,9¢,), a =1, s =4, No =1, pp. = (vc0,7¢,5)

and a, = O(n"2).

E[((gc0—700)*+(9c—70,4)%)°] < 2E[(9o0—00)'142E[(9e;—04)"] = O(n™?)
= O(y/n™ "), by lemma 1.5.

gc,j YC.,i
L+ <2 (gco0 — Ye0)]
Yco  YCo

rej —
<(G+1)+00+ ’YE,%\’YCJW +c0)

which is a uniform bound as required. This is true since |go ;| < 1 and

n ZSkSk+j<j+1
-7 Zs% -1

Ire il = -

Let S = {(z,y) : |[&—7col> + |y — e, > < $7&0} Then, since 2 is bounded away

from zero in S

(x —7ep))?
T Yoo Ve

has continuous derivatives of any order in S.
(7Yc,0,Vc,;) 1s in the interior of S by definition.

This holds since f,, is independent of n, the derivatives are continuous in S and

S is compact.

Now we apply theorem A.7.

flxy) = (9(z,y))”

But
g9(z,y)], =0
-y Ye,j
92(x,9), = — — 0
. 72 ’V%,o "
and
1 1
gy y)l,=—-——| =0
(@ Y)], ¢ qeol,

28



Therefore all derivatives of f,, up to third order are zero at u. So, by theorem A.7,

E = 0(a}) = O(n?)

n

2
gc.j gc,;
(Tc,j — =L 4+ (gco — Ye0) 5 J)
Yc,0 YCo

But for any random variable Z, E[|Z]|] < /E[Z?] and so the result follows.

Q.ED.
Corollary 1.7 ’E[rcgj} — qu‘ <O(n™).
Proof: From theorem 1.6
re; = gcj  PC; (9c0 — vc0) +Op(n™)
Yc,0 Yc,0
Thus
_ Pc.j -1
Elrc;l = pcj— 0+0(n)
Yc,0
= pc;+ O(nil)
which is the desired result.
Q.ED.

The next theorem concerns the covariance structure of the r¢ ;. It can be used

together with theorem 1.1 to explicitly calculate the covariance structure of the r¢ ;.

Theorem 1.8
1 Ve, VCk
El(re; — poj)(rox — por)l = —5—Clgcy, gor] + —5—=Dlgcl
Yo C,0

_yc[gak,gao] - @C[QCJ:QC,O] + O(n*3/2)
flelt V0

Proof: We shall see that (rc; — pcj)(rer — pok) satisfies the hypotheses of theorem

A7 with Z = (gC,(]?gC',jugC,k>7 o = 4/37 s = 37 NO = 17 n = (70,0770,j770,k) and
a, = O(n"2).

L. E[((gc,o —9c0)" + (9c5 = 7c4)* + (9o — Vc,k)2)2]
< 2E[(gco — ve0)'] + 2E[(9c; — ve4)'] + 2E[(gek — Yor)']

=0(n?) = O(\/ﬁ%) by lemma 1.5
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2. irc; — pejllrer — pokl < (G +1) + |peil)((k+1) + |pckl)

and so £ “(TCJ —pcj)(ror — qu)\ﬂ is uniformly bounded and hence O(1).

3. Let S = {(z,y,2) : |& —ycol> + [y — e3> + 12 = vexrl® < 5980} Then since z

is bounded away from zero in S, all derivatives of
oy, ) = (y _ %) (Z _ %*k>
T  7Yco r oo
are continuous is S.
4. (vc0,7c,js Yor) is in the interior of S by definition.
5. Since f, is independent of n, this follows from (3) and (4).
We now apply theorem A.7. The following identities are easily verified.
f(w) = f(veo, 105, 70k) =0
fo(2,y,2) = (1/x)(2/2 —v0k/700) =0 at p

[y, 2) = (1/z)(y/z —vc;/700) =0 at p

7 2\ Yc,0 2 \w Yc,0
Juy(®,9,2) =0

fa(z,y,2) =0

fo(my,2) =2 =753  atp

2z YC,k ek
f,x r,Y,z2) = ——= : = — : at
y( ) LU?’ .%2’)/070 /7%',0 1%
2y ey glex;
Jaz(,y,2) = —— + — = —— at [
( )= 22900 Ve
3yz  2yver | Yz 2zvc; 29070k
f,xl‘(x7yaz) = 4 - 3 + 4 - 3 ! = i at/“l’
Zz T=7e,0 z =7, Yc0
Therefore

El(rcj — pcj)(rex — pei)l
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2 27c,
=1 { 2 El(gc,; — vei)(gor — vour)] — -3 LE[(9ck — veur)(geo — Yoo
C,0 C,0
29¢ck 2v¢c 57k
— /3 E [(QC,J‘ —C; )(gc,o - 70,0)] + 74{ E [(gc,o - 70,0)2]
YC0 Y0

+0(a;))

as required since O(a?) = O(n=3/2).
0.£.D.
The final theorem of the section shows asymptotic normality of the r¢ ;. The proof
is based on the fact that the asymptotic behaviour of the r¢ ; is closely related to that

of the g¢; and is a simple application of theorem 1.4.

Theorem 1.9 Let o; = O(j7%) as j — oo. Then the rc; are jointly asymptotically
normally distributed in the sense that if t1,...,t, are real numbers and ji, ..., J, are

any natural numbers, then

k=1
where
o _ B
o Z E GoGl]
/YCU l=—0
and

G = t{sin27X;sin 2w X,y 5, — e, + po e (in° 27X, — v00)}

k=1
Proof:
Yo Ye,j
TC’] - pC,j - T
dgco oo
gcj; —Yc,j Yc.o — gc,o
gc,o gc.o7vco

Thus the left-hand side of equation 1.16 is

gleama*
O{Ztkng]k Vc,jk)+(700—gcoz e " }

go k=1 1C0

But

- U TR 7" .
{Z k(904 = v04.) + (Yoo — 9oo) Y ”“} —d N(0,5?)
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for some 6% by theorem 1.4. Also gco — 70 almost surely and so the left-hand side of
equation 1.16 converges in distribution to N(0,52/ 7%70). The theorem is then proved

if 2 is the appropriate value. But, by theorem 1.4, 6% = Y7°___ E[GoG)] where

o m .
Gr = ti(sin 27X, sin 20Xy, — Y0y5,) + (5in 21X —v00) Y tk”chwc
k=1 o

as required.

Q.ED.

1.2.4 Uses of the circular auto-correlation function

The reason for constructing and estimating the circular auto-correlation was to facili-
tate the identification of wrapped moving-average models. I now illustrate that this is

in fact possible, although it works well only for the case of an independent sequence.

Sequence of Independent Variables

The estimated circular auto-correlations have certain desirable features for a sequence
of independent Gaussian random variables. In this case a; = 0 when 7 > 0 and so

7; = 0 when j # 0. Then by theorem 1.1

6—87r2'yo nfl ( )
- min(n —k,n—k—dn—j—d
20— ) —k) 2,

C[gC,ja gC,k] =

X {6’_%2(” ) sinh® (2% (Ya + Yask + Yamj + Ya—jik))
—e*™* 0k sinh? (2% (— g + Yk — Yaoj + Va—jrk))
—em i —m) Sinh2(2772(—%l — Yat+k + Va—j + Va—jt+k))
et 4 5inh? (20 (g — Yak — Yaoj + %HM))}
But each term in the above sum is trivially zero, unless d =0 ord =j or d = —k
or d = j — k. We shall now consider a number of different cases comprising all the
possible different values of j and k. We shall suppose (without loss of generality) that

j < k. Since the only part of the sum which depends on d is that between curly braces,

we shall ignore the rest.

1. j#k,j>0and k > 0. In this case 7; = 74 = 0 and so each of the interesting

values of d gives rise to a term of the form
sinh? 2%y, + sinh? 2%y, — sinh? 2%y, — sinh? 2%y,
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which implies Clgc ;, gox] = 0.

2. 7 = k > 0. This time there are only three terms since d = 0 coincides with

d=j—k. Whend=j or d = —k we get
sinh? 272+, + sinh? 272+, — sinh? 272, — sinh? 2727,
which is 0. When d = 0 we get
sinh? 27227, + sinh? 27227y — 0 — 0
and so when 7 > 0
1 1

Dlgc;] = — jeiBﬂQVO sinh? 47r2fyo — mfyg’o

3. 7=0and k£ > 0. This time there are only two terms since d = 0 coincides with

d = j and d = —k coincides with d = j — k. When d = 0 we get
e~ 4 ginh? 2722, + €*™ 1 sinh? 27%(0)
—e~ 40 ginh? 212 (—274) — €*™ 0 sinh? 27%(0)
which is 0. When d = —k we get
e~ sinh? 27227, 4 €™ 0 sinh? 272 (0)
—e~ 470 5inh? 27220 — ¥ sinh? 272 (0)
which is also 0. Thus C|gc, 9c,;] = 0 when j > 0.
4. 7 =k = 0. This time there is only one term which is
e~ sinh? 272 (470) + €% 2 sinh? 272(0) — sinh? 272(0) — sinh? 272(0)
and so
1

D[gop] — %671671'270 Sinh2 877'2’}/0
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From the above, and from corollary 1.7 and theorem 1.8 we see that, when j and &
are both positive and j # k

3

+O(n"2)

1 3
Dlrc;] = ——Dlge ~3) =
reg) = 3-Plocsl + 00 ) = .=

and that
C[TCJ‘, T‘Qk] = O(’I’L_g)

which together imply that

1

p(reg,rox) = O(n"2)

So, for large samples, we have a simple test for dependence based on the circular
auto-correlation function estimates, since we know they are asymptotically normal by

theorem 1.9.
Wrapped MA(l) Process

In this section we shall suppose that the {Y;} process is an MA(l) process, i.e. that «;

and therefore ; are zero when |j| > [. Then by theorem 1.1, when j > [

6—87F27C,0 n—j—1

S (n—j—ld) { sinh?27%(29 + Yas; + Ya_)

Dlgc;l = 5—
T2(n—j)? d=j—n+1

— sinh? 27 (Yarj — Va—j) (1.17)
— sinh?® 272 (—Yayj + Ya_j)
+ sinh® 27%(294 — Yarj — Va—j)}

Suppose now that j > 2[. Then at most one of 74, 74+; and v4—; can be non-zero for

any d. If 744 is non-zero the terms in braces in equation 1.17 are
sinh? 27 Yt — sinh? 22 r s — sinh? 2%y + sinh? 2%y =0

and similarly if v4_; is non-zero. Thus equation 1.17 becomes

—8r2yc,0 !
S (- — ld)){sinh? 222y, — 0 — 0 + sinh? 27227,
2(” - .7) d=—1
e—87%70,0 El: 12y
- S1n TYd
(n - ]) d=—1
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and so by theorem 1.8

1 Zfi,_l sinh? 42y 3
Dlgc,j] = = O(n=??
[gcﬂ] n — ] SinhQ 47_‘_2,_)/0 + (/n’ )

Further, when j,k > 20 and k — 7 > 2[, for any value of d, only one of v4, Vaik,
Ya—; and Ygq_;+x can be non-zero and so applying theorem 1.1 Clgc,;, gox] = 0. Hence

by applying theorem 1.8
Clrey,rox) = O(n™%?)

This provides a test for greater than [-dependence. If the process is a wrapped
MA((), the variance of ¢ 211 can be approximated by the estimated variance deter-
mined from r¢oi41,...,7c2+n for some N. Since, by theorem 1.9, rg 941 is asymp-
totically normally distributed, we can test to see if 7¢ 9141 lies far in the tails of its
estimated distribution.

This is clearly less powerful than the corresponding result for the autocorrelation
function of an MA(). However it does provide some help with the identification prob-

lem.

1.2.5 Identification of wrapped auto-regressive models

Identifying wrapped MA models is only half of the requirement. For ordinary ARMA
models, the partial auto-correlation function is the usual tool for the identification of
auto-regressive processes. The obvious approach in the wrapped case is to try to find
some analogue for it. The ordinary partial auto-correlation function is the sequence
D1, D2, - .. where p; is the leading coefficient of the AR(j) model fitted to the data, i.e.

pj = pj;j Where
Yi=pjpYio1+ppYio+- - +piYi; + e

is the maximum likelihood AR(j) model for the observed sequence. Clearly, if the data
is actually observed from an AR(k) process, we expect p; to be nearly zero when j > k.
The pacf can be estimated in two ways. One is simply to perform maximum likelihood
estimation for each value of j. The other, which is equivalent, is to calculate the pacf

from the acf since there is a known bijective relationship between them.
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In the case of the wrapped model, the first approach still works provided maxi-
mum likelihood estimation works for wrapped auto-regressive models. This is shown
to be the case in chapter 2. However, this process is computationally extremely expen-
sive. Alternatively, one might attempt to estimate the auto-correlation function from
the circular auto-correlation function and thence estimate the partial auto-correlation
function. Two difficulties are encountered.

To estimate the auto-correlation function from the circular auto-correlation func-

tion, it seems obvious to exploit the bijective relationship
Yo = e~ 470 sinh 4,
between vy, 71, ... and yo1, Y02, - . . Inverting we obtain

1 . Yo )
= —sinh ' | — L
Eawes ([1 20

which suggests estimating the acf by

N

. gc,j
= —_sinh [ — 9% 1.18
T ([1—2gc,o}z> 1

Unfortunately, it is not always the case that gco < % It is clear from its definition
that goo can be as large as 1. Of course this can be overcome by using some different
function to calculate gy from gc ¢ perhaps derived by some pseudo-Bayesian approach.

However even supposing that this can be done, there is another problem. The
estimated auto-correlation function in the non-wrapped case is always a positive definite
sequence. This is neccesary to calculate the estimated partial auto-correlation function.
On the other hand there is no reason why, in general, a sequence obtained through

(1.18) should be positive definite. This would seem to rule out this whole approach,

leaving only the method of successive maximum likelihood estimates.
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Chapter 2

Estimation for the Wrapped AR(1)

In this chapter I examine the estimation problem for the simplest member of the
wrapped linear family of models — the wrapped AR(1). The chapter opens with a
brief discussion of a crude form of moment estimation. The remainder is devoted to
maximum likelihood estimation. Two sections are devoted to consistency and asymp-
totic normality, both of which draw heavily on the examination of the behaviour of
the the unwrapped AR(1) conditional upon the wrapped process. The chapter closes
with a description of some of the computational properties of the maximum likelihood

estimates.

2.1 Estimation by Moments

For the purpose of comparison with maximum likelihood estimation — in particular
to demonstrate that the latter is justifiable despite its computational complexity — I
commence this chapter by briefly considering a form of moment estimation based on
the ideas in chapter 1.

Moment estimation for the AR(1) is easily formulated from the relationships

o= and  o®=m(l-¢?)
Y0

using the notation of chapter 1. Hence provided suitable estimators gy and ¢; (of 7o and
71 respectively) exist, moment estimation can be performed for the wrapped AR(1).
As described in section 1.2.5 it is obvious to exploit the relationships

1
")/0 = —@ ln[l — 2’}/0,0]

1
v =— sinh ™! el

 Ax? \/I - ?’YC,O
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to define gy and g; in terms of gc o and ge1. The problem, as previously noted, is that
gc.o is not necessarily less than % However, for sufficiently large values of n, this will
occur with very small probability and in what follows I shall ignore this possibility.
Since the estimates are undefined when g¢ o > %, allowing for this case can only worsen
the properties of the estimators, and since the intention is ultimately to show that
moment estimation is a poor procedure, ignoring this case is of no consequence.
Before proceeding any further, note that gc; — v¢,; is asymptotically of order n-:
1

by theorem 1.4 and hence all products of two or more of the gc ; —v¢,; are of order n~

or less. Thus, using Taylor series, from gy = —(872) ' In[l — 2g¢ ] we have

1 _ _
Jgo =" + 477r2(1 —27¢p0) 1(90,0 —Yc0) +O0(n ")

and from g; = (472)"'sinh™" go1/v/I —2gco we have

1 _1
g1 =m+ 477#(7%’1 +1—2v¢0) 2(901 — Y01)

Yo 1

+ 472

_ _1 _
(1= 2vc0) " (Ve + 1 — 2700) "2(9c0 — Yc0) + O(n™)

These last two equations can be rewritten, by putting A = 5(72; +1 — 270,0)_%,

B =21~ 2yc0) " (421 + 1 — 2700) % and C = 25 (1 — 27¢0) " as
90 =70 + C(gc0 — Yc0) +O(n™1)

and

g1 =71+ A(gc1 —ve1) + B(geo — vep0) + O(nfl)

Hence, by the binomial theorem

1

o= — 6+ Lgon —61) + —(B = 6C) (g0 — 1c0) + On)
Yo o

90

and
& = Vool —¢?)
= 0—0"90A(9c1 —vc1) + 30 {1+ ¢*)C = 20B}(g9c0 — Yc0) + O(n )

Therefore, by theorem 1.4, $ and ¢ are consistent and have, asymptotically, a bivariate

normal distribution. Further, by ignoring the O(n™!) terms, the covariance matrix of
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gg and ¢ can be computed in terms of the (g1 — Y1) and (geo — Yeo0). However the
latter covariance matrix is order n~! by theorem 1.4 and so the covariance matrix of
Vngo and y/nd converges to some positive definite matrix. From theorem 1.1, it is easy
to see that

82 —dr2(y .
nClgc,;, gou] — 2e¥7 0% {6 5 t) §inh® (2702 (g + Yask + Vaog + Va—iik))
deZ

—e"™ 08799 sinh® (2% (=g + Yark — Yaj + Va—j+k))
—e"™ 007 §inh (277 (=g — Yark + Va—s + Va—s+r))

+em ) sinh® (27 (Ya — Yagk — Va—j + Va—jsr)) |

and the limit form of the covariance matrix of \/n¢ and /né is thence quite easy
to compute numerically. Figure 2.1 shows grey-scale plots of the asymptotic log of
standard deviations of \/n¢ and y/né and the asymptotic correlation between /n¢

and /na, for a range of values of the true parameters o and ¢.

2.2 Maximum Likelihood Estimation

The remainder of the chapter is devoted to maximum likelihood estimation. I begin
with a discussion of the likelihood function and its derivatives. There is then a long
and very mathematical section which explores the behaviour of the AR(1) conditional
upon a realisation of the wrapped process and leads to strong results concerning the
decay of dependence with time. These results are used in the two following sections
to show consistency and asymptotic normality of the maximum likelihood estimates.
The latter requires more analysis of the conditional behaviour of the AR (1) dependent
on the wrapped process and is quite involved. The chapter closes with a discussion of
some computational aspects of maximum likelihood estimation.

The mathematical presentation which follows is extremely intricate. There are
a very large number of lemmata and theorems, the main purposes of which I have
attempted to explain in short paragraphs at the beginning of each subsection. To
further aid the reader in comprehending this material, I have included 3 figures (2.2,
2.3, 2.4), which display the dependencies between the various lemmata and theorems

in each of the major sections of mathematical material.
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Figure 2.1: Asymptotic log of standard deviation and correlation between the param-
eter estimates from moment estimation
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Throughout this section let Y; denote an AR(1) process, i.e.
Yi=0¢Yi 1+ &

where ¢; is a sequence of independent normal random variables with mean 0 and

2 and ¢ is independent of Y;_,Y; o,.... Let X, denote the correspond-

variance o
ing wrapped process and K; denote the integer difference between Y; and X, i.e.
Y; = X; + K; where K; = [Y}] is the nearest integer to Y;. Note that this implies that
X e[-1.3).

Some other notation needs to be defined. € denotes the parameter pair (o, ¢) and
the space of allowable values of 6 will be denoted by P,i.e. P ={6:0 > 0and |¢p| < 1}.
The symbol w will be encountered frequently. w denotes a realisation of the wrapped
AR(1) process, and will usually be encountered in the form “for all w”, meaning “for all
realisations of the wrapped AR(1)”. Finally the pseudo-norm ||z||z is used to denote
the distance from x to the nearest integer.

Two very important properties of the wrapped AR(1) which derive from the AR(1)
will be used frequently, often without reference. The first, which has been exten-
sively used in chapter 1, is stationarity. The second is time-reversibility, i.e. if
oo Y, Y, ... is an AR(1) with parameters ¢ and o2, then so is the time-reversed

sequence ..., Y, Y, 1, ...

2.2.1 The Likelihood Function

The likelihood function for an AR(1) model is given by

n v1-— ¢2 —-2..n n
Frp(yt) = W“F(‘ég 2Y1TMnY1> (2.1)

where M, is the n X n matrix

1 —¢
—¢ 1+¢* —¢
R I
—¢ 1+¢* —¢
—¢ 1

and all the unspecified entries farther off the diagonal are 0. The following lemma puts

an important bound on M,,.
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Lemma 2.1 For any value of n and all x € R
(1= Je)?[x* < x"M,x < (1+[¢])*|x|
where ||x|| denotes the Euclidean norm on R".

Proof: Since M, is positive definite real symmetric, all of its eigenvalues are positive

reals and, for x € R",
xTM, X > Al x||?

where Ay is the smallest eigenvalue of M,,. By theorem A.8, all of the eigenvalues
of M, lie in the union of the n complex disks defined by
IM,,;; — re| < Z M
J#i
Therefore |1 — Apin] < @] or |1+ ¢? — Auin| < 2|9, ie.

nigl 1=1,.0n

Amin > min(1 — o], (1 —[6])*) = (1 — [

The upper bound follows similarly.

Q.£D.
From (2.1), the likelihood function for a wrapped AR(1) is given by
Pp() = 3 frp(d + ki)
kP ezZn
V1—¢2 Y § ) )
= Gnan) > exp(—%a 2(x] +KMIM, (x] +k1)) (2.2)

krezZn

One obvious difficulty is that the X-likelihood function cannot be calculated since
it requires the summation of infinitely many terms. Further even if some finite approx-
imation were adequate, say by summing each k; from —N to IV for some N, this would
still appear to require the calculation of N™ terms which would be impractical for all
except the smallest values of n.

Fortunately, there exists a factorisation of the likelihood function which makes it
possible to calculate for large sample sizes and which is crucial to the proofs given later

of properties of the maximum likelihood estimator. It arises as follows:

Pt lxi7)
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= fxe () frr (x7)

= > fyi(xy +Kkp)/ fxer(x7)

kiezt

= Z Syivie, (e + ke|we—1 + kt—l)fol(thl + kﬁ_l)/fxtfl(xi_l)

kieZt

= D v @t Rz + ko) fy, | xe2 (e + ke Xt1_2)/fx§*1(xi_1)
ke ki—1€Z

= > fae (@4 Jloey + k) PYiy = 2y + E[XT = x{7) (2.3)
7,k€EZ

Also
PlY, =z, + j|X] = x{]

— Pyt (0 + 5,300 fy (1)

- Z fY}|Yt_1($t + jlrea + k)fy't_l,xg*?(xt—l + kaxtl_2>

keZ th|Xt1—1(It‘xﬁfl)fxg—l(xﬁfl)

= Fria (@t jloes + B)PYioy = 2oy + BIXT = 5071/ e (alxi)
keZ

From this it is clear that, provided we keep track of P[Y; = x;+ j|X| = x| at every
stage, it is possible to calculate each th|Xt171(xt\xﬁ’1) with a fixed amount of effort
independent of . In other words the likelihood function takes order n calculations.
These conditional probabilities are of the utmost importance in the rest of the chapter

and we shall denote them by a;, where the vector a; has components

ary = PlY; = X; + k|X{]

ie,fort>1,
ar = D frvi s (Xe + 31 X1 + R)as1i/ Fre et (X X7 (2.4)
keZ

Note that the a;; depend, in general, on the sequence Xj,...,X;. This dependence
will not usually be made explicit. The appropriate sequence should be obvious from the

context. The following lemma puts an important uniform bound on fy, x:-1 (ze]xi7H).
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Lemma 2.2 There exists a positive continuous function K(.) such that K(o) — 1 as
o — 00 and such that for all real y

K™ (0) < X (0vam) " exp (3o 2y + k) < K(0) 25)

keZ

Further, for all t and w and for all 0 € P,
K(0) < fryet (XX < K(0)

Proof: Denote by h(y, o) the function occurring in the centre of (2.5). Clearly h exists
and is positive for all y and all ¢ > 0. Also, for each o, h is a periodic function of y,
with period 1. So we need only consider whether the inequalities are satisfied for all
y in [—%, %] But h is the absolutely convergent sum of functions, uniformly continuous
at each o and y, and is therefore continuous. Any continuous function on a closed
interval attains its infimum and supremum on that interval. Therefore, for each o,
inf h(y,o) and sup h(y,o)
vel-3.3 ye[—3.3

both exist and are positive continuous functions of . Thus the function K is easily
chosen to satisfy the inequalities in (2.5). As o tends to infinity, the sum in (2.5) tends

uniformly in y to the integral of the normal probability density function having that

variance. For, if k # 1,

1
2

[ [exp(= 3072w+ 1) — exp(=§o (o 4 £)%)] de

2

(o)

< (ov2m) " exp(— 3072 (|k] — $)?) — exp(— 50 2(|k| + 3))]

and so the difference between the integral and the sum is less than

1

(ov2m)™ /21 exp(—107%2”) dz — exp(—107y?)| + 2(ovV2m) " exp(—10?)
—3

which clearly tends to 0, uniformly in y, as ¢ — oco. But the integral is always 1, which
is the desired limit.

The final part of the proposition follows from the fact that the conditional density
is a mixture of the functions in (2.5) evaluated at different values of y. Since the bound

is uniform in g, it must hold for the mixture.

Q.ED.
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2.2.2 Derivatives of the log-likelihood function

For the purposes of maximum likelihood estimation the derivatives of the likelihood
function are critically important. The complicated likelihood function gives rise to
complicated derivatives. The purpose of this section is largely to introduce notation

simplifying their algebraic form. From (2.2)

—-n 1
00 () = Py (1) + 5 3 (04 )M () + RS 4K

kezn
and so
— 1 n nx"+k”TMnx”+k" x4 k7
8glnfx7f(x7f):7”+732klez ( 1 1) (nl nl)f( 1 1)
o 0 Yknezn (X7 +k7)
But
f(xr +KT)
=PlY]? =xT + kX" =x"
D knezn f(xT +k7) i ! X i
and so
-n 1
0, In fcp (X3) = " L B((Y]) M, YIX]) (26)
By a similar argument
Dy Xn) = ¢ L pleymyra,m v xe
b In fxp ( 1)—1_7(;52—@ (YY) 0,M, YT|X7] (2.7)

Now, writing
Su(YT) = (Y1) M, YT = (1= ")V + D (Y, — ¢Yj
Jj=2

T.(Y?) = (YD) TO,M, YT = —26Y2 + QZY (Y; — ¢Y;1)

J=2

n—1
U (YD) = (YD)T2M, Yr =2) V7

i=2

it is obvious that
0pSn =T, 0,1, = U, 0,U, =0

and
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Further, if H(Y7) is any function of Y7, o, and ¢,

N~ 0 Yigezn H(x7 +k7)f(x] +k7)
aaE[H(Y1)|X1] - % Zker" f(X? n k711)

> krezn ZH(x} + k) f(x} + k)
Yknezn f(XT +KT)

, Dgez HOG +K) (52 + L Su(xy + k) £ + K7)
Yxnezn f(xT +k7)

 Xipeze HXY + K F(X +KY) Yigezn (5 + 229 (X4 + k) f(x) + KT)

Yknezn (X7 + ki) ' Ywnezn [ (X7 + ki)

= B HOYIXY] — DB (YK 4 B (Y)S.(Y7) XS]

~BlHY) (— 5 + S BS. (YD)

— E[anH(Y’fNX?] + ;C[H(Y?), Sn(YT)[XT]

and, by a similar argument,

0 0 1
%E[H(Y?)IX?] =Bl H(YD)IXi] - 55

5 CIHY), Tu(Y?)

Thus, by repeated application of (2.8) and (2.9) to (2.6) and (2.7)

-n 1 n
0o In fxp (x)) = — ;E[Sn(YmXﬂ
O In fxy (x) = 1_7& - @E[Tn(YMXﬂ
2 n n 3 n n 1 n n
0, In fX;L<X1) = 52 gE[Sn<Y1)|X1] + ED[Sn(Yﬂ’Xl]

Loy, s, (v 7]

1 n n
8&0 In f)q(X?) = EE[Tn(YIMXI] - 205

1 2 1 1
02 S () =~ 25z — 5oz P (YD + 1 DIT, (YD)
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(2.9)

(2.10)

(2.11)

(2.12)

(2.13)

(2.14)



—2n 12 9

95 In fxn(x}) = 5 T ;E[Sn(YﬁIX’f] - ;D[Sn(Y?)IXﬁ
1
SIS, (7). S,(Y7), S, (YIX]] (2.15)
2 n -3 n n 7 n n n
040, In fX’f(Xl) = FE[Tn(Y1>|X1] + ﬁC[Tn(Yl%Sn(Yl”XI]
1
2 n 1 n n 1 n n
a¢>ao In fX?(X1> = EE[Un<Y1)|X1] - ;D[Tn<Y1)|X1]

1 n n n
— 5 S CIUA(Y), Su(YD)IXS]

1

20(¢* + 3) 3

In fxop (x7) = — 1) + 4 Ol (YD), Un(Y7) X))
1
—goo LHIT(YT), Tu(YT), Tu(YT)IX] (2.18)

2.2.3 The AR(1) conditional upon the wrapped AR(1)

The behaviour of Y7 conditional upon X7 is the key to analysis of the wrapped AR(1).
We shall see that the Markovian behaviour remains, although it is non-homogeneous,
and that a number of uniform inequalities can be found for the decay of information
over time. The key idea is to show the existence of an appropriate metric on infinite
dimensional vectors which is strictly reduced by the Markov transition operators. The
inequalities obtained will be used to derive bounds for strong mixing coefficients and

hence some bounds on expectations and covariances of polynomials.

Theorem 2.3 Conditional upon X7, Ki,..., K, form a Markov chain. Further the
transition matriz from K; to Kj1 conditional upon X7 is a function only of X7 and

not of X1
Proof: Let P,[.] denote probabilities conditional upon X. Then
Po[Kji1 = k| Ki = Ki]

= PuK{™ = K"/ P [K] = K]]
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Figure 2.2: Tree illustrating the dependencies between the various lemmata and theo-
rems in section 2.2.3
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P Ohen X 17 ()

fX;'L+17Y{ (X;‘L—l—lv le + k{)/fX’f (X?)

xSl min + Ria) iy (T £ Rl 4+ k) fyg (x] + k1)

fxn, vy (Kl + k) fyg (31 + ki)

Sxe i (Kl + R fy gy (T4 KialT £ k)

Sxr vy (Kl + k)

which does not involve kJ ™' or xJ~'. Thus the results follow.

Q.£.D.
Notation

Before proceeding further, some notation must be introduced. The reasons for these
notations should become clear as they are used. Frequent use will be made of the
transition matrices of theorem 2.3. Therefore, for j < n, define ,7%) to be the matrix,

depending on w and 6, given by
(nTU))kle = Pxn [K; = k1| Ky = k) (2.19)

where m < j — 1. Note that there is no reference to m attached to T" because of the
second result of theorem 2.3. In many contexts there is no risk of confusion as to the
value of n, and so it will be dropped from T for typographical convenience. For any

B C P, define T(B) = {,,TY : n > j;0 € B and some w}.

The vector P[K; = .|X! ] also will occur frequently and will be denoted by pgm’n) where
(pi™™) = PIK; = k[X7] (2.20)
A special case of this is the vector a; which has already been introduced in section 2.2.1.

a; =pi"’) = P[K; = |X]]

Denote by f) the matrix generated from the conditional density of Y; by
I3 = Fravies (X + 1 X1 + k) (2:21)
Related to this define the matrix F'(e), for all § € P and all € by

Fji(€) = exp [~ 55 — ¢k)?| (2.22)
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Finally, denote by ||.||, the norm defined by

lall, = 3~ ¢ lay (2.23)

JEZ
and, by D, the metric defined by

D,(a,b) = [la —bl|,

Uniform domination for the pjm’”)

In this section I present some lemmas leading to uniform upper and lower bounds for

the elements of the p(-m

; ™ The sequence is to show the existence of appropriate bounds

for the elements of the f®, then for the a, vectors and hence for the pgm’")

Lemma 2.4 Let B C P be compact, and € > 0 be sufficiently small. There exists C

such that

C™'Fji(e) < ffy) < CFj(—e) (2.24)
forall j, k, t, w and 0 € B.
Proof: From (2.21)

£ = (ov2m) T exp [~3072(j + o — ok +))’]
where x,y € [—%, %] However, for any € > 0,

Ci = sup(j+z—o(y+k) —(1+e)(j — ok)*

= sup —¢(j — ok)* +2(j — ok)(z — ¢y) + (x — ¢y)?
exists, where the supremum is taken over j,k € Z, x,y € [—%, %] and # € B. Hence
]k > (ov21) texp [—%0‘201] exp [Zi(j — ok) }

But since B is compact, infpep(ov/2m) ! exp { 201} is positive. This proves the
left inequality in (2.24). The proof of the right inequality is similar.
Q.E.D.

Lemma 2.5 Let B C P be compact. Then, if I' > 0 is such that ' < 1 — ¢? for all
0 € B, for all sufficiently small ¢ > 0 there exists C' such that for all k, 8 € B and

0<y<(l1—¢*-T)/20?
IER(=e)l, < Celtm*

20



Proof: From (2.22)

IFk(=e)ll, = > e exp | -1 — ok)?]

JEZ
= ©Xp {1 5122;2&]{32} ZGXP[ 162%22702)(3 T 1 2wa2¢k) }

JEZ
oV2nK(o/\/1—¢€— 2702) [ (kaQ}
JI—c—202  OPlime 7

where K is the continuous function of lemma 2.2. Provided that e <T', 1 > 1 —¢€ —

<

2v0? > ¢? if 0 <y < (1 — ¢* —T")/202. Therefore, since B is compact

VI K (o) T =€ = 2707)
e 207

is bounded, by C say. Thus

|Fi(—€)]l, < Cer=9k

as required.

Q.ED.

Lemma 2.6 Let B C P be compact. Then, if ' > 0 and € > 0 there exists C' such

that for all k, 8 € B and v € (0,1
1Ek(e)]| -y = CeT17
Proof: From (2.22)
IE k(] —
=Y e e [~ 45 - ok)?]
jEZ

_ (14¢) (14e+2v02) / - 1+e
= exp [_ 1—:e+2'yo2 ¢2k2} ;exp [_ 2(727 (-] B l—i-e-‘:_?ycr2 ¢k)2}
Je

- oV2rK Yo //1+ €+ 2702 ) [ (4o ngQk;Q]
= 1+ e+ 2v02 P |~ i

where K is the continuous function in lemma 2.2. But v is bounded and B is compact,

so oV27K (o /v/1+ € + 2702)/\/1 + € + 2702 has a lower bound, C say. Thus
IFx(E)ll- > Ce#

as required.

Q.ED.
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Lemma 2.7 Let B C P be compact. If d > 0 is such that 1 — ¢* > d > 0 for all
0 € B, there exists C' > 0 such that for all @ € B and for all t and w

> exp {(1 2‘1(’;2 d) jﬂ a; < C

JEZ
Proof: By lemma 2.2 and (2.4) there exists a continuous function K (o) such that

Z exXp {%32} a1y < K(o0) Z exp [%32} f;ZJrl)at,k

JEZ J,kEZ

= K(0) S 1Y 0 g ayj2oann

keZ

and, by lemmas 2.5 and 2.4, there exists C; and € > 0 so that this last is dominated
by

CiK(0) ) exp [%‘}(ﬁtd)kﬂ at g

keZ

for all ¢, w and # € B. Since K is continuous and B compact, there exists Cy so
that K (o) < C, for all § € B. However, from the definition of d, the infimum of
(1 —¢? —d)/20? over § € B exists and is positive. Hence there exists J so that for all

|k| > Jand 0 € B
exp {(1—5)(210—2052—@ kﬂ < %01—102 exp [( ¢ —d) k2}
Therefore

Z exp [(1 ;:,2 2 J } t+1,5

JjEZ

<1 Z exp [( —¢? d)ﬂ ar; + C1Cy Z exp [%ﬂ agj
41> gl<J

< 13 e 05505 0wy + CuCaen 055707
€Z

The result then follows from the contractive nature of this inequality, provided there
is an upper bound in the case of a;. But, again by lemma 2.2, there exists continuous

K such that

Zexp [(1 2¢;2 d)]z} ayj
JEZ

(1-¢°~d) '2} ﬂexp{ ¢ ﬁ)(] + X1) }

Z]EZ eXp |: 202 j o2

\/ 1—¢2 —b2) .
Yiez Yo = exp | -9+ X))

202
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1_¢2 (0/\/1— ¢?) exp[ XﬂZexp{ %(j%—%Xl)ﬂ

JEZ
< d 31— 02K (0/4/1 — 62K (0/ V) exp [0~

which is a continuous function of # and hence has an upper bound for # € B since B
is compact.

Q.E.D.

Lemma 2.8 Let B C P be compact. If d > 0 is such that 1 — ¢*> > d > 0 for all

0 € B, there exists C' > 0 such that

ar; < Cexp [—m]’?}

202

foralljeZ,t, wand 0 € B.

Proof: By lemma 2.7, there exists C' such that

Za JeXp[ 2¢()722 d)=72] <C
JEZ

and so

202

arjexp [0 < C
for any 7, which is the desired result.

Q.ED.

Lemma 2.9 Let B C P be compact. Then there exists a sequence c; > 0, j € Z such

that a,; > cj for all j, t, w and all 0 € B.

Proof: By lemma 2.7 there exists some d > 0 and some C such that

> exp [%]’2} ar; < C (2.25)

JEZ

for all ¢, w and 0 € B. For j € N set
b; —mfexp[( ¢ d)j}

The sequence b;, j € N increases monotonically to infinity. Let J be such that b; > C.

Then

by —C
Zam_‘]i

lil<J by
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for all ¢, w and 6 € B, because otherwise (2.25) is contradicted. But, by lemma 2.2,

a1, =2 ijtH
keZ
Z Z f]t—H
|k|<J
K- (0)
> e [~ gallil + ol + 1) ]WZJ““
-1
> B0 ep [~ 151+ 1617 + 1] (6 — )b,

oV 2w
But C, J and b; are independent of j, t, w and 6. Hence this positive lower bound is

continuous in § € B and has a positive infimum for 6§ € B as required.

Q.ED.

Lemma 2.10 Let B C P be compact. If d > 0, there exists C' > 0 such that

ai; = Cexp [~ 1555 2]

202

foralljeZ,t, wandf € B.

Proof: Let a(a;) be the largest number such that, for all j,

—d24d) .
(1-9¢ +d)]2}

202

atj = Qexp [—

Then, by lemma 2.2 and (2.4)

t+1
iy, = Z fj
keZ
(t+1) d)
Z Z f] eXp |: 2q;.2+ k2:|
keZ

and, by lemma 2.4, for any sufficiently small €; > 0 there exists C; such that this last

is bounded below by

a(a) K~ (o)C1 ) exp { At (5 — o) } exp [—%kﬂ

keZ

_ ¢ 2 e$?) e .
= afa) K (0)Ch exp [~ 0ot 2] S o [ (hieed®) o _slira_ sy
kEZ

€ 2
> a(a,) K™ o /14 e 4+ d) exp [ 21:2 1+dfe¢f2d))]2}

o4



for all 7, t, w and § € B. Take ¢; < d. Then, from the definition of d and compactness
of B, the infimum, Cy, over § € B of (1 — ¢? + d)/20? is positive. Since Cy > 0, there

exists J so that for all [j| > J and 0 € B

€)(1—¢? . / 2
€xXp | — (21;2 ()1(idf€;;2d))]2} 1K U/ 1+d+ €1¢2 exp { 2¢;2+d)j2}
Also, by lemma 2.9, there exists C3 such that, for all |j| < J, ¢, w and 0 € B,

— 2 .
atr1,; > Czexp {—%Jﬂ
These two equations together imply that, for all ¢, w and 6 € B,

a(agy1) > min(a(ay), C3))

The result then follows if a(a;) has a lower bound. But, by lemma 2.2, for some

continuous function K

1+d—¢? kz] Vi-¢? [ (X1 + k) }

) eXp{ 252 o XD
ala;) = inf :
1 keZ 7\/1*‘1’ > ez €Xp [_ 12;2 (X, —i-/f)ﬂ
> W
> mm\/ﬁK(g/m)
VI— @ e o
V21K (0/\/T = ¢2) exp |~ (L4 (1= ¢)d )]

and hence, since B is compact, there exists a lower bound which is independent of w

exp { 2(dk?* = 2(1 — ¢*)k X, — (1 - ¢2)X12)}

and 0 € B as required.
Q.£.D.

(m,n)

The bounds derived so far are only for the a;. However p; can be written in

terms of time-shifted and time-reversed a;. For

(p§m’"))k = PIK; = k|X]]
Fraty, o, (K5 X+ 5, X0)
fxp (X3)

and

X’I’L

j+17X +k X]+1)

fX%:l,Yj,X;L (

= fxr vy (X711 X5 + k) fy i1 (X + KX
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B ij,Xn (X + k XJ‘*‘l)ij,Xf,fl(Xj + k‘,Xﬁ;;l)

fy, (X + k)
P[K; = kIXJ]PIK; = kX5, fxp (X5) fxg, (X5)
P[K; = k| Xj] o x(XY)
and so
(py"" )i o —— . (2.26)

! P[K; = k|Xj]
The following theorem exploits this identity to provide upper and lower bounds on
the pjm’n)

Theorem 2.11 Let B C P be compact. Then if d > 0 such that (1 —¢?*) > 3d > 0 for

all 0 € B, there exist C; > 0 and Cy such that

202

— 2 m,n 2
Cyexp [—1=g 24 fajgd) k‘z} < (PS ’ ))k < Cyexp [ (=g 20d) kﬂ
forallm, n, j, k, w and 6 € B.

Proof: By stationarity and time-reversibility of ¥;, the vectors P[K; = .|X7], P[K; = .|X],]
and P[K; = .|X;] have the same distribution (and hence the same bounds) as a,_j1,

aj_m41 and a; respectively. Therefore by lemmas 2.8 and 2.10 there exist ¢ > 0 and

(5 such that
Ci [ 0egsd 2] PIK; = kIXFIP[K; = kX;]

-1 <
Cy TP e = P[K; = k|X]]
02 1—-¢%—3d)
< G o [k
for all j, m, n, k, w and # € B. But there exists ('3 > 0 such that
2
o, < Cio

K(o/v/1— ¢ +3d)v/1— ¢+ 3d
2
< 01 Z exp[ fj?gd kg}
& keZ
for all # € B, and there exists C)y < oo such that

Cy > 22 exp [ Mkzz}

-G keZ 207
for all 8 € B. Hence
Ct (1-¢243d) 12 () y (1-¢2—3d) ;.2
CyCh €exXp [ Tk } (Pj e < C.Cs exXp Tk’ }

for all j, m, n, k, w and 6 € B, as required.

Q.ED.
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Time-decay of dependence

In this section I show that the influence of X; on the conditional distribution of Kj
given some collection of X;’s including X; diminishes geometrically as j — —oo (or 00).
The key is to show that for an appropriate choice of metric, the transition operators

2T strictly reduce the distance between probability distributions on Z.

Lemma 2.12 Let B C P be compact. Then, for all sufficiently small vy, there exists
C > 0 such that for allm, n, j, w and all 0 € B
Ipg™"Il, < ©
Proof: By theorem 2.11, for any sufficiently small d there exists C; such that
(P < Crexp [- 955007

202

for all k, j, m, n, w and 8 € B. Therefore

Ipy™ "I,

<Oy Z e exp [—“%f;f”kﬂ
kEZ

=0 Y exp {_wkz}
keZ 2

oV2rK(o/v/1 — ¢? —d — 2y0?)
<
V1—¢?>—d—2y0?

where K is the continuous function of lemma 2.2. Provided, d + 20%y < (1 — ¢?) for

all # € B, this has a uniform upper bound for § € B since B is compact.
Q.£.D.

Lemma 2.13 Let B C P be compact. Then, for all sufficiently small d and €, there

exists C' such that, for all j, k and T € T(B),
0—16—(1—e)dk2€—dj2ij(€) < Tgk < O€¢2dk2edj217jk<_€)

Proof: From the definition of 7(B), T is ,7® for some n, t, w and § € B. Thus,
from the proof of theorem 2.3, we have

T _ Sxp v (X lme + ) friyeos (@ + Jlae—n + k)
ok fxppvio, (P |21 + k)

J
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i.e.

)
70 _ gjfjk

SLLE (2.27)
ZjGZ gjfj(li)

9 = Jfxp, (Xl + )
P[K, = j|X}]
P[K; = j|Xi]

Then, by theorem 2.11, since (2.27) is not affected by multiplying g by an arbitrary

scalar, given any sufficiently small §, there exist C; > 0 and C5 < oo such that

Cyexp {—%jﬂ <g; < Cyexp {g%jﬂ

for all j, and T € T(B). Take d = supycp d/20%. By lemma 2.4, for all sufficiently

small € > 0, there exists C3 > 0 and Cy such that, for all j, k and T' € T (B)
CaFyile) < fif) < CuFji(—e)

Lemma 2.5 implies the existence of C5 such that
IFx(=€)lla < Csel =%

and lemma 2.6 implies the existence of Cg such that
IFk(€)]|—a > Coe™

Hence

CyCye¥’ Fj(—e)
01 030667(]525”62

C\Cye Py (e
CyCyCrell=a)dk? ST <

from which the result follows.

Q.ED.

Lemma 2.14 Let B C P be compact. Then there exist L € N, I' > 0 and § < 1 such

that for all v € (0,T), |k| > L, and T € T(B),

Ikl < e

o8



Proof: For every T € 7(B) and integer k, T}, as a function of j defines a probability
distribution on Z and hence on R. Denote this distribution function by Fjy. Thus

| Tk|| is simply the expectation of e’ with respect to Fj, i.e.

1Tl = [~ e are) = [~ e i)

0
where Fj(z) = Fi(z) — Fp(—2z). Now note that, if h is a positive increasing function
on R" and F and G are distribution functions on R* such that F(z) > G(x) for all

r € RT,

|7 har) = /Olh(F‘l(z))dz
< /Olh(G_l(z))dz
— /Oooh(x)dG(x)

The proof of this lemma is then largely one of finding an appropriate sequence of

distribution functions Gy, such that Fi(z) > Gy (z) for all z > 0 and all possible Fj(.).

Let Wy be a random variable having distribution function Fj(.). Then, applying
lemma 2.13, for sufficiently small d and €, there exists C such that, for all T' € 7(B)

PWi| > J] = > T;

l71>J

<Y Gty (—a)

lj1=J

=, €¢2dk exp [(1 6} ;202 ¢2k2} Z exp {_ 17612;22d0'2 (] _ 1_611:621d02 qbk)Z}
li[>J

< 2016¢>2dk2 exp [ d(1—e1) ¢2k2} Z exp { 1—€;—2do? (] _ 1-g ’?kaDQ}

1—e1—2do? 202 1—e1—2do?
j>J

Now let d and €; be so small that, for all # € B

1— €1
o e =2
and
d(1—e) 1—¢ 21— ¢ —2do?
A4+ — ( - ) - 2.28
Prd+ 1— € — 2do? < 9] 1— € — 2do? 9] 2do? ( )
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Since B is compact and the functions on each side of (2.28) are continuous, there exists a
minimum difference, Cy say, between the two sides. Then, putting e; = sup,. €1 +2do?

and ¢ = supgcp o

P[|W| > J] < 2C,e O Zexp[

j>J

57—y 19l1k)’]
for all k, J > /|¢||k| and T € T(B). And so for any real w > /|¢||k| + 1
VIsik)?) dw

Let L, be such that Cje~ 2% < V1 —¢/(6v2r) for k > Ly and all T € T(B). Put
. = |k|y/|¢| + 1 and define

PIIWi| = w] < 20,7 [

w—1

exp [

0 0<z <Yy
Gi(z) =

2vl e 0 w’“exp{ (12622) Z}dx s < 2 < o0

Then, for z > 1,

Gr(z) = 1- 1_62/2 " te EQ)xQ} dx
1 \/1—62/ 622)($—\/$k’)2} dx
< P[Wi| < 7]

for all k > L, and T € 7(B). But

/Oooexp [(7 }de( )

S oo e 5

=9 1— e exp [ y(1—cz) wk} / exp [—7(1_7)(1_62)(37 — ﬂ)Q] dx

PN —v)52 252

=2

(x—wk)} X

<exp[

1 Vv1— 1
e i) { + 2y (—— - 1)}

VI—~n a2 I—x
Choose I' < § and Ly > Ly so that, for all v € (0,') and |k| > Lo, \/|¢|k* > (\/|¢]k +
1)2/(1—~). Then there exists C3 > 0 such that, for all v € (0,T), (1—~)"2 < 1+ Cyy,

and so

/Oooexp[( }de( )
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<exp 1922\ lolk?] {1+ Coy + Culy/Jolk + 1)1} (2.29)

where Cy = 4y/1 — €3/(6v/2m). Now choose L3 > Ls so that , for all |k| > Ls,

Cs+ ol + 1) < U2t - g

Then the right-side of (2.29) is bounded above by

exp{ &2 %1—1—\/719‘2}

for v € (0,T') and k > L3 and so

HT]{;”ry(l_ez)/Qo-Q < /0 exp {7(1 €3) 2} de(Ilf)
< exp 51+ /8] G52 k]
for all v € (0,T), |k| > L3 and T' € T(B), as required.

Q.ED.

Lemma 2.15 Let B C P be compact. Then, for all sufficiently small v, there exists

C' such that for allm, all Ty,...,T, € T(B) and all positive a

[Ty --- Thally < Cllall,

Proof: By lemma 2.14, there exists L and 6 < 1 such that, for all |k| > L and all
T € T(B), || Tk|l, < e, But, by lemma 2.13, for any sufficiently small d and ¢, there

exists C such that, for all T" € 7(B)
Ty < Cre? ™ el Fyy (=€)
and so, by lemma 2.5, there exists Cy and C3 such that
ITklly < CLe? | (=€) [l < C1Cae® el =I0HDE < Oy
for all T'€ T(B) and |k| < L. Thus, for all positive a and all T € T (B)
ITall, < Cs 32 &7 |ag| +e =15 37 27y
l7I<L l71>L

From this it is easily shown that ||Ta||, < |a||, if

ez € la;| 1 e~ (-2
al, = G et

(2.30)
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Restrict for the moment to those a for which |lallo = 1. Clearly >-;</, e’ |a;| <
7"’ Therefore, by (2.30), there exists Cy so that, for all a satisfying ||a, > C, and
all T € T(B), ||Tally < ||a|l,. But T being stochastic implies ||Tallo = ||al|op and so if

lally > C4
1Ty - - Thally < llall,
for all 71, ...,T,, € T(B). However ||aljo = 1 implies ||al|, > 1 and so, for all a,
[Ty -+ Thall, < Cuflall, (2.31)
Now remove the restriction that ||aljo = 1. (2.31) implies that
[Ty - - Tubll, < (bl

where b = a/||allo. The result follows from the linearity of ||.|, and the operators
Ty, ..., T, if we multiply through by |/a|o.
Q.ED.

Theorem 2.16 Let B C P be compact. For all sufficiently small v > O there exists

€ > 0 such that for all T € T(B) and all probability vectors a, b.

D,(Ta,Tb) < (1 — ¢)D,(a,b)

Proof: Clearly the theorem is equivalent to showing that, for all sufficiently small

~v > 0, there exists € > 0 such that

where the supremum is taken over those c for which )~ ¢; = 0. The proof proceeds in

two stages. First we shall see that

“up |Telly oo 175 = Tlly
e lelly T jkez e +e¥

(2.32)
To show this we note that, if ¢ can be written as ¢ = ¢; + ¢ where ||c; + c3fl, =
[eilly + [le2ly, then

[Telly _ 1 Telly + I Teall,

llelly = lleally + llezlly

[Teully Teally

llelly ™ leall

< max( )
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Set ¢t = max; ¢; and ¢ = min; ¢; and a = min(c*, |¢7|). Let k; be such that ¢, > «

and ko be such that ¢, < —a. Then, putting c; to be the vector

« . ] = kl
(€); =1 —a 2] = ko
0 : otherwise

and cy = ¢ — ¢y, is a decomposition of ¢ of the above kind. However

ITelly [Tk — Tkl

leil, — et e

Repeating this decomposition on ¢y inductively, proves (2.32). In fact the inequality
in (2.32) is easily seen to be an equality.
Lemma 2.14 shows that there exists 6 < 1, I'y > 0 and L € N such that if |k| > L

and v <=1

||Tk||v —(1-8)vk?
o <€

Therefore, if [j|, |k| > L,

175 = Thlly ~ ~a-sp2
eri® + ek~

Lemma 2.15 shows that there exists C; and v, such that
|1 Tk]|p, < Chel2F < Opel=t dof Cy

when |k| < L. From the definition of the norm
d 2 ,75°
%HT-kHv =Y j e Tik

Clearly we can choose Cs so that j2 < C’g,e%m2 for all j. Then, provided |k| < L and

Y S %F27
ITk]l, <1+ C3Cyy (2.33)

Therefore, if |k| < L, |j| > L and v < T def min(I'y, %Pg)

|T; — Tl < e + (14 Cyy)

e + ek~ evi® + 1
< . 667‘7’2 1 + 04’}/
min A :
- §e17* + (1 —146)" (1 —8)er* +§
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where Cy = CyCs.

But, by Taylor expansion, it is easily seen that e’® < §e®+(1—4) for all z > 0. Further
g1(x) o 65‘”/<5e‘” +(1— 5)) — 0 as © — oo. Hence, since g; is continuous, given = > 0
there exists €;(z) > 0 such that g;(y) <1 — ¢;(z) when y > x. Hence, given M, there
exists €;(7) such that g;(7j%) < 1 — e, whenever |j| > M. On the other hand

1+ Cyy < 1+ Cyy
(1—=08)e* +6 — 1+ (1 —5)v52

Hence, if (1 — 0)M? > C,, there exists €3(7) so that, whenever |j| > M,

14 Cyy
: <1-
(=0 +o5

Finally, we must consider the case when |k| < L and [j| < M. By lemma 2.13,

there exist Cj, d and ¢4 > 0 such that, for all T' € 7 (B)

Tor > C5F0k<€4)67(1764)dk2

= Csexp [—%Qﬁ?kz} o~ (1—ea)dk?

Hence, since B is compact, for each k, there exists by > 0 such that Ty, > by for all
T € T(B). Denote by 0’ the minimum of the by for |k| < M. By the same argument

as led to (2.33), there exist C and I'y so that whenever |k| < M and v <Ty
Tkl <1+ Coy

for all T € T(B).
Therefore, if [j| < L, |k| < M and v < Ty
IT; = Tilly = 3|7 — Tl
!
< YTy + Tiw) — by — by
I

< 24 2vCs — 2V

Hence, provided v < min('/2Cs,T4) & T's and || < L, |k| < M

175 = Tl
e =T

Y
The desired result follows for any v < min(I'y, '3, I'5) by taking

e = min(1 — e =0 6, (7), e3(7), V)
Q.£D.
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Mixing for the K,

Theorem 2.16 is the crucial component for the proof of the theorem below, which shows
that independent of the realisation of the X-process the decay of dependence on the

past is extremely rapid.

Lemma 2.17 Let Z;, t = 1,...,n be an integer-valued Markov chain having initial
distribution py for Zi and transition matrices T, t = 2,...,n from Z,_y to Z, such
that

D, (TWa, TWb) < (1 —€)D,(a,b)

for all a, b and t, and such that the time-reversed process Zy, t = n,...,1 is also a
Markov chain. Let p; denote the vector P|Z; = .| obtained by applying the transition

matrices to p1. Then there exists C' depending only on supi<;<n||Pjll, such that for all

L<jijs <0, A€ F,(Z) and B € F{'(2)
|Ps[ANB] — Py[A]P£[B]] < C(1 — )"

Proof: Corresponding to A and B are sets A C Z" 72! and B C Z* where A =

{Z} € A} and B = {Z}' € B}. A and B can be decomposed as

A= U A, x (k)

k’]‘2€z
and
B = U {kj, } x Bkn
kjl c€Z
Then
P[Z;LQ € A] = Z P[Z?frl € Akjg n ZJ2 = kjé]
kj2€Z
= Z P[Z?H—l € Akj2|Zj2 = ka]P[Zj = kj }
kaEZ
and, by time-reversibility,
P[Zjll € B] = Z P[Z]il_l € Bkh’Zjl = kjl]P[Zj = kj ]

k:jlez

and
P[Z} € ANZ} € B
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= Y Pz, €A, |Zj, = kP2 € By, | Z;, = Ky
ki kjo €Z
XP[Zkz = ka N Zjl = kj ]

Therefore since all probabilities are less than 1

\P[Z}, € ANZ{ € B] - P|z}, € A|P[Z] € B]|

J

< Y |PZi = kN 25, = ki) = P2y, = k] PlZ;, = k)

= > |PIZn = k2 = k) = 0 P2, =kl 2y, = KIPZ;, = K
kjo.kj, €Z keZ

x P[Zj, = kj,]
But

PZ;, = kj,|Z;, = ky,] = (TUITD o pOdly,

Define the operator @ by Q = T2 TU2=D ... TUi+D et d; be the vector (d;)x = 0.
Then

> |PlZj, = kplZy, = k] = Y PlZy, = k|25, = KIP[Z;, = K]

kaez keZ

= Z ’(Qdkjl>kj2 - (ijl)k]2|

kj, €Z

2

< > Me|(Qdyy iy, — (QPs k|

k}j2€Z
= Dy(Qdkjl ) ijl)
< (1—€)Dy (TP D ...T0Hg, 70D ... 70 Hp, )
S (]_ — €)j2_j1D'y(dk‘j1 ) p]l)
< (=2 {[ldg;, [l + P o}

(1 =)= " + |Ipy .}

and so

|P[Z% € ANZ{ € B] — P[Z}, € A|P[Z]' € B]|

< (L= Y A + Iy [l H P,
kj, €Z
= 20 =¢”psl,

which is the desired result.

Q.ED.
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Theorem 2.18 Let B C P be compact. There exist C' and p < 1 such that for any
1<ji<j532<n, AE]:;Q(Z), BE]’?(Z), w and 0 € B

|PLANBIXY] — PIAIXY]PIBIXT]| < Cp 7

i.e. conditional upon X7, K, is a strong mizing process with mixing coefficients tending

geometrically to zero, uniformly in w, n and 6 € B.

Proof: This is an immediate consequence of lemma 2.17 together with lemma 2.12,
theorems 2.16 and 2.3 and the time-reversibility of the AR(1).

0.£.D.
Polynomials

In much of the remainder of the chapter we shall be concerned with the behaviour of
polynomials in the Y’s conditional upon the X-process. The following lemmas will be

used extensively.

Lemma 2.19 Let B C P be compact. Let g(yt) and h(y?) be polynomials inyy, ..., Yn.
Then for all sufficiently small v > 0 there exists C' such that for all j, N >n+ j, k,
w and 0 € B

Ellg(YARYDIIXY, Y1 = Xy + k] < Ce*

Proof: Clearly it suffices to prove the lemma for any ¢ of the form y* ---y™ and

any h of the form gyl - - -yl*. But
B([Ynl™ - Vi Yo" - [YPIXY, Y1 = Xo o+ K]

D R T T L T ] L R F ey 1

k) Trezn+i-1

x PIK{T = k™" XY, K = ki)

mn m n j+n 2
< 3 (U lgnl)™ - (L [y )™ (L [ o (U R T T,
K,
I+n 2
< S (U Tgal)™ - (U g DY (L )™ - (L R DMTIT) T2
Kt
where M = max(myq,...,my,l1,...,1l,). Now define @ to be the diagonal matrix with
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elements Q;; = (1+ |j|)* and let d; denote the vector (d;)x = d;x. Then

E[Yjen]™ - [YVia ™ [Vl - VP XS, Y1 = X + K]

< [@SQdyllo

where S is an operator consisting of the product of T7®, ..., TU*+™ and 2n — 2 copies
of the @) operator. Now let I' be as in lemma 2.14. Then, by lemma 2.15, for any
v € (0,T"), there exists ¢, such that ||T7---Tkall, < ¢,||a||, for any positive a, any
K, and any Ti,...,Tx € T(B). Let v be so given. Clearly there exists C' such that
(1+ k)™ < Cexp[yk?/2n] for all k, and hence ||Qall, < C|/al|gty/2, for any a > 0

and positive a. Therefore,
1QSQdk o
< Cl15Qdkll/2n

S Oc’y/2n002fy/2n0 o CC’y—’y/?n||Qdk||7

2n—1

= (T ciogon ) 1@kl 20
j=1
) 2n—1
< e T Gy
j=1

as required.

Q.ED.

Lemma 2.20 Let B C P be compact. Let g(y?) be a polynomial in yi,...,y,. Then

there exists C' such that for allm <1, M > n, w and 0 € B
Ellg(YD)|IX)] < C
Proof: By lemma 2.19, for all sufficiently small ~, there exists C'; such that

Ellg(YDIX5] = > Ellg(YDIIX3', Y1 = X1 + ki P[Ky = ki X

ki1€Z
< CeMPIK = kXM

m,M
= Gfp™™,

forallm <1, M > n, w and 8 € B. The result follows by applying lemma 2.12.
0.£.D.
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Lemma 2.21 Let B C P be compact. Let g(y7) and h(y?}) be polynomials inyy, ..., yn.
Then there exists C' and p < 1 such that for all mi,mo <1, j>1, M >n+ 7, w and

6 eB

[Elg(YIIDR(Y D)X ] = Elg(YIIA(YT)IXM)| < Cpmin(mikimaD
Proof: As before

Elg(Y]Lh(Y]) X5 ]

= > Elg(YLDRYD)IX3 Y1 = Xo + ki P[K) = k| X))
ki1€Z

and so, by lemma 2.19, there exists 'y such that for all my,ms < 1,7 >1, M >n+j,

wand 0 € B

[Elg(Y7T)A(YT)X0] — Elg(Y ) A(YT) X0

< > Bllg(YIAYD)IX3 Y1 = X1 + ki

ki1€Z

P[K = kX)) = Py = kX))

S ClD'y(prlnl’Mu p71n27M)

Suppose without loss of generality that |m;| < |mg|. Then
D,(p M, py> ™y = D (TOTO .. pirmrpmiM pQ) . plmt) pma M)
< (1=, (prt M, piat)
< (L=l + e}
by lemma 2.16. The result follows by applying lemma 2.12.

Q.£.D.

Lemma 2.22 Let B C P be compact and let g(y7') and h(yT') be polynomials in

Y1y« Ym- LThere exists C' and p < 1 such that
Clg(YIIT), (Y REMIXT] = Clg(YIE™), hY R IXY]| < CprmmGh)
forallw and 0 < 5,k <n —m.
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Proof: By lemma 2.21 and time reversibility, there exist C; and p; < 1 such that, for

all w and n
Elg(YMRYEIXE] = Elg(YLTA(YEXT]| < G0
[Blg(YJ)XE] - Elg(Y47) X5 < Gt
and
ER(YETIX] = ER(YET)XT]| < Cupp
Also, by lemma 2.20, there exists C5 such that, forall N > j+m, M <j+1and w
Blg(Y XN < G
and
ER(YET X < G
Hence
Clg(YIL), (YR EMIXT] = Clo(YI), A(YE XS]]
< Cypp OB L Gy i 4 OOy
< (1+ QCg)C’lp’f_m_maX(jvk)

from which C' and p can be obtained.

Q.ED.

Lemma 2.23 Let g(y7") and h(yT") be polynomials in yi, ..., Ym. Then there exists C

and p <1 such that for alln, 0 < ji,jo <n—m and w
Clo(YJ), HYE X < ol

Proof: Without loss of generality, suppose j5 > j;. By theorem 2.18 and lemma A.2,

there exists p; such that, for jo > 71 + m,

CloOY ), (YR IIXT] < o Ellg (Y 1P IXTNE[A(Y 717X
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But the square of a polynomial is a polynomial and hence, by lemma 2.20, there exists

C1 so that, for jo > j; +m,
(Clo(Y3), MY ZEIXT] < Cupp ™

But lemma 2.20 also implies the existence of ¢; such that for any j; and js
Cla(YH), WYL < ey

Hence by defining C' and p appropriately in terms of C; and ¢y, ..., ¢, _1, the result
follows.

Q.ED.

2.2.4 Consistency

The maximum likelihood estimator will now be shown to be consistent — in fact the
stronger result of strong convergence will be shown. The proof is in the style of [32]
rather than that of [6]. The work in [32] was only for the case of independent and
identically distributed sequence of random variables, so considerable extra effort is
required. However, the body of the proof of the main statement of the theorem uses

the same ideas as those in [32].
Extension of the Likelihood Function

Many of the complications which arise are at the boundary of the parameter space P.
The boundaries at ¢ = 0 and 0 = oo are dealt with directly. The boundary at |¢| = 1
is more difficult and is dealt with by extending the likelihood function to |¢| = 1. The
extension is necessary because, for |¢| > 1, the AR(1) is not stationary, and so only
conditional, as opposed to marginal, distributions exist for the process; hence there
is no likelihood function. However, it is both convenient and possible to define the
likelihood function for the wrapped AR(1) when |¢| = 1, not just when |¢| < 1. This
is because, for |¢| = 1, the wrapped AR(1) is a Markov process which has a stationary
distribution. Consider the case when ¢ = 1. Then

Sxive (@elyer) = Y Fawa, (@0 + Jlye)

JEZ

= Z Je(we + 5 — 1)

JEZ
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Figure 2.3: Tree illustrating the dependencies between the various lemmata and theo-
rems in section 2.2.4
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= Zfet(xt + 37— Y1 — k)

jEZ

= th|Yt—1 (xt|yt—1 + k)
for any integer k. Hence defining fx,|x,_, (¥¢|xi—1) = fx,|v,_, (2¢|24—1) is valid, since the
dependence of X; on Y; ; involves only the information contained in X; ;. Further,
since Y; is a Markov process, th|Y§71(xt|Xﬁ_1 + ki = foy (@lrer + ko) =

Ixx,-1 (xe|7e—1) and so

th‘th_l (:Et|X7iil) = th|Xt71('rt‘xt71> (234)

Consequently X, is a Markov process when ¢ = 1. In addition the X, process has a

stationary marginal distribution (the uniform distribution), for

/—ifxtht_l(ﬂy)‘ldy - / Zfet (x+j—y)dy

2 jEZ

= /m fa(y) dy

=1

and so the likelihood function is well-defined for ¢ = 1. The preceding argument
requires only trivial modificiation to show that, for ¢ = —1, X, is again a Markov

process having the uniform distribution as equilibrium distribution.

Now, when ¢ = 1,

Frgximr(@dxi™) = fxox (@)
= Y (ov2m)™! exp(—%a‘2(xt +Jj— (w1 + k:))2>
jez

for any integer k, and so fx:(x{) can be written for any value of k; € Z as

n

(oV2m)' ™ 3 exp(—30 2 Yo (w4 ks — (w51 + ki))?)

kezZn-1 Jj=2
= (ov2m)'™" Y exp(—§0 (xI + k)" B (x] + k) (2.35)
kpezn-1

where B is the n x n matrix



and all farther off diagonal entries are 0. When ¢ = —1 the same equation holds with

B replaced by B, where

1 1
1 2 1
1

Note that B} = lim, 1 M, and B, = lim,,_; M, . In fact (2.35) is a continuous

extension of the likelihood function since lemma 2.2 shows that

V1— 0?2 2
Jexp [—12_;2 (:I:+k)2} — 1
oV 2w

uniformly in = as |¢| — 1. That this extension is, in fact, uniformly continuous in n
and w will be shown as part of the proof of a later lemma. The following lemma will

be used as part of that proof.
Lemma 2.24 Let 0 € P. Then if ¢ >0
x'M,x > ¢x' B x + (1 — ¢)a?
Otherwise
x'M,x > —¢x' B x + (1 + ¢)a?

Proof: Consider the case where ¢ > 0. Then by definition of M,, and B

ML () = 66 B () + (1= 9)(a + 22) + (1 + ¢* — 20) Z
> G0 BY () + (1 - 9)a}
as required. The case when ¢ < 0 is similar.
Q.£.D.

A Stationary Approximation

In the case of a sequence of independent random variables, the log-likelihood is the
sum of a sequence of independent and identically distributed random variables. For a
stationary Markov process this becomes the sum of a stationary m-dependent sequence.
In the general case such as the wrapped AR(1) things are more complicated. How-

ever, for the wrapped AR(1), there exists a useful approximation to the log-likelihood
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function by a stationary sequence which satisfies the strong law of large numbers. The

following lemmas concern this approximation.
Lemma 2.25 Let 0 € P'. There exists C' and p < 1 such that, for allt, 7 > 0 and w
’fxt\xgj;<Xt‘Xi:}) - th|X§:1 (Xt|Xt —j— 1)‘ < ij

Proof: If 6 is such that |¢| = 1 the result is a trivial consequence of the fact that X;
is then a Markov process. Therefore, assume 6 € P. From (2.3), (2.19), (2.20) and

theorem 2.3
’fxt\xg:; (X X(2)) — Fxgxeor  (XeXi2 H 1)‘

= | Al = el )

J,k€Z

(t—j,t—1 t—j—1,t—1
< K(o)|lp!" " = pl 5,

t—j,t—1 t—j—1,t—1
K(o)|[p{" ™ — pi M0,

_ K(O‘)DW (T(t—l)T(t—Q) .. .T(t—j+1)p§t_—,jvt—1) TE=D)p(=2) .T(t—j+1)p§t—lj—1:t—1))

J ’ —J

t—j,t—1 t—j—1,t—1
< K(o)(1— ey Ypi Y —pi Y,

< 201K (0)(1 — )it

by invoking lemmas 2.2, 2.16 and 2.12. But '} and € are independent of ¢, j and w as

required.

Q.ED.

Theorem 2.26 The definition

th\Xt—_oi (zfx7) = lim Ix, |xt-t (e]xi=,)

n—o0

is well defined for all 0 € P'. Further, there exists C' such that

In fxn (X Zlan X! (XX <0

7=1

for alln and w.
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Proof: This is a obvious consequence of lemmas 2.2 and 2.25.

Q.ED.

Lemma 2.27 Let 0 € P'. There exists € > 0 such that

1
~In fxp(X}) 5 e
n

Proof: By theorem 2.26

*|1nfan" zlan|XJ1<X|X )0

But the sequence In thIXi_oi (X;|X™1) is a stationary sequence which, by lemma 1.3

and lemmas 2.2 and 2.25 satisfies the hypotheses of theorem A.3. Hence
1 & j—1y a.8. t—1
n Z In fXﬂX-Z;i (X;1XLe) =5 Elln th\X’:)i (X XT)]
j=1
But
Blln fy,xe-1 (X XE0)] = E[E[In fi, x-1 (X XEL)XEL]] (2.36)

and, by Jensen’s inequality,

| /5 1

n =
-3 fxt|xt:; (It|Xt—oi>)

=0

E[_ In thp(f:Oi> (Xt|Xt:o£) |Xt:o£]

IA

dFXt|Xt:oé (xt|Xt:o£)

with equality only if fy, xe-1 (2] XE5) = 1 for almost all z; € [-1 Hence (2.36) is

53]
negative unless fy, xt-1 (X;|X*1) = 1 almost surely, which would contradict X; having
a wrapped normal distribution.

0Q.£.D.
The boundary of the parameter space

Most of the machinery required for the proof has been established in the preceding
sections. The following three lemmas deal with problems relating to the behaviour of

the likelihood function at the edges of the parameter space P.

Lemma 2.28 P, [MTHOO Gy = oo] =0 for all 6y € P.
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Proof: By lemma 2.27 there exists € > 0 such that
P [fim S g X500 = ] =1 (2.37)
and by lemma 16, there exists a function K (o) such that for all § € P, ¢ and w
K7(0) < fryis (X)) < K (o)

and such that lim,_., K(0) = 1. Thus we can choose o; so that for all § € P’ with

o > o; and for all ¢t and w
In fxt\ngl(Xt‘Xi_l)‘ <e€/2 (2.38)
Therefore, combining (2.37) and (2.38)

Py [hm sup — Zln Ix |X{,1(xj|xji_1) —1In fXj|X{_1(Xj|X{_1; 0y) < —€/2| =1

where H = {6 € P’ : 0 > 01}, and so
Py, | lim SUD fx (x7) / fxp(XT3600) = 0] = 1

from which the result follows.

Q.£D.
Lemma 2.29 Py [lim, .. 6, =0] =0 for all §, € P.

Proof: 6, maximises fx»(X7). Thus 9, fx»(X7) ;

d n \/WZ{—TL

%fX?(Xl) = (Tn(2’/T)n/2 P

= 0. But, for 6 € P

n

1
O KM, O+ K) |

kP ezn

X exp(—%afz(x? +kN)TM,, (x] + k?))

and, by lemma 2.1, xTM, x > (1 — |¢|)?||x||?>. Therefore, if 0% < (1 — |¢|)?|x[|*/n,

-n 1 - ( |¢|)

‘;;’+'gg(x?'+'k?)Thdn(X?'+'k?) > ‘5*'+ o3 1%} + K7 |)?
—n (=8 .
> -
> 1y Ul
> 0

0
and hence Py fxn (x}') > 0. Thus
o

2 [ X7

G 2 (1= 10al)

77



since this holds trivially when |¢,| = 1. But, since the AR(1) process is ergodic,
X712 23 ¢y in fy-measure where Cy = Ey [X2] > 0. Thus, with probability 1,
lim,, .. 6% = 0 implies lim,, .., |qz5n| = 1. Let w be some realisation of the process for

which lim,, .. 62 ~ =0 and lim,, oo gzﬁn = 1. Then there exist ny, ny... € N such that

lim; oo 0p; = 0 and lim; qﬁnj = 1. By lemma 9, for any positive ¢
(e + k) ML () + k) > o + k) By (] k) o+ (1= ) (21 + Fy)?

Therefore, for sufficiently large j,

. 1 .
Sy (X775 0n,) < Y S exp(— 36,2 (1 = 6 ) (X1 + K1)?) (2.39)

X H{ Un Z exp(— fdsnj (Xi+ky — Xz1)2)}
ki€Z
where gbn < 1, and the first term is replaced by 1 if gbn = 1. Now, since gbn /62 O, — 00 as
j — 00, there exist J € N and positive Cy such that for any j > J and 2,1, 7; € [—1, 3]
(6, V2m) ™" > exp(—36, n, (21 + by — 2121)?)
ki€Z

Cy 15 2 2
A mexp( 20 nijl _‘Tl—1||Z)

On,

<

and hence, for any j > J, the product term in (2.39) is less than

(40760 35 1% - X )

cy!
(}ﬁg;*l(zﬁ)%(nrl)

which limits to 0, as 7 — oo, if

lim n™' ) [ Xp0 — Xiflz >0

oo 1=2
which, since the AR(1) is ergodic, is an event of probability 1. But lemma 2.27 shows
that, for almost all w, for sufficiently large n, fx»(XY; én) > 1. So, if we can show that
the first term in (2.39) almost surely cannot tend to infinity, the result follows. But,
writing ¢ = 62 J(1= gbn ), that term is

Vizo (vvV2m) ™Y exp(— L (Xy + k)?)

1— ¢nj keZ

The first part is y/1 + ngﬁn]. which is bounded above by 2. Provided X; # 0, the rest is

a continuous function of v, which tends to 0 as v» — 0 and tends to 1 as ¥ — oo, by
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lemma 2.2. Therefore, with probability 1, the expression is bounded above and cannot
tend to infinity as j — oo.
A similar argument applies for lim,,_, ¢n = —1 and so this completes the proof.

Q.ED.

Lemma 2.30 Let 6y € P and let 0 € P’ be such that |¢p| = 1. Then, given € > 0, there

exists an open neighbourhood B(0) of 6 in P’ such that

. fX”( X7 61)
o [iIm sup —————= =0]| =1

P
’ n—00 g cB(o fX"(XheO)

Proof: By the same appeal to Jensen’s inequality as in the proof of lemma 2.27
In fxt\x'f:; (Xi[XE) —In fxt\xt:; (X[ Xs: o) (2.40)

has negative fy-expectation, —e say, unless it is almost surely 1. But X; has different
marginal distributions for 6 and 6, (uniform and wrapped normal), so (2.40) is not
almost surely 1. Further (2.40) is stationary, and so, by lemma 1.3 and lemmas 2.2

and 2.25, satisfies the hypotheses of theorem A.3. Thus, applying lemma 2.26,

Py [hm Zlan X~ (lx] Y - lanj|le-—1(Xj|X{—1;00) =—€e|l=1 (241

n—oo n

We must now extend this to a neighbourhood of # in P. Let 6; be such that ¢; = 1.
Then

Jxp(x1;601) = H (o1v2m) ™ Y exp(—507 % (x; + kj — 25-1)%) (2.42)

k’j €Z
Since the wrapped normal density is a continuous function of o and x, there exists 6 > 0

so that for all n and w, In fx»(X7;6;) < 1In fxr(x}) + sne, whenever |07 — 02| < 6.

Now let 05 € P be such that 0 < ¢ < 1. By lemma 9
(x} + KM, (x} + ki) > oy (x] +K7) "B (X} + k) + (1 — ¢o) (21 + k1)?
and therefore

Vi-4 3 exp(—1(1 — ¢o)oy 2 (w1 + k1)?)

0-2 27T klEZ

1:[ (02V/27) ! Z exp (— 56205 (x5 + kj — j-1)?) (2.43)

fxp(x7;62)

IA
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Here the first term is simply /1 + ¢2 times a wrapped normal density function and
hence, by lemma 2.2, there exists C' such that if 03/(1 — ¢) > C the log of the term
is bounded above by In2 + ¢/3. The product in (2.43) is of the form (2.42) multiplied

by ¢3 ™. Hence, provided —In ¢y < €/3, |5 02 — %] < § and (1 — ¢) < C~'o2
In fxn(x7;02) <In fxp(x}) + 2+ g6+ 2(n—1)e (2.44)

It is clear, from (2.43), (2.44) and (2.41), that taking B to be the set of 05 € P satisfying
these last three conditions produces a set of the required type.

A similar argument suffices for the case ¢ = —1.

Q.£.D.

Proof of consistency

The following two lemmas are the core of the proof of consistency. The first shows that
for each parameter value other than the true value the likelihood function tends almost
surely to a smaller value than at the true parameter. The second lemma shows that
the rate of change of the likelihood function as the parameter changes can in a certain
sense be bounded uniformly, and uses this to show that for each parameter value other
than the true one a neighbourhood can be found where the maximum of the likelihood

function tends almost surely to a smaller value than at the true parameter.
Lemma 2.31 Let 0y, 0 € P, 0 # 6y. There exists € > 0 such that

Py, [ lim n~! {111 Sxp (%) = In fxp (x7; 90)} <—=1
Proof: By lemma 2.26

lim Y " In flele-_l(Xj|X{_1) =3I fy i (X;|X720) =0
j=1

n=0 =
for all w and 6 € P. But, by the same appeal to Jensen’s inequality as in the proof of
lemma 2.27

Ej, [In thp(t_—O}> (X,[XE5) — In th|Xt__oi (X[ XE:00)] < 0 (2.45)
with equality only if

In th\Xt:oi (Xt|Xt—_o£§ 9) —In th\Xt:oi (Xt|Xt—_o£§ 90) (2~46)
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is zero fy-almost surely. However, that would imply that the X, process is indistin-
guishable for # and 6y, which is contradicted by the existence of consistent estimators
for o and ¢ as was shown in chapter 1. Hence (2.45) is a strict inequality. But (2.46)
is stationary and by lemma 1.3 and lemmas 2.2 and 2.25 satisfies the hypotheses of

theorem A.3. Thus

n—l

DI fy et (X X5 6) = In iy 1 (X[ X255 6p)
j=1

converges fp-almost surely to its negative fy-expectation, which implies the result.

Q.ED.

Lemma 2.32 Let 6y € P. Let € > 0 be given. There exists a neighbourhood O of 6,

in P such that, for all w, n and 0; € O
n~'In fxe (XT:61) — In fxn (XT5600)| < €

Proof: Let O; be a bounded open set in P containing 6, such that O; C P. Such a
choice is possible since P is itself open. From the choice of Oy, O; is compact. Hence

by lemma 2.20 there exists C; such that
EIEIX{] < Oy and E[(1 - ¢)YZX}) < O
for all n, 1 < j <n,w and § € O;. Hence, from (2.10)

C
O In fiy (x})] < = + =

o3
for all @ € Oy, w, and n. Since O, is compact, there exists Cy such that o > C, for all

0 € O; and hence there exists C3 such that

8(, In fX? (X?) ‘ S TLCg
for all # € Oy, n and w. Similarly there exists C, such that
’0¢ In fX? (X?)‘ S 7104

for all # € Oy, n and w.

Thus

n~'In fxp (XT5601) — In fxp (XT3 600)| < Csloy — 00| + Caldr — o
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for all §; € O, n and w. Let Oy = {0 : |0 — 0¢| < €/2C3 and |¢ — ¢o| < €/2C,}. Put
O = 01 N O,. Clearly O is the desired neighbourhood.
Q.ED.

All the machinery is now in place. The proof of consistency follows.

Theorem 2.33 The mazimum likelihood estimator for the wrapped AR(1) converges,

Oo-almost surely, to Oy, for all 6y € P.

Proof: For all w, either lim, .., 62(w) = 0o or the sequence O(w) has a limit point
in P’. So, by lemma 1, the sequence én(w) has, 0y almost surely, a limit point in P’.
Lemma 2 shows that, with probability 1, this limit point is not at ¢ = 0. Hence, with
probability 1, {0,(w)} has a limit point in P’. To complete the proof we must show
that this limit point is unique for almost all w, and that it is the true parameter value
0.

By lemma 2.32; any 6 in P has a neighbourhood B(f) in P (and therefore in P’)

such that

n (X7 0
Py, | lim  sup 7‘&1( 1301

=0| =1 247
n—o g, (o) Jxr (XT; 0o) (247)

Furthermore, by lemma 4, any 6 with |¢| = 1 has a neighbourhood B(#) in P’ with

the same property. For each m € N, define the set P,, and P! as follows:
Pm={(0,9) |0 €L, m];¢e[-1,1];|¢p — ¢o| + |0 — 00| > £}
and
P =1{(0,0) [ 0 € (5;,m); ¢ € [-1,1];]¢ — 0| + |0 — 00| > .}
Then P, is closed and bounded, and is therefore compact. Also we note that
P\ (o) = U Pl
m=1

The collection of all the B(6) for 6 in P,, forms an open cover of P,,. Since P, is

compact there exists a finite subcover B(6,), ..., B(fy). Then, from (2.47)

. fx?(X?§ 01)
lim sup “—————

P,
% |n=50 g e, fxn (XT3 00)

-0l =1

0
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Therefore Py, [én has a limit point in P!] = 0, and so

Py, [0,, has a limit point in P’ \ {#}] < > Py, [0, has a limit point in P/} = 0
meN

Thus, 0y-a.s., 0y is the only limit point of én, and we have the desired result:
P, {JLnoloén _ 90} _q
0.£.D.

2.2.5 Asymptotic Normality

The maximum likelihood estimator for the wrapped AR(1) will now be shown to have,
asymptotically, a normal distribution. The proof is based on the ideas in [7]. Unfor-
tunately, there is an error in the section of that paper which deals with the particular
case of mixing processes (for further details see the discussion in the appendix). The
proof which follows is therefore considerably more complicated than might be expected

by readers familiar with [7].

The log-likelihood function is denoted by L, (), i.e.
Ln(0) = fxn (X7 0)
L (0) denotes the vector of first derivatives, i.e.

Oy L, (0)
Ly,(6) =
aaﬁLn(Q)

and L (#) denotes the matrix of second derivatives, i.e.

O2L,(0)  0,04L,(0)
Ly (0) =
0p0s Ln(0)  O5Ln(0)
As is usual L/ (0) is expanded as a Taylor series around 6y (the true parameter).

Ly (0) = Ly, (60) + Ly, (00,0)(6 — 6o)

where L (6y,0) denotes the matrix of second derivatives with elements being evaluated,
at possibly different points, on the line segment joining 6y and 6. If 0, is the maximum

likelihood estimate, L/ (6,) = 0 and so
(6 — 00) = —L(60, 0) L1, (60)
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Figure 2.4: Tree illustrating the dependencies between the various lemmata and theo-
rems in section 2.2.4
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The proof shows v/n(f, — 0,) 4 N (0, £L71) for some positive definite covariance matrix

L1 in three stages:
1. n=LL" (6o, 60) 25 —L.
2. n~YL" (6, 6,) — L" (6o, 60)} =3 0.
d

3. n 2L (6,) S N(0, L).

In most of what follows, we will actually work with a family of approximations,

L'(0) and L"(0), to the derivatives of the likelihood function which are defined by

(B (@) = "+ GBI, (VDIXY]
(E4(0)s = —5 7 BT (YDIXY]
(E(0))or = 5 — ZBI8, (V1K) + 5 DIS, (Y1)

(B0 = 5 BT (V1K) — o CIT (YD), Su(Y7) XS]

(E4(0)) 0 = 55 BIU (YDIXE] + 5 DIT (VD))

and
T, =2 znj ;Y1 =T, + 2¢Y7
j=2
The following lemma will be used to validate this approximation.
Lemma 2.34 Let B C P be compact. There exists C' such that for allw n and § € B
|L.(0) = Ly,(9)| < C (2.48)

1Li(0) — Ly(0)| < C (2.49)

85



Proof: The o-element of L'(0) — L'(f) is
0 E[S,|X7] — 0 B[S [X{] = 073 (1 - ¢*) E[Y|X{]

which, by lemma 2.20 has a uniform bound for all n, w and 6 € B. The ¢-element is

similar. This proves (2.48).

Consider the o-¢ element of L”(6) — L (6) which is
o BT, |X}] — 107°C[T,,, Su|X1] — 0 *E[T,|X}] + 2o °C[T,,, S,|X7]

From the argument in the previous paragraph we need only consider the covariance

terms. But

C[Tm Sn‘XTll] - C[Tna gn’X?] = C[Tn, (1 - ¢2)Y12‘X711]
1S, ~20V2IX]] (2.50)

+C[(1 — ¢*)Y?, —20Y7|XT]

The last term is uniformly bounded by lemma 2.20. But, if A is a polynomial in two
variables
n—1 . n—1 .
+ n + n
CIVE Y YT HXT]| < 2 |Cly? (Y IXy)|
j=1 j=1
n—1 ) p
<oy <ol
=1 L=p
for all n, w, 8 € B and some p < 1 by lemma 2.23. Thus the first two terms on the
right-side of (2.50) are uniformly bounded and therefore the o-¢ term 0f L (8) — L" (6)
is uniformly bounded. The o-0 and ¢-¢ components are similar. Hence the result

follows.

Q.ED.
Conditional behaviour of polynomial sums

The expressions for the derivatives of the log-likelihood function involve cross-moments
of sums of polynomials in the Y-process conditional upon the X-process. This section
contains a number of lemmas concerning the asymptotic behavious of such quantities.

These lemmas are really the basic units of the proof of asymptotic normality.
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Lemma 2.35 Let B C P be compact. Let g(.,.) and h(.,.) be polynomials in 2 vari-

ables. Then there exists C such that
n—2 o n—2 o
CIY g(Y D). S hYSiDXy]| < Cn
§=0 j=0

foralln, w and 0 € B.

Proof: By lemma 2.23, there exists C and p; such that for all n, w, 0 < 71,70 <n—2

and 0 € B
’C[ (Y70, h(YﬁﬁﬂXﬂ < O pliz=al
Thus
& 2 n—2 2 n—2 n—2
i+ + n -
’C[Z gD S nYIXy]| < XY opbeal
= 7=0 Jj1=0 j2=0

jEZ
as required.

Q.ED.

Lemma 2.36 Let g(.,.) and h(.,.) be polynomials in two variables. There ezists a

stationary sequence Wy, ... and C' such that
n—2 ) n—2
1Y g(YI2), Y hY DX - | < ©
7=0 k=0 j=1

for all w and n.

Proof: Put

=3 Cl(YIR) hYE X

k=—o00

Then, using time-reversibility and applying lemma 2.22 twice and lemma 2.23,

||M|

2\ (Y2, ROYEIXY] - Clg(Y™), h(YE )X,

n—2n—2 )
< IH(C pimn 7,k) + C pn 2—max(j,k) 02p|2]—k|)
7=0 k=0
= n—2— k =i n—2—j i—ky L
< (Co(p] + P )Coph )2 + 37 3 (Culph + o1 > ) Coph )3
7=0 k=j 7=0 k=0
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n—2n—2 n—27—1

<Y Doy + C Y S (ol + i

Jj=0 k=j j=0 k=0

SC?,{i . i)‘i‘ P%‘FZJPS Z /h }

j=0 1- P3 — — P3

NN (2.51)

Also, by lemma 2.23,

s + 3 Ol hvE X )

=1 “k=—0c0
0 ) 00 )
Z{ > Capb 4+ ZCEPIH}
k=—0o0 k=n

Capa 1 Capa
T (T=p2)? (1= po)?

and the result follows from (2.51) and (2.52).

(2.52)

Q.£D.

Lemma 2.37 Let g(.,.) and h(.,.) be polynomials in two variables. Then for any
0ecP

D{n_lC[ril g(YI™), :Z_j W(YE)X]] =0 (2.53)

Proof: Let g; denote g(YJH) hy, denote h(Y} ™). Then the expression on the left

side of (2.53) is n=2 37"

J1 32 ,73,0a=1 Rj1j2j3j4 Where
Rj1j2j3j4 =C [C[gjn hjz ‘X?]v C[gjsa hj4 ‘XTll]]
By lemma 2.23, there exists C and p; < 1 such that, for all w, nand 1 < 1,70 <n—1

’C[gju hj2|X?]| < Clp|1j2—j1\ (2'54)

Suppose for the moment that j; < j3. Let J; denote max(j;,j2) and Jo de-
note min(js,j4). By lemma 2.22 there exists Cy and py < 1 so that, for all n,

1 <ji,jo, 93, Ja<m, i+ A<nand J, —A>1

Clg;,, by |XT] = Clojy, hyjy | X2 < Cops (2.55)
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and, by time-reversibility,
[Clgjs 13| XT] = Clgjss hyju| X, all < Copty (2.56)
Further, by lemma 1.3, lemma A.2 and (2.54), there exists C3 and p3 such that
CClgjs 7y X 2], Clyjss hja| X5, alll < Capg =722 (2.57)

provided Jo — J; — 2A > 0.

But, for any random variables A;, A, By and By

C[A1, Bi] = C[As, By

< |E[(A1 = A2) Bi)| + | E[A2(B1 — By))|

+|E[A — A]EB)]| + |El4] BB, - By

< 4supmax(|Ai], [Azl, [Bul, | Baf) max(| A — Ao, | By — By)
Hence from (2.54), (2.55), (2.56) and (2.57)
ICCgjis 1o | X5, Clggs B | X711
< |C[Clgs, s hyp | XTH2Y, Clgg, 1| X, All] + 4C1 Copiy
< AC 1 Copy + Capp~ /1728

provided Jy — J; —2A > 0. Thus, if Jo > Ji, taking A = |(Jy — J;)/3] implies the

existence of Cy and ps < 1 such that

| Rjijajuia| < Cap™
when Jy > J;. However (2.54) implies that

CClgjy i X3]. Clasy, hyu X1]) < CFpf* 72 < O (2.58)
and so there exist C5 and p; < 1 so that, even when Jy < Jy,

C[Clyji hjp|X1], Clggas by | X7]] < Cspg2™" (2.59)

Let J = max(ji, j2, j3, ja) — min(ji, ja, Ja, ja), ie. J = |z — ja| + Jo — Ji + [j2 — jiul-
Hence max(|js — jal|, J2 — J1, |j2 — j1|) > J/3 and so by (2.54) and (2.59), there exists
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Cs and pg < 1 such that |R; 5.0l < Cspd. So far, this holds only when j; < js.
If j3 > j1, it is clear that the same argument holds with the roles of ji,js and j3, 4

reversed. However J > (|71 — ja| + [j1 — J3| + |71 — Jja|)/3 and so

n—1 n—2
-2 -2 |71—3d21/3 |i1—3ds|/3 |i1—37al/3
n Z ‘Rj1j2j3j4’ < n 06 Z Z Z Z Pé Pe Pe
J1,J2,93,Ja=1 J1=0j2€Z j3€Z ju€Z
S A
-1 J
AN
j=—o0
— 0

as required.

Q.ED.

Lemma 2.38 Let B C P be compact. Let g(.,.), h(.,.) and e(.,.) be polynomials in 2

variables. There exists C so that

n—2 ] n—2 ] n—2 ]
I g(Y3), Yo h(YIE), Y e(YIDIXT)| < Cn (2.60)
j j=0 j=0

Jj=0

foralln, w and 0 € B.

Proof: For 0 < j1, j2, j3 < n — 2 define

g = TG (YIE2), M(YET2), (Y22

J1J233
Without loss of generality, by re-arranging ¢, h and e, assume j; < j» < j3 and

J2 — j1 = j3 — jo. From the definition of the 111 operator
Appis = Clg(YHLE), h(YRDe(YR DX
~Clo(Y350), MY D) IXT] Ele(Y 5 1)IX{]
—Clg(Y3 ), (Y3 ) XTI E[A(Y 1 10)1XY] (2.61)
By lemma 2.23, there exists C} and p; < 1 depending only on g, h and e such that
Clo(YHE0), MY ), e(YR i) X| < Capp? ™ (2.62)

and by lemmas 2.23 and 2.20, there exist C5 and py < 1 depending only on g, h and e

such that

Clo(Y ), (Y3 IXT] Ble(YE )X < Coph ™ (2.63)
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and

Clo(YH ), e(YE IXTIER(Y ) XT]| < Capp ™ (2.64)

Hence js — j1 > jo — j1 implies the existence of C5 and p3 < 1 such that |A; j,;,] <
CSPgZ_jl' BUtv by assumption, 32 jl et 2(] jl) - Q{max(jlaj27j3) _min(.jlaj27j3)}7
le.

5 {max(j1,j2,j3) —min(j1,52,53)}
| Ajijass| < Csp3

which holds for any 0 < ji,72,73 < n — 2, redefining C3 and p3 to allow for any

permutation of the polynomials g, h and e in (2.61), (2.62), (2.63), and (2.64). Hence

n—2 — -
11T (Y35, z (i), z vy 1z

j=0

3 n—2 n—2 n—2 1 {max(j1,j2,j3) —min(j1,j2,73) }
RIS (2.65)

Jj1=072=0 j3=0
But max(ji, j2, j3) — min(ji, j2, j3) > 3|J1 — jo| + 3|71 — js| implies (2.65) is bounded by

anz_f nz_: z_: 115142 4\J1 el < nCy (Z p4j)
J1=0j2=0j3=

JEZL

as required.

Q.ED.
Convergence of the second derivative
Note that E[S,] = (n — 1)02, E[T,] = 0 and E[U,] = 2(n — 2)0?/(1 — ¢?). Further
D[S,] = 2(n—1)0* and D[T,, = (n—1)c*/(1—¢?). In the remaining lemmas of this sec-
tion, two quantities Z, and H,, play a crucial part. Z, is defined by Z, = 3}_, e*™" =

2?22 e2™X; [ is defined by H, = 2?22 e2mi(Yi+Yj_1) — >, e2mi(X;+X;-1)

1=

Lemma 2.39 The following limits hold for any 6 € P.

L 07 OlS0, Zu] — —4n%0*(1 — ¢) " exp [~ g

2. n_lC[Tn, Zy] — 8m2¢pot(1 — ¢*)Lexp {—%}

3. n'C[Sn, Hy] — —87%0*(1 — ¢)exp {—%}

~ 71.2 0.2
4. n7C[T,,, H,] — 8m%0*(1 — ¢) 2exp [—%}
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Proof: Commence by noting that, if W ~ N (0, 0?),

E[e™W] = —id,Ele""]

o 12,2
= —i0e 2"

. _ 1422
= jtole 2t°
= ito?Ele"™]

and

E[eitWWQ] — _aEE[eitW]

Note also that

E[ezmyj] _ 6727&72/(17&)

and

E[ezm(YjJrYj_l)] _ o Amt (L ¢)o?/(1-¢7)

Define ey = E[e?Yi+%i-Ue,; ye; ). The computation of ejy; can be broken into a

number of cases of interest. Note that since Y; = 3%, é'e;
e = Elexp [2mi(e; + L3_o(b+ 8)6™€jm-1)] € k€5 k1]
1. k<0Oand =0

ek = O,2E[€27ri(Y]-+ij_1)]
2. k<Oand ! >0
ejr =0

3. k=0and!=0

eju = (0_2 _ 47T20_4)E[627ri(Yj+ij,1)]
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4. k=0and ! >0

e = (2mio?)(2mi(b+ )¢t o?) Bl (Vi thYi-))

= —4r0* (b + ¢)¢' ! Bl T )]
5. k>0and [ =0
ejit = (07 — 4 (b + 9?0 2ot Bl Y]
6. k>0and (>0

e = (2mi(b+ ) 102 (2mi(b + ¢)¢t 1 o?) B2 ithYi-v)

_ _47T2J4<b+¢>2¢H—2k—2E[6271-1'(Yj+ij,1)]

Hence, we have

1. E[€2ijSn] — (n o j)0_262mY + 2(0_2 o 47T2g252k04)62my
k=0
and
C[GQWzY] S Z A ¢2k 4 27rzY
Therefore
n_lC[Zn,Sn] _ _n—l Z Z4W2¢2k 4 27rzY
7=2k=0
Z 47_‘_2¢2k 4 27rzY
k=0
_ —Ar’at oy
(1—9¢?)
2 E[eZMYan] — (TL o j)O + Z Z 87T2¢l71¢2k+l0.4627rzY
k=01=1
Therefore
~ ¢2k )
nilC[Zn, Sn] _ 71 Z Z 87T2 5 46271'1Y
j=1k=0 qb )

¢2k+

oe2miY
— Z87r ¢2) e

87T2¢0 2miY

(1= g2z
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3. For2<57<n

E[e2mi0i+i-0 g |

Therefore

(n —1)"'C[H,, S,]

4. For2<j57<n

E[e2ﬂ'i(Yj+ijl)Tn]

Therefore

(n — 1)_1C[Hn,Tn]

as required.

(n _ j)0_2627m(y1+Y0)
0_2 _ 47T20_4)627T’i(Y1+Y())

=2

+ Z (0_2 . 4%2(1 + ¢)2¢2k—204)62m‘(Yl+YO)
k=1

— _47]-20-4 27TZ(Y1 +Y0)

1

n Jj

042

=2

2k 2,2mi(Y1+Y0)

(]

(1+¢)*¢

—_

M?ﬁﬁ

N _477-20-4{]_ + (1 + ¢)2¢2k—2}62ﬂ'i(Y1+Y0)

k=1
1—¢
(n—7).0
+ i¢l718ﬂ'20’4(1 + ¢)¢l71627ri(Y1+Y0)
=1
X Z Z¢z L 8n20i(1 + o) ¢l+2k—2e2m'(Y1+YO)
k=11=1
87T20-4 eQTI'i(Y1+Y0)
1—9¢
{r2gt =2
+ 1 Z¢2k 1 1+¢> 271’7, Y1+Y0)
= 8o e2mi(Y1+Y0)
1—¢
I 871'20'4 ZZ¢2k 1 1+¢) 2mi(Y1+Y0)
(n_l)(1_¢ j=2 k=1
1 1
N 871'20'4{ - ¢ i i_ ¢ Z ¢2k 1} 27mi(Y1+Y0)
— L%l 27i(Y1+Yo)
(1—09)

Q.ED.



Lemma 2.40 For each 6 € P, there exists a negative definite matrix L such that

n L) B e
Proof: By lemmas 2.21 and 2.36, n‘lix(é) converges to the average of a stationary
sequence. There are then two stages to the proof of this lemma. One is to show that
the expectation of the sequence is negative definite, and the second is to show that
D[n 'L"(#)] — 0 as n — oo.
To prove the second part, note that n~2D[E[S,|X"]] < n=2D[S,] = 20*/n — 0.

By lemma 2.37
D[n~'D[S,|X7]] — 0

Hence the variance of the 0 — ¢ component of n*li;;(e) — 0. The other components

of the matrix are similar.

Now
—0 S DIE[S,|X7]] 30 °C[E[S,|X7), E[T,|X1]]
LoSCIBISIXT, BITL[XY)] 2o~ DIE[T,X1]]

But D[E[S,|X?]] < 2no* and similarly for other terms. Hence n~'E[L”] is bounded
and therefore from the stationary approximation adduced earlier it converges to some
matrix £. It remains to show that £ is negative definite.

To complete the proof, we first show that £ is non-zero. To do this, note that
D[E[S,|X%] > |C[E[Sn|X?], Z,||?.D[Z,]. However C[E[S,|X%], Zn] = C[Sn, Zn] since
Z, is X?"-measurable. Further D|Z,] = E[Z,Z,] — |E[Z,]|* and

BlZnZn] = 3237 Elem )
j=1k=1
= 3> exp[-2r3{1 4+ 1200 H}o2/(1 - ¢?)]
j=1k=1
_ 674ﬂ202/(17¢2) Z Z exp {47T2¢\j—k|0-2/(1 . ¢2)}
j=1k=1
Hence
1

*D[Zn] N 6—47r202/(1—¢>2) Z {exp [47T2¢|k|} _ 1}
keZ
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e vh of i et

keZ j=1 j'

_ —4m2/1¢2>z dno’ ) 1149
1—¢2) jl1— g

> 0

and, by applying lemma 2.39

lim lD[E[Snp(;‘]] >0

n—oo n,

Similarly lim, .., : D[E[T,|X}]] > 0.

The final part of the proof is to show that the matrix £ is negative definite. This
follows if the determinant is positive. In order to show this, we must first show that
the limit of 2 D[H,,] is positive. However

E[H,H,] = > Y Elexp[2mi(Y; +Y;_1 — Yy — Yio1)]]
j=17 k=1

= n+42(n— 1) 2 (141-20%)0%/(1-¢%)

n—1

+ 3 2(n — j) exp [~2n% (4 + 4¢ — 209 — 49 — 267)0? /(1 — ¢*)]
=2
Hence
iD[H”] — 8T /0-0) 3 {exp {47T2(¢\j71\ + 2¢W + ¢\j+1\)} — 1}

JEZ

7=0

2(144) 1+QZ (472(1 + ¢)?)* }

_ 820?/0-9) [,
KI(L = ¢F)

_ e—swzgz/(l—@ {687r2(1+¢) 14+2 Z {exp 471' (1 + ¢) ] _ 1}}

as required.

Put S, = E[S,|X7] — E[S,] and T, = E[T,|X?] — E[T,]. But, for any a,
E[(S, — aT,)*] > |C[S, Zu)*/ D[ Z0]

and

E[(gn - O‘Tn)2] > ’C[Sm Hn]|2/D[Hn]
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Therefore, since H,, and Z,, are X}-meaurable

1 . A . n=2min(|C[S, — Ty, Z,] %, |C[S, — aT,, H,]|?)
*E _ T 2 > n n) n 9 n 9 n
o ElSn —aln)] 2 n—'max(D[Z,], D|H,))

— Cl >0
by lemma 2.39. Hence there exists Cy < 1 such that

lim p(B[S,[X1], E[T,/X1]) = Cs

n—oo

Hence the determinant of £ is simply

lim n~%(1 — C%)D[E[S,|X}]) D[E[T,|X}]]

n—oo

which is the required result.

Q.£.D.

Lemma 2.41 For all 6, € P

1 A
| L (B0, 6n) — L1 (0, 60)] =50

n
in By-measure.
Proof: From lemmas 2.38, 2.35 and 2.20, it is easy to see that if B is a compact set

containing 6, there exists C' such that all the third derivatives of L(6) are bounded by

nC for all n, w and # € B. Hence
| L (00, 0) = Ly(00, 60)| < Cnl0, — 6o

for §, € B. But theorem 2.33 shows that 6, .5 By, i.e. \én — 6y 480 and the result

follows.

Q.ED.

Theorem 2.42 For all 6y € P, there exists a positive definite matrixz L such that

0, — 00) & N, £

i By-measure.
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Proof: By Taylor expansion
O — 00 = —=(L3(60,0,)) " L1, (60)

and so

Vil = 00) = (=0 L (00.0,)) " Z=L4(0)

By lemmas 2.34 and 2.40, there exists a positive definite matrix £ such that

1
n

L"(60,600) &5 —L

and by lemma 2.41

1 A
|L2(G0, 0) — L2(60, 00)] =3 0

n
So

1
n

(ZL2(60,0,))7 1 23 —£

It remains to show that

L0y 4 N, 0

vn
But

B0, L(6)] — E[W]

= 0 [ fy (x3)x
= 0

and similarly for ¢. Hence

O, L O] = LE(@,L,)(0L)
P e (XD

= —BlL]
n

|~ L B[32L.]

which converges to the o — o component of £. The result follows provided L/ (6) is
asymptotically normal.
But n~20, L, (6) is asymptotically equivalent to o—3n~2 B[S, —no2/X>_] by lemma

2.21. Similarly n=20,L,(6) is asymptotically equivalent to o—3n~2 E[T}, — no?|X>,].
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Therefore any linear combination of n~28,L,(d) and n_%(%Ln(@) is asymptotically
equivalent to

1 n
% Z E[tl (EJZ — 0'2) + tQEj}G'_ﬂXSOOO] (266)
j=1

But, by lemmas 2.20, 2.21 and theorem 2.18 together with lemma 1.3 the terms in
(2.66) form a stationary sequence which satisfies the assumptions of theorem A.4 and

hence (2.66) converges in distribution to a normal random variable.

Q.ED.

2.2.6 Quantification of Estimation Properties

The maximum likelihood estimates having been shown to be asymptotically normal, it
is important to establish the asymptotic covariance structure of the estimates. From
the point of view of using the estimates, empirical standard errors can, of course, be
obtained by the usual method of regarding the second derivative matrix of the log-
likelihood function at the maximum as a satisfactory approximation to the inverse
of the true covariance matrix. However, for the purpose of evaluating the quality of
maximum likelihood estimation in comparison to, for example, the crude moment based
estimation procedure discussed in section 2.1, it is desirable to compute the covariance
matrix of the estimates for a range of values of ¢ and ¢.

It is, I believe, clear that this matrix cannot be constructed easily in closed form.
Indeed, if it were possible, much of the earlier effort expended would be unnecessary.
There are many ways to estimate the covariance structure by simulation, all of which
appear to require a large quantity of computer time. The procedure I have chosen is
to use the fact that the second derivative matrix divided by the series length converges
almost surely to the inverse of the covariance matrix. The series length has to be chosen
arbitrarily. I have chosen a series length of 200. The simulation was performed 20 times
at each point on a grid of (¢, ¢) values. ¢ ranged from 0.015 to 0.405 in steps of 0.015.
¢ ranged from 0 to 0.85 in steps of 0.05. Clearly this will give rise to estimates of the
asymptotic second derivative which have error which will in turn give rise to estimates
of the correlation matrix with error. The results of the simulation are presented in

figure 2.5 in the form of asymptotic log standard deviations for \/ﬁcﬁ and \/nd and also
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Figure 2.5: Asymptotic log of standard deviation and correlation between the param-
eter estimates for maximum likelihood estimation
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the asymptotic correlation between these two variables. The perspective plots shown
are noisy because of the estimation procedure. The results compare favourably with
those shown for moment estimation in figure 2.1. Figure 2.6 is a comparative table
giving asymptotic log standard deviations of the parameter estimates and their corre-
lation for the two estimation procedures at a number of values of the parameters. Note
that the asymptotic behaviour of the maximum likelihood estimate is always better
and that for extreme values of the parameters it is enormously better. Admittedly
some allowance needs to be made for error in these figures because of the way in which

they were computed for maximum likelihood estimation.

2.2.7 Computational Difficulties

The difficulties which arise with maximum likelihood estimation for this model fall into

two classes — calculating the likelihood function and maximising it.
Calculating the likelihood

As seen before, the likelihood cannot be exactly calculated since it involves infinite

summations in the formulae

th\x’i—l(xt|Xifl) = Z (‘7\/%)71 eXp(—%Ud(ﬂ?t +J = d(xi-1 + /f))Q)atq,k

jkEZ

Srez(oV2m)™h) exp(—%a”(xt +J— d(a + k))2)at—1,k

e Pt (w3t T)
J1 — A2 A2
le (131) = O_l\/ﬁjezze}(p <—(1%‘2¢)($1 +j)2>

a ;= o
which hold for ¢t > 1.

However, the likelihood can obviously be approximated by performing each sum
from —N to N for some N. This does not allow for the propagation of errors in the

a; ; which will result. This last is rendered less serious by three facts:

1. Lemma 2.8 guarantees that for the true a;; (as opposed to the approximations)
we can make the finite sum arbitrarily close to 1 by an appropriate choice of N,

and this N can be chosen independent of the sample sequence or its length.
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Figure 2.6: Table of values of log standard deviations of the parameter estimates and
their correlation for maximum likelihood and moment estimation

102



2. Since the rate of convergence in the above to 1 is extremely fast, a small increase
in N will permit a large increase in the sample length and still yield the same

accuracy of approximation.

3. The rate of convergence is so rapid that, for any sensible sample size (say less than
10000) on a reasonably large computer such as a VAX 11/780, the approximate
likelihood can be calculated for a value of N sufficiently large so as to render all

dropped terms smaller than can be represented on the computer.
Maximising the likelihood

Simulation shows that for some parameter values (those with large o2 or |¢| close to 1)
the likelihood surface is so flat away from the maximum that without an extremely
good choice of initial point, conventional gradient based function maximisers simply
stop and do not find the true maximum of the likelihood. This is perhaps due to errors
in numerical approximations to the gradient of the likelihood function.

An alternative to the straightforward maximisation of the likelihood function is
the EM-algorithm of [8] which uses the statistical structure of the model to find the
maximum of the surface. It is suitable for those models where the likelihood function
results from an underlying likelihood function by the loss of information and where the
underlying likelihood is easy to maximise.

This is exactly the situation for the wrapped AR(1). The likelihood function arises
from that of a true AR(1) by the loss of the information contained in the integer part
of each observation. Further, the likelihood function for an AR(1) is easy to maximise,
requiring only the computation of the sufficient statistics g; and go from the sequence,
and then setting ¢ = 1, = g1/go and 62 = gy — dg.

The EM-algorithm consists of iteration of two simple steps. Beginning with some

initial guess for the parameters

1. Calculate the expectations of the sufficient statistics conditional upon the data

using the current parameter guess

2. Use these expected sufficient statistics to obtain new parameter estimates and

repeat the previous step.
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These two steps are then repeated until convergence of the parameter estimates occurs.

In the case of the wrapped AR(1) this becomes
e A. Obtain initial parameter estimates qigl and &7, perhaps by moment estimation.

e B. On the j time through, calculate
1 & 2 n n
=1

and
1 . n n
P2y = Eéj[* > VY| X] = xj]
N =2

o C. Set éjﬂ =11 /1hay and 67, = by — ng+11/}1,j-
e D. Test if the sequence 61, ... ,éjﬂ has converged. If not go to B.

The obvious issue is whether the sequence necessarily converges to the parameter
value maximising the likelihood function. In [8] a proof is given showing that it does
for certain simple models. For the wrapped AR(1) that proof does not suffice. However
simulations suggest that in fact the convergence is to the maximum.

A flaw of the EM-algorithm which has been noted is that it converges extremely
slowly in many cases (see [21]). This is the case for the wrapped AR(1). Depending
on the initial guess, perhaps as many as 10° iterations might be required. This would
appear to render the method useless for this problem. Fortunately the convergence,
althhough slow, is extremely regular. This enables the use of a convergence acceleration
algorithm, to speed the process. Numerical analysts have long been familiar with the
e-algorithm for speeding up the convergence of real-valued sequences. A number of
algorithms derived from this for accelerating the convergence of vector-valued sequences
may be found in [4]. One of these, called the vector e-algorithm, has proven to be
extremely successful in simulations.

The vector e-algorithm is defined as follows. Given a sequence X1, Xs, ... we wish
to accelerate the convergence of the sequence to its limit. the principle behind the
algorithm is that the original sequence should be converging approximately accord-

ing to some power law. The algorithm produces a collection of improved estimates
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e(()j), eéj ), eflj ), ... at each point of the original sequence. e(()j ) is simply the original se-

() ()

quence. €5 is computed from x;, X411, X;4+2. € is computed from X;, X, 11, X2, X;j43, Xj44.

The definition is as follows

for n >= 1. Since the quantities involved are vectors a definition needs to be supplied

for the inverse of a vector. The suggested form is

where . denotes the scalar product.
My use of this procedure has been somewhat ad hoc. 1 found that in practise the

best results were obtained with €5 or €4. The procedure I followed was
1. Start with some initial guess for the parameter values

2. Iterate with the EM-algorithm computing eéj ) for the sequence until the e; values

stabilised sufficiently.
3. Use the stable point of €5 as a new starting point for the EM-algorithm.
4. Repeat the last two steps until the sequence of stable e, values converged.

The benefit of this procedure was obvious in the case when the initial parameter guess
was bad. The EM-algorithm would take at least some thousands of iterations. For a
large series or large values of ¢ and ¢ this would take more computer time than was
actually available. The accelerated procedure would converge after only one or two
hundred evaluations of the likelihood function — a very considerable improvement. If
the initial guess was good, — that is, on the upward slope to the maximum — there
was no appreciable difference between the ordinary EM-algorithm and the accelerated
procedure. The accelerated procedure failed altogether in certain circumstances. It

is possible for the accelerated estimate to so overshoot the true point that the new
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starting point for the EM-algorithm is actually further away from the true maximum
than the original guess. This occurred rarely and it should be possible to detect this
sort of wild swing and avoid it. Using €5 or higher order methods was not successful. 1
believe the reason for this to lie in the assumption of power series convergence for the
unaccelerated sequence, which does not neccesarily hold for the EM-iterations. The
higher order e-accelerations are more sensitive to irregularities in the convergence of
the original series. My overall conclusion is that the e-algorithm is worth the extra
programming required but that it should be used with a certain amount of care, as

intervention by the user may be required.
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Chapter 3

Markov Models

This chapter examines some aspects of Markov processes on the circle. The existence
of stationary processes for given transition functions is analysed, and it is seen that,
as in the case of finite Markov chains, a unique stationary measure exists under mild
conditions on the transition function. A number of bivariate circular distributions have
been proposed in the literature. These naturally give rise to transition functions for
Markov processes. Some details of these distributions are considered and a comparison
is made of the types of conditional behaviour which would arise from them. First
order Markov behaviour is often too restrictive for modelling dependence in series and
a method for deriving higher order models is proposed which does not require the use
of families of multivariate distributions for three or more circular random variables.
Finally, brief consideration is given to the question of estimation for Markov models, in
which it is shown that maximum likelihood estimation is consistent and asymptotically

normal under certain useful conditions.

3.1 Requirements for Stationary Models

In this section I examine the constraints imposed upon Markov models by stationarity,
in particular the constraints imposed upon the transition function.

Let X; be a homogeneous Markov process on the circle defined by

fxt\xi—l(xtyxifl) = g(@e|we1) (3.1)

where ¢ is some conditional density and where fx, (z1) is some initial distribution.
This will only define a stationary Markov process for certain (if any) choices of

the initial distribution. Fortunately, Markov processes on any compact space, such
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as the circle, have a great deal in common with Markov chains on finite sets. The
following material, which is drawn from [9], shows that, for most choices of the transi-
tion function, there exists a unique initial distribution which gives rise to a stationary

process.

Definition 3.1 A transition function P on a space X s said to satisfy the Doeblin
hypothesis if there ezists a finite measure ¢ on X with ¢(X) > 0, an integer n > 1 and

an € > 0 such that

PW(z A)<1—¢ if ¢(A)<e

Definition 3.2 Let P be a transition function on a space X which satisfies the Doeblin

hypothesis. A set E is said to be an invariant set if
P(x,E)=1 forallx e FE

E is said to be a minimal invariant set if E' C E and E' invariant implies ¢(E') =

¢(E).

Theorem 3.1 If the only minimal invariant subset of X with respect to P is X, then

there exists a unique stationary probability distribution.

Proof: This is a corollary of theorem A.5
Q.E.D.
Now I shall apply this to the case of the circle. Suppose that the transition density
f(z]y) has a uniform upper bound C. It is easily seen that the Doeblin hypothesis is

satisfied. For, taking ¢ to be Lebesgue measure, n =1 and € = 55 < % since C' > 1 by

1
2C

hypothesis..

Pla,A) = [ o)y < [ Cdy < Co(4)

So P(x,A) < %: <1 — € when ¢(A) <e.

1
2

Further, if f(z|y) > 0 for all  and y, then

[ flaydy =1 = F(oly) dy =0
E [0I\E
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which implies [0, 1] \ E has null Lebesgue measure. So we have ¢(E) = ¢([0,1]). That
is [0, 1] is a minimal invariant set. So, by theorem 3.1, there exists a unique stationary
probability distribution.

Sometimes, instead of defining the transition density, one will specify a function
which will be the joint density of X; and X;_; for any choice of t. Clearly this determines
the transition density in (3.1), since this is merely the conditional density of X, with
respect to X;_1. It also clearly defines the initial distribution. For the definition to
be consistent we must require that X; and X, _; have the same marginal distribution.
Thus any bivariate circular distribution defines a unique stationary process if, and only

if, its marginal distributions are identical.

3.2 Bivariate circular distributions

In this section, I shall examine a number of bivariate distributions which have been
proposed by others, and consider their suitability for use as transition distributions for
Markov processes. A number of figures are included in this section, which require some
explanation. In each case a bivariate distribution of two circular random variables is
under consideration. Five of the small sub-figures show a graph of fy|x(y|x) for a given
value of x. The sixth shows the marginal density of Y. The value of x is indicated by
a short vertical line from the horizontal axis. For the sake of clarity the range of y for

each plot is [0, 2] thus giving two copies, side by side, of the density.
3.2.1 Bivariate von Mises distribution

Proposed by Mardia in [24], this distribution is an attempt to define a bivariate ana-

logue of the von Mises distribution on the circle. The density is given by
fes(0,¢) =
Cexp (k1 cos2m(0 — p1) + ko cos 27 (¢ — v) + py/Kikg cos 2m(0 + ¢ — 1)) (3.2)

where p < 1, C'is a normalising constant, and x; and ko are positive. This density has
the mathematically attractive property of being the maximum entropy density under

the constraints E[e] = e, E[e’] = ¢ and E[e!?*%)] = pe™. It is clear that (3.2)
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also defines a bivariate density when p > 1. However, in this case f(6, ¢) will not have
the property of maximum entropy.

We shall now examine what constraints are imposed on the parameters of the
density by the requirement that 6 and ¢ should have the same marginal distribution.

The marginal density of ® is known to be (see [24])

f<b(¢) — (leM2cos 27r(¢fu)[0<Q%)

where

Qo = KT + p?cos? 2w + p®sin? 2m¢
+  2k1p(cos 2wy cos 2w + sin 2wy sin 2w ) cos 2w

+  2K1p(— sin 27w cos 27 + cos 2w sin 27 ) sin 27

and I is the incomplete Bessel function of order 0. A similar expression holds for the
marginal density of ©. We see therefore that for the marginal densities to be the same
it is necessary and sufficient that x; = ks and p = v. Mardia shows in [24] that the
marginals cannot be von Mises unless the variables are independent. This is clear, for
if the marginal distribution of ® is von Mises, then ()¢ must be constant as a function
of ¢, and so p must be zero. So in this respect, at least, the analogy between the
bivariate normal and the bivariate von Mises distribution is incomplete.

Now assume that k1 = ko and 4 = v. We shall examine the conditional and
marginal distributions in more detail. First, the conditional densities are unimodal,

since for any given ¢

foia(0|¢) o< exp (kcos2m(0 — p) + kcos2m(¢p — p) + prcos2m(0 — ¢ — 1))

and so

g(gf@q>(9|¢) x {—27mkrsin2m(0 — p) — 2mprsin2w(0 — ¢ — )}

exp (kcos2m (8 — p) + Kk cos2m(0 — ¢ — )
Equating the derivative to zero gives

sin 27 (0 — p) + psin2w(0 — ¢ —1p) =0
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which, by expansion, gives

sin2mw(60 — p){1+ pcos2m(¢p — pu+ 1)} — cos2m(0 — p)psin 2w (¢p — p + ) =0

Therefore, either 1+ pcos2m(0 — p+1v) =0 or

psin2m(¢ — pu+¢)
L+ peos2m(¢ — p+ 1))

tan27(0 — p) = (3.3)

1. 1+ pcos2m(0 — p+ 1) = 0 implies that cos 2w (0 — u) = 0. This is only possible
for two values of 0, one of which must correspond to a maximum of the density,

and the other to a minimum, since it is continuous.

2. Equation (3.3) is also only possible for two values of § and again one must cor-

respond to a maximum of the density and the other to a minimum.

Figure 3.1 shows graphs of the conditional density for certain values of ¢ and the
marginal density, when x = 0.4, p = 0.8, v = 0 and g = 0. Certain features of
these graphs appear to be typical of the behaviour of this density. The mode of the
conditional density appears to be “pulled” towards the value of ¢ being conditioned
upon. However, as ¢ passes through 0.5, the mode must move from one side of the
circle to the other. This happens by having the mode move back towards 0 as ¢ gets
close to 0.5. It is also noteworthy that while the marginal density of © is not von Mises,
it is at least unimodal and does not seem an unreasonable circular density, though it

is possible that this may not be true for other values of the parameters.

3.2.2 Johnson and Wehrly distributions

This family of distributions was proposed in [33]. The joint density of © and & is given
by

fo.a(0,¢) = g(F1(0) — F2(9)) f1(0) f2(0)

where g, fi and f, are univariate circular densities, and F} and F5 are the distribution
functions corresponding to f; and fs.

The marginal densities of © and ® are f; and f, respectively. For

fol0) = [ fou(0.0)do
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Figure 3.1: Graphs of the marginal and conditional densities for the bivariate von Mises
distribution with k =04, p =0.8, ¥ =0 and u = 0.

Each figure shows a density function. The range of values of y ranges from 0 to 2, thus
giving two copies of the density side by side. The first five plots are of the density
Jyix(y|x) for different values of x, the value of x being indicated by the short vertical
lines. The sixth plot shows the marginal density fy (y).
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= [ 9(F0) - B@)AO)folo) do
= 10 [ oth0) - )
= ;i)

and, similarly fa(0) = £2(6).

If we now impose the constraint that the marginals of © and ® be the same, we

obtain

fo.a(0,¢) = g(F(0) — F(¢))f(0)f(¢)

One might think that this would be a very rich family of bivariate distributions, but
this is not the case. Suppose we have a Markov process ©, with this distribution

defining the transition function. Then

foor-1(0:107") = g(F(0,) — F(0,-1)) f (6:)

If we suppose that f(6) is positive for almost all 8, then the inverse function of F exists,
and we can define a new process Z; by Z, = F(0,) without any loss of information.

But

fzt\z§*1(2t|zi_1) =g(2t — 2z1-1)

or, in other words Z; is a random walk. So by using this family of distributions, the
only Markov processes we can obtain are those which are univariate transformations

of random walks. Consider the special case when g and f are von Mises densities. i.e.

—Kf cos2mx

/(=)

N Io('ff)e

Figure 3.2 shows graphs of the conditional densities and the marginal density when
kg = 0.6 and Ky = 0.5. We see that, as in the case of the bivariate von Mises, ©
is “pulled” toward ® which is what we would expect when we almost have random
walk behaviour. However the “pull” does not weaken as ® tends towards 0.5. The
bimodality of the conditional density may be seen as a consequence of this fact, since
as ® passes through 0.5 the mode of the distribution must change from one side of the
circle to the other. Therefore either there must be a discontinuity or the density must
be bimodal. In the next section we shall see an example of a distribution which has

the discontinuity instead.
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Figure 3.2: Graphs of the conditional and marginal densities for the von Mises based
Wehrly and Johnson distribution with Ky = 0.5 and x4, = 0.6. For an explanation of
te information displayed see figure 3.1
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3.2.3 Saw’s Distributions

In [30] Saw proposed two families of bivariate distributions on the n-dimensional hy-
persphere and noted that the two approaches he used could be combined. For the circle
this reduces to using a bivariate distribution on [—1, 1] to determine the distribution
of (cos©®,cos ), and independently using some bivariate distribution on {—1,1} to

generate the sign of sin © and the sign of sin ®. i.e.

fo.a(0,9) = Plsign(©) = sign(¥) N sign(®) = sign ()] fie|e/(10], |9])

providing we assume that © and ® are in [—1, 1].

He suggested further a way for generating distributions for fie| e having given
marginal distributions, based on collections of functions orthogonal to the marginal
distributions of (cos ©, cos ®). In the particular case where we want uniform marginals
for © and ®, the appropriate set of functions are the Gegenbauer polynomials, which
for the circle are proportional to cosnf. The net result of this is the density

fienja (101, 1¢]) = 1+ > cos jO cos jo
j=1
where the o are chosen so that this is a density. Clearly this has uniform marginals
for |©] and |®|. In fact, it can be generalised further to
fioye(16l,1¢]) =1+ > ajxcosjbcosko
jik=1
and still have the desired marginality.
A choice must also be made for the distribution of sign(©) and sign(®). The most

general possible case is

sign(®)
-1 p q

1| » 1-p—qg-—r

However if we impose the constraint of © and ¢ having the same marginal distributions,

then this must also apply to the marginal distributions of sign(©) and sign(®) and so
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we get

sign(®)

Ll g 1-p—=2
However, this will generally give rise to marginal and conditional densities for © and ®
having discontinuities unless we also require P[sign(©) = —1] = P[sign(0) = 1] =

in which case we get

sign(0)
-1 1
sign(®)
-1/ p ¢
L g p

where p+q = % However, we shall see that the conditional densities have discontinu-

1
I

ities unless p = g =

Figure 3.3 illustrates the conditional densities and the marginal behaviour in the
case where the «;, are zero except for a;; = 0.7. The marginals are continuous with
p = 0.7 and ¢ = 0.3. We see that the conditional densities have discontinuities at 0
and 0.5. In the (somewhat dubious) sense that they have a mode, we can see that ©
is “pulled” towards ®, as ® tends toward 0.5. The problem of what happens to the
mode as ® passes through 0.5 is solved in this case by the discontinuity at 0.5.

The question arises as to whether the Saw distribution is truly a circular one. Since
cos © and sign(sin(0©)) are independent it can only have a limited range of marginal
densities. Also because the dependence between cos(®) and cos(0) is unconnected with
the dependence between sign(®) and sign(©), it can only model a very restricted form
of dependence between circular random variables. On the other hand, the same is true
of Wehrly and Johnson’s family of distributions. The Saw family can obviously model

a very great range of dependence between cos © and cos ®. This of course is due simply

to the large number (potentially infinite) number of «;; parameters. It is merely a
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Figure 3.3: Conditional and marginal densities for Saw’s distribution, with the only
non-zero o; being aq; = 0.7 and with p = 0.7. For an explanation of the display see

figure 3.1.
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special case of writing the density as a Fourier series, which is discussed in the section
3.3 and if one is going to use this style of distribution one may as well have the full
generality. In higher dimensions, however, the Saw distribution appears to have much
nicer properties. The discontinuities disappear. The independence property remains,
but the Saw distribution could be useful in testing for exactly such a phenomenon in

data.

3.2.4 The Wrapped Bivariate Normal

This distribution is the obvious equivalent of the wrapped univariate normal. The joint
density is then
foe(0,0) = Z Ixy(@+7,0+k)
jk€EZ
where fxy(z,y) is bivariate normal density,

2
07 PO102

X,Y ~ N(0,
po1oy 03
The marginals are wrapped normal with variances o7 and o3 respectively. Under
the constraint of identical marginals, obviously we must have o7 = 05. The conditional
densities appear to be unimodal from examination of a few cases. Figure 3.4 shows
the conditional densities and marginal distribution in the case when o = 0.3 and
¢ = 0.5. There seems to be a great deal of similarity between this distribution and the
bivariate von Mises. Perhaps this is not surprising in view of the similarity between

the univariate versions of these distributions.

3.2.5 Comparison and Conclusions

When considering which, if any, of the preceding families of bivariate distributions
may be most useful, a number of considerations arise. One must consider marginal
behaviour, conditional behaviour, computational convenience and mathematical con-
venience.

The marginal behaviour of the wrapped normal and bivariate von Mises distribu-

tions is similar, and must be unimodal. The wrapped normal has a certain advantage,
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Figure 3.4: Conditional and marginal densities for the wrapped bivariate normal dis-
tribution with 02 = 0.25 and ¢ = 0.6. For an explanation of the display see figure 3.1

119



in that its marginal behaviour is the familiar wrapped normal. The Wehrly and John-
son family, being simple transformations of random walks, are capable of any marginal
behaviour, and the same is true for the Saw family due to the large number of param-
eters.

The conditional behaviour of these families is the most interesting feature from the
point of view of time series analysis. One might consider that the simplest form of
dependence other than a pure random walk is that where the Y is pulled towards X
away from zero, but does not actually have its mode as far round the circle as X. All
of these families, except the Saw distribution, display this property to some degree. In
fact no bivariate circular distribution can have this property totally and be completely
continuous in its behaviour. The reason is quite simple. Consider the density fy|x (y|z).
The attraction towards X may be expressed as saying that the mode of f as a function
of y for fixed x should be found somewhere around the circle in between 0 and x. Then
there is clearly a difficulty as y passes through 0.5, as the mode must “jump” from one

side of the circle to the other. Each of the families gets around this in a different way.

1. The bivariate von Mises lets the mode be pulled towards x more strongly the
further z is from 0, except that as x gets close to 0.5, the pull weakens again

until, when x = 0.5 the mode has returned to 0.

2. The Wehrly and Johnson family have unimodal conditional densities for x close
to 0 and the mode is pulled towards x away from 0. However, as x approaches
0.5 a second mode appears on the other side of the circle and increases in size as
x gets closer to 0.5 until, when x = 0.5, the two modes are of equal size, enabling

a smooth transition.

3. The wrapped normal has unimodal conditional densities. Again there is pull of
the mode towards x away from 0. This time however, the solution is that as x
approaches 0.5, the pull exerted on the mode increases to the point where the

mode is itself 0.5 when x = 0.5.

4. The conditional behaviour of the Saw distribution can only be said to be ugly.

It seems very unlikely to be useful.
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5. A form of behaviour which is not exhibited by any of these families is for the
conditional density of Y given X to be continuous for each X but to have a
change of behaviour at some value of X. An example where this is the case

appears in chapter 4.

Computationally, the wrapped normal and Wehrly and Johnson distributions are
easy to use. The summations required for the wrapped normal converge extremely
quickly. On the other hand, the von Mises has complicated normalisation, and a diffi-
cult marginal distribution. The Saw distribution, with its large number of parameters
could require the computation of many transcendental functions.

Mathematically, the wrapped normal and Wehrly and Johnson families are very at-
tractive. The former retains its un-wrapped stability properties and infinite divisibility
and has a convenient characteristic function. The latter is easy to work with because
it gives rise to stochastic process which are transformations of random walks. The
von Mises and Saw distributions do not appear to have any particularly convenient
properties.

In conclusion, the wrapped normal distribution appears the most interesting with
the Wehrly and Johnson family a good second. However it must be emphasised that a

great deal depends on the type of dependence to be modelled.

3.3 Densities as Fourier Series

We can write any bivariate circular density as a Fourier series in its variables. We have
0 .. .
f@,@(ea ¢) = Z Cjk€2m9€2mk¢ (3-4)
j,k:—OO
where various (unknown) constraints are placed on the c¢;j in order for this to be a
density. In particular, we do know that coo = 1 in order for the function to integrate
to 1. The marginal distributions are

fo(0) = > cjoe’™

j=—o00
and
f®<¢) — Z COkBQm‘kqﬁ

k=—o00
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Thus to satisfy the constraint that © and ¢ have the same marginal distribution, it is
necessary and sufficient that cy; = ¢;o for all j.

To use this in practice we should have to make a finite approximation to the infinite
series. There are severe problems. The number of parameters increases rapidly as we
increase the degree of the finite approximation to the sum. Because it takes a large
number of terms to adequately Fourier approximate a straight line, simple phenomena
of random walk type would require a very large number of the cj; to be non-zero. From
the point of view of numerical maximisation of likelihoods, one might be concerned that
there would be a “hole” in the space of the c;;, where the functions generated were not
densities. Fortunately this particular problem does not exist. The set of values of the
c;i, for which equation 3.4 defines a density is convex since a linear combination with

positive coefficients of densities is a density when appropriately normalised.
Log Densities as Fourier Series

A simple modification of the above approach is to write the log of the density as a
Fourier series. i.e.
o0
log fos(0,0) = > cpe’m0emre
jyk=—00
Here we have no issue of positivity. Integration to 1 is more difficult. Any arbitrary
choice of those cj;, for which either j or k is non-negative determines a unique value of
coo for which we obtain a density. Further, it is not clear what constraints are imposed
on the ¢;, by requiring that the marginals to be the same. This might seem to make this
approach useless. However for a large sample, we have the advantage that calculating
the log likelihood for a large number of different values does not get more difficult as
the sample size grows. The hard part of maximising the likelihood is therefore the
constraint on cgg which does not depend on the sample size. It may be that, for large

samples, this approach is more suitable.

3.4 Markov processes of higher order

First order Markov processes are often inadequate for modelling purposes. Higher

orders of dependence are required. In this section a family of higher order Markov
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models is discussed. These models are known as linear conditional probability models.
They were originally proposed in [27] for finite Markov chains and further discussed
in a more general context in [25]. The advantages of the approach are that we do not
have to find explicit forms for general multivariate circular distributions, but rather
can generate a family of higher order conditional distributions using only bivariate
distributions. It does however impose severe restrictions upon the type of higher order
dependence which results.
Define a model for I*" order Markov processes as follows.

!
th\xtfl(xt|Xt1_1) = th|x§:ll(xt|X§:ll) = Zl Ai95(@e|ze—j) (3.5)

j=
where the g; are some bivariate conditional densities, and choose some initial distri-
bution for X|. Clearly this defines a Markov process whenever (3.5) defines a valid
conditional density. Integrating (3.5) over x; we get 2221 Aj = 1. Also since the den-
sity must be non-negative this imposes some constraint upon the A;. Provided we
take A; > 0 for all j there is obviously no difficulty. For the remainder of this section

consider the case when all the g; are the same, i.e. g; = g for all j.
Stationarity

As earlier, stationarity imposes some constraint on the choice of initial distribution.
We shall use the theorems of section 3.1 to show that whenever there exists C' such that
0 < g(z|y) < C for all x and y there is a unique stationary distribution for X, ..., X;.
Note that g(z|y) < C implies that th|Xi:l1(:ct|X§:ll) < C. Consider the vector process
Zy = (X4, Xyo1y -, Xyyg1) = XU Then Z, is a first order Markov process since
the first [ — 1 components of Zyy1 (Xy41,...,Xi1—1) are determined by Z; and the
dependence of the I** component X,,; on the past is captured entirely in Z,.

Z, satisfies the Doeblin hypothesis with ¢ being Lebesgue measure on the product

of 1 copies of the circle, n = [, and € = min( ). This is true because

1 1
27 20!
P[Zt_H € Ath = Zt]

= PP e AR =

t420—2
-1

_ t4+20—1
N /A th+2171 X (@erar-1lx

)X e x thH'X;H,l(xt+l|x§+’—1) axii;
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< [ claxi
A

= C'p(A)
o1

— 20t 2

<1l-—c¢

when ¢(A) <e.
Now suppose F is such that P[Z;.; € E|Z; = z] = 1 whenever z;, € E. Iterating

this we get

PlZiu € E|lZi=2z]=1 whenever z; € F
But as before

P[Z, € E|Z; = z]

_ t+20—2 t+1—1 t+21—1
= /Efxt+21,1|xgﬁi—12($t+2l—1|Xt+l—1 ) X e X th+l\X§+l_1(xt+l|Xt )dXt—H

Clearly g(x|y) > 0 for all x and y implies that

th‘X::;(xﬂxijll) >0 for all x!~}

and therefore integration to 1 implies E is equal to the whole space of the product of
[ copies of the circle. Applying corollary 3.1 shows there exists a unique stationary

distribution.
Marginal behaviour

It is sometimes important to know the marginal behaviour of the process, i.e. the

distribution of a single X; without reference to any other X, T' # t. Now by definition

fngHl(XLlH) = /th\ngll@t’Xi:ll)fx;j(Xg:ll)dxtfl

!
= o0 [ gl ) s (X0 da
j=1
Now integrate withe respect to xy_1, 24 o,..., 24141 to get
!
PACHEDIPY /g(xt|ﬂft—j)fxt7j(i'3t —J) dzi—j

j—1

124



But assuming the X; process is stationary fx,  (2:—;) = fx,(2:—;) and so we get

l
fx,(z) = Z/\j/g(xt|xt—j)sz(xt—j)d‘rt—j

= 2 [ gl fx ) dy
= [ glaly)fxlv) dy

Thus the marginal distribution of the higher order process is simply the stationary

distribution of the first order Markov process defined by g¢.

3.5 Estimation for Markov Processes

In the next chapter Markov processes wil be used to model data. It will be assumed
that maximum likelihood estimation is consistent and that the estimates obtained
have, asymptotically, a normal distribution with covariance given by the inverse of the
hessian matrix of the log-likelihood function. i.e. the usual properties will be assumed.

A brief justification is given here for those assumptions.

Definition 3.3 Let P(.,.) be a transition probability function on a space X. Then the

coefficient of ergodicity «(P) is defined by

a(P)=1— sup |P(z,B)— P(y,B)|

z,yeX,BCX

The point behind this definition is that if a(P) > 0 then the resulting Markov
process is strongly mixing with geometrically decreasing mixing coefficients. (For an
explanation of mixing see the appendix). For a derivation of this fact see [15]. The
rest of the proof draws on the ideas in [7]

Let fx,x,_,(:]-;0) be a transition density for a circular Markov process with pa-
rameters § € O. Then, under the following assumptions, the maximum likelihood

estimates are weakly consistent and asymptotically normal.

1. 0, # 0, implies fx,x,_,(.];0) and fx,x,_,(.|.;0) are not almost everywhere equal.
2. Given §, € O, there exists a neighbourhood O of 6, such that infyco a(f) > 0.
3. There exists a continuous C(f) < oo such that

’111 th‘thl(x|y;9)’ < (4 for all z, y and 0 € O.
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4. There exists a continuous C3(0) < oo such that
’&;j In th|Xt71(:c|y;6)‘ < Cy for all j, z, y and 0 € O.
5. There exists a continuous C3(f) < oo such that
’c%j(?gk lant‘thl(x\y;Q)‘ < Czforall j, k, z,yand 0 € O.
6. There exists a continuous Cy(f) < oo such that
106,00, 0, 10 fxx, , (w]y; 0)] < Cy for all j, k, I, v, y and 0 € ©.

Denote the log likelihood by L, (0), the vector of derivatives by L/ (#) and the
matrix of second derivatives by L”(6,6,) where the elements are evaluated on the line
segment between 6 and 6,.

Since L (6) is the sum of a stationary sequence where each term depends only on two
observations, and each term is bounded by assumption 4, it converges in distribution
to a bivariate normal by theorem A.4. This is the first assumption of theorem A.6.

It is easily shown (and well known) that n='E[—L”(6,0)] is the covariance matrix of

the vector with coefficients Jp, In fx,|x,_, (z|y; 0). But

EHa@j In th|Xt—l(x|y; 0)|2] >0

for otherwise assumption 1 is contradicted. Equally

p(aaj In th\Xt—l(‘rw; 0), aGk In th|Xt—1('r|y; 9)) <1

or again, assumption 1 is contradicted. Thus the smallest eigenvalue of E[—L!(6,6)]
converges to infinity. This is the second assumption of theorem A.6.

However, by assumptions 5 and 2 and the fact that L/ (6, 6) is the sum of a stationary
sequence, each term of which depends only on two observations, the strong law of large
numbers for mixing processes (theorem A.3) can be applied to show that n=*L”(6,0)
converges almost surely to its expectation. This is the third assumption of theorem A.6.
Finally, since the third derivatives are bounded by assumption 6, the fourth assumption
of theorem A.6 holds even without the probabilistic statement.

Thus the maximum likelihood estimates are weakly consistent and asymptotically nor-

mal.

126



Chapter 4

Analysis of Wind Directions

In this chapter I attempt to model a series of wind directions observed at Roche’s Point
in Co. Cork on the south coast of Ireland. There is clear evidence of dependence on the
time of day. For this reason the rest of the analysis proceeds using daily averages. It is
seen that the models of Chapter 1 are inappropriate to this data. Modelling the data as
a Markov process appears to be reasonably successful, using a conditional distribution
which is not of any of the types discussed in Chapter 3. By applying the methods
of section 3.4, a superior model is obtained. Diagnostic techniques show that there is
probably an annual effect in the data which is modelled by allowing some parameters
to vary in a seasonal fashion. It is seen that this is not in itself sufficient to account
for all of the seasonal behaviour.

A few general points should be noted before proceeding to the actual analysis.
Graphical techniques are of great importance. Since the context is that of circular
data, it is important to remember that in many cases the left and right sides (and
sometimes the top and bottom) of graphs need to be identified together. For example,
in figure 4.7, the small clusters of points in the top-left and bottom-right corners are
overflows from the bottom-left and top-right corners.

In much of this chapter the methods used are ad hoc. In particular, significance
tests are rarely performed. This is due largely to the difficulty of performing tests on
periodograms. Also the conditional distribution function method of section 4.1.2 is,
while potentially powerful, unexplored. Its estimation properties are unknown and it
cannot be used quantitatively.

As far as possible, angles are represented as numbers in [0,1). The exception to
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this is the raw hourly data for which degrees are used.

4.1 Useful Tools

In order to perform analysis of a circular time series we shall need a couple of tools.
The first is merely a clarification of the application of the usual methods of frequency

analysis to this kind of data.

4.1.1 The Circular Periodogram

One of the most important ways of detecting periodic behaviour in time series analysis
is by the periodogram. This is an estimate of the spectrum of a zero mean stochastic

process, given by

2

1|2 o
g(p) = — > wjemiiln for p=0,1,...,n/2 (4.1)
mn =
J=1
for the sequence x1, ..., x,. We expect §(p) to be large for those values of p for which

the periodic component at frequency p/n is large.

The definition of g(p) holds good in the case when z, ..., x, are complex, instead
of real, numbers. However, any sequence of angles can be considered as a sequence
of points on the unit circle in the complex plane. Thus equation 4.1 can be used to
define a version of the periodogram for sequences of angles. Since our process may not
have zero mean, we shall remove the average from the series (considered as being in
the complex plane) before calculating the periodogram. Thus for a sequence of angles
x1,...,T, given as numbers in the range [0,1) (i.e. distances along the circumference

of a circle of radius 5-) we define

2

~ _ 2mix ~, 2mipg/n
a(p) = = [ (¥ — &) v
n|<
7j=1
where 7 is the complex average of the complex numbers e? 1 . e2min,

We shall use this tool in two circumstances. In the first case we will be looking
for evidence of some periodic (daily or annual) behaviour in a sequence of angles.
Secondly, we shall use it to test for dependence in a sequence of angles. If X7,..., X,
is a sequence of uncorrelated (in particular, independent) circular random variables

then, by the standard asymptotic theory, g(p) is, for large samples, an independent
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sequence of approximately identically distributed x3 random variables. This provides
a test for dependence in a sequence based on the circular periodogram. For further
detail see [16]. Both these uses are largely ad hoc.

In practice we shall often use the cumulative periodogram which is the cumulative
sum of the g(p) normalised so that E:fo g(p) = 1. The most important characteristic
of this sequence is that, for a large uncorrelated sequence, it should be approximately a

straight line — the Kolmogorov-Smirnov approach for empirical distribution functions

can be used to test whether the deviation is significant.

4.1.2 The Conditional Distribution Function

A most important aspect of the practical use of the ARMA models of [3] is the avail-
ability of a simple diagnostic technique for evaluating the appropriateness of a fitted

model — residual analysis. The simplest case is the AR(1) model, given by
Xi=9Xi 1+

where the ¢; are an independent sequence of identically distributed mean 0 normal ran-
dom variables having variance 0. Having estimated ¢ and o for a sequence 1, ..., z,,

we can estimate the ¢; by e; where
€ = Ty — QT

We can then test the suitability of the model by testing to see if the es, ... e, are
compatible with being from an i.i.d sequence of normals.

For general stochastic models, however, no such technique has been available. We
can, in fact, define a useful sequence as follows. For any stochastic process X; define

€ by
€ = FXt|x§*1(Xt‘Xi_l)

where F' XXt is the distribution function of X; conditional upon X1, ..., X;_; for the
true model of the process. But, provided it is absolutely continuous, the distribution

of FXt|th_1(Xt|X"fl) is the uniform distribution, for
Elexp(iaFy, xi-1 (X X57)]
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1
:/Q / exp(iaz)dzdFyi1 (xi7h)
t—=1 /0 1

Also, provided s < t,

E[exp(iaFXﬂthfl(Xt|X§_1) + iﬁFXS\XTl(XS|Xi_1))]

/ expliaFy, -1 (:]x4)) exp(iBFy. et (x5 1)) dFxy (x})

\

exp(icz) exp(ifFy X (s |x5 ))dZdFXt L(xih
:/ exp(iaz dz/exp(zﬂFXslxi_l(a:s]xifl))dF)qX‘i
= Elexp(iaFy, xi-1 (Xi| X17)) | Elexp(iBFy, jxs-1 (X X77))]

and so FXt‘X§71(Xt|Xﬁ_1) is independent of FXS|X§*1(XS|XT_1)- Thus the ¢, sequence
is an independent sequence of uniformly distributed random variables.

We can use this property as a test for fit of a model. If we have a fitted model, we

put

€ = FXz|X§—1($t‘X§71)
where FXAX’;* is the conditional distribution of X; given Xy, ..., X;_; according to the
fitted model. Then we can test the sequence ey, ..., e, for incompatibility with being

a realisation of an i.i.d uniform sequence, and this is a test for incompatibility of the
fitted model with the data. We shall call the e; sequence the conditional distribution
function sequence.

An issue which arises in the case of modelling an angular sequence is whether the
¢ are uniformly distributed on [0,1) or on a circle of radius 5-. The distinction is
that in the latter case 0 and 1 are identified with each other. The answer must be

that the circle is appropriate, since the origin on the circle with respect to which the

distribution function is defined can only be chosen in an arbitrary manner.
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4.2 The Raw Data

The data consists of almost nine years of hourly observations of wind direction at the
Irish Meteorological Office’s station at Roche’s Point in Ireland. A plot of part of the
series is shown in figure 4.1. The directions are given in degrees measured clockwise
from North. As we shall see, it is worth noticing that this station is located on the
coast. The total number of observations is 77241. The direction was not measured
exactly but is given to the nearest multiple of 10°, that is, there are 36 possible observed
directions. This means that there is a severe grouping effect. This is not apparent from
the marginal distribution (a histogram of the data is shown in figure 4.2). If, however,
we examine the conditional behaviour we see that the data is heavily discretised as
in figure 4.3, which shows a histogram of the observations at time ¢ given that the
observation at time ¢ — 1 was 180°. On those occasions when no measurable wind was
blowing no observation could be made, giving rise to the difficulty of “missing data”.

Also, the data shows clear signs of a 24-hour periodic effect. This can be seen from
figure 4.4 which is a plot of the cumulative periodogram of the data. This periodogram
was obtained by taking the complex Fourier transform of the data regarded as points
on the unit circle in the complex plane. There is a marked jump (large when compared
to the smoothness of the rest of the curve) at a frequency which corresponds to a 24-
hour period. This is to be expected because the directions were observed at the coast.
Any sailor is well aware of the phenomena known as “land-breeze” and “sea-breeze”.
During the day the wind tends to blow from the sea to the land, because the land is
colder than the sea, having cooled more quickly during the night. As the day proceeds
the land warms more quickly, eventually becoming warmer than the sea and the wind
direction then changes and blows from the land to the sea. One would expect there
to be some form of yearly behaviour in the wind directions since this temperature
phenomenon is more pronounced during the warmer parts of the year, in particular the
summer.

If we take 24-hour averages of the data we eliminate this 24-hour non-stationary
behaviour. The data also effectively becomes continuous through this operation as can

be seen in figure 4.5, which is a plot of the empirical marginal cumulative distribution
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Figure 4.1: Time plot of one month of hourly wind directions
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Figure 4.2: A barplot of the frequencies of directions for the raw hourly data
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Figure 4.3: A barplot of the frequencies of directions for the raw hourly data given
that the previous observation was at 180°
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function for the averaged data. The data was averaged using the usual average for
circular data (see [22]),

23

Y, = the direction of Z e2miX2at—;

j=0
where X, is the raw data and Y; is the average, giving a sequence of 3218 observations
of the daily average wind direction. There are very few missing values since a 24 hour
calm is rare. Those few have been replaced by the average for the previous 24 hours. It
is this sequence which we shall attempt to model and which shall be known henceforth

as the “data”, the term “raw data” being used for the original series.

4.3 Modelling the Daily Average Directions

In figure 4.6 we see the estimated marginal density of the data. This is not wrapped
normal in appearance, since it is not symmetric. This would appear to preclude the
use of the wrapped linear models discussed in chapters 1 and 2. However for the
sake of comparison with later models, the wrapped AR(1) model was fitted to the
data, having first transformed the series by rotation to have circular average 0. The
result of maximum likelihood estimation was a log-likelihood of 1242 at 0 = 0.168 and
¢ = 0.9975, when the maximisation stopped due to the difficulty of calculating the
likelihood for ¢ near 1. The path through parameter space being followed was tending
to ¢being 1, while 0 was changing very little. The increases in the likelihood for the
last few iterations were very small and it is unlikely that finding the true maximum
would result in an increase of more than 1.

Further examination of the data was made after transforming the series to have the

uniform distribution as its marginal distribution by setting
Zy =FY)

where F is the empirical marginal distribution function of the sequence of averages.
There are two reasons for doing this. Firstly, we can confine our attention to the
dependence which exists in the series and ignore the difficulties involved in modelling
the marginal behaviour. Secondly it makes the interpretation of graphical displays

such as lag scatterplots less difficult. This is because, if we now plot Z;,1 against Z;,
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Figure 4.7: Lag 1 scatterplot of the cdfs sequence

the density of observations on each axis is constant which is advantageous, for we can
now place the same reliability on conclusions drawn about the behaviour of Z,,; for
each different value of Z;. This new series will be known as the cdfs for the remainder
of the chapter.

We shall now proceed to examine the first order dependence of the cdfs. Figure 4.7
shows the lag 1 scatterplot of the cdfs. The next three subsections describe and estimate
models based on the most prominent features of this plot. All the models from now
on will be semi-parametric models for the sequence of daily averages. They will be
parametric models for the cdfs and the non-parametric component is the transformation

between Y; and Z;. The problem of comparing these models with parametric models
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for the daily averages arises naturally in the next section and will be considered there.

4.3.1 Random Walk Model

The most striking aspect of figure 4.7 is the high density of points along the main
diagonal ( the small clusters of points in the NW and SE corners are artifacts of the
fact that the edges of the graph should be identified, i.e. they are spill-over from the
main diagonal). This would appear to imply some sort of random walk model based
on some unimodal distribution such as those of wrapped normal type. That is, the
conditional distribution of Z;,; given Z; is wrapped normal with mean Z; and some

fixed variance independent of Z;.
Zt+l|Zt ~ WN(Zt, 0'2>

The result of fitting this model is a loglikelihood value of 933 at ¢ = 0.187.

It should be noted that this value for the log-likelihood cannot be directly compared
to that obtained for the wrapped AR(1) previously, since the two values arise from
different sets of data. However, since the Z; are the image of the Y; under the bijective

transformation Z; = F(Y};), any density on the Z; induces a density on the Y; by

fYt|Y§*1(yt‘Y§_1) = F,(?/t)fzt\ztfl(F(yt”F(yt—l), cee F(yl))

and so the likelihood of the Y; series is given by

Fep(¥7) = fzp(27) ﬁ

The product term is the likelihood of the averages under the assumption of indepen-
dence, i.e. the difference between the log-likelihoods for the averages and the cdfs will
be the log-likelihood function of the averages under independence. The remaining dif-
ficulty is that F is the empirical cumulative distribution function and F’ corresponds
to the estimated marginal density, the estimation of which is governed by subjectivity.
Figure 4.6 shows four different estimates of the marginal density with the correspond-
ing values of log H3218 F'(y;) underneath. Using the second one we find that the log
likelihood of the current model for the Y; is 1165 = 933 + 237 which is less than
that obtained for the wrapped AR(1). The subjectivity of the density estimates is, in

fact, unimportant, since the models considered later perform better than the wrapped
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Figure 4.8: Density function of the wrapped normal density with mean 0 and o = 0.187

AR(1), no matter which of these density estimates is chosen. It might seem surprising
that this likelihood is different from that obtained for the AR(1), since the parameter
values obtained for the latter correspond to a random walk having a wrapped normal
for the conditional distribution. The difference lies in the fact that the two models are
fitted to different series. The AR(1) model is a random walk for the Y; series but not
for the Z; series. The model of this section is a random walk for the Z;, but not for

the Y.

4.3.2 Uniformly contaminated Random Walk Model

A closer examination of figure 4.7 shows that more points are located on or near to
the main diagonal than would be expected for the value of ¢ obtained for the previous
model. Further, at larger distances from the diagonal the points appear to be scattered
more or less uniformly which is certainly not what should occur for a wrapped normal
density. The wrapped normal density for o = 0.187 is shown in figure 4.8. It is clearly
seen that there is no area of roughly constant density. This suggests the use of a

different density for the random walk model. By contaminating the wrapped normal
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Figure 4.9: Density function of the uniformly contaminated wrapped normal distribu-
tion with mean 0, ¢ = 0.106 and contamination level p = 0.33

with an amount of uniform distribution a density is obtained which corresponds to the

requirements described for small values of o. The model is then given by

fzazo(ztlze1) = p 1+ (1 = p).go(2e — 21-1)

where g, is the density of a wrapped normal having mean 0 and variance o2. p is the
proportion of contamination by the uniform distribution.

Fitting this model by maximum likelihood yields a log-likelihood of 1076 at ¢ =
0.106 and p = 0.330. Figure 4.9 shows the conditional density for these values of the
parameters. The model now incorporates the basic features of figure 4.7. There are,

however, still significant divergences.

4.3.3 Pseudo-Regression Model

Figure 4.10 is the same scatterplot as in figure 4.7, but with the addition of boundary
lines containing the area where the highest density of points is to be found. This
is purely for visual convenience and was not derived by any analytic procedure. It

does, however, suggest an improvement to the model. The outline seems to show that
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Figure 4.10: Lag 1 scatterplot of the cdfs sequence
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when Z;_; < 0.4 or Z;_1 > 0.9 the random walk model describes the behaviour of Z;
accurately enough. But when 0.4 < Z;,_; < 0.9 there are two changes. Firstly the
mean of Z; appears to be pulled towards 0.65 or thereabouts. Also the conditional
dispersion of Z; appears to be greater. The uniform behaviour is about the same far
from the diagonal in either case. This suggests the following model which incorporates

a regression-like approach.

pl+(1—=p)go, (2t — 21)

when 0 < z_1<aorb<z_; <1
th\Zt71(2t|Zt*1) =

pl+ (1 =p)go, (2t —{a+ k(21 —a)})

when a < z_; <b

where ¢, is the density function of the wrapped normal having mean 0 and variance
o2. This model has 7 parameters which is many more than for the previous models.
p is the proportion of uniform contamination. ¢; and oy are variances. « and k are
mean and coefficient of the regression and a and b are the end-points of the interval in
which the regression behaviour occurs. Estimation of this model is extremely difficult
because the likelihood function is not continuous in the parameters a and b, since the

likelihood will jump as a point moves from one region to the other. For this reason it

is neccesary to introduce an extra parameter § as follows. Define
fHzly) =p+ (1 =p)go,(z —y)

and
falzly) =p+ (1= p)go,(x — {a + k(y — a)})

Then the model as so far proposed so far is

f1(2t|2t—1) when 0 < z_1<aorb<z_;1 <1
th\th1(Zt|Zt71) =
f2(zt|2’t_1) when a < z,_; <b
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Figure 4.11: Graph of the smoothing function h(z) for a = 0.25, b = 0.75 and 6 = 0.1.
Let ¢(z) = 62° — 152* 4+ 1023, Define h(z) by

0 0<zx<a

() (””6;“) a<zr<a+d

h(z) =14 1 at+d<r<b-—9

v(52) b-d<az<bh

0 b<zxz<l1

h(x) is shown in figure 4.11 for a = 0.25, b = 0.75 and 6 = 0.1. h has the important
property (for gradient maximisation routines) of continuous first and second derivatives.

We now finally define the new model by

fz02:(zi|z1) = M(ze1) falzel2e1) + (1 = h(2e1)) fi(2e|2e-1)

This is the same as before except when 2,1 € (a,a+9) or 2,1 € (b—0,b), and deforms
continuously between f; and f5 in these small intervals. It is worth noticing that while
the likelihood function is now smooth, there may be local maxima as a point moves

from a + 64 to a.
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Figure 4.12: The stationary marginal density of the pseudo-regression conditional den-
sity at the estimated parameter values

This model was fitted to the data by maximum likelihood. § was not allowed to
vary, but was fixed at 0.01, for J is not a true parameter of the model, but a contrivance
to ease the estimation process. The value of 0.01 seems reasonable. It is not so large as
to severely distort the behaviour of the basic model, yet large enough to ensure there
being 30 or so points in the range (a,a + d). The more points that are in this interval,
the smoother is the likelihood function and hence there is less chance of multiple local

maxima. The result of the maximisation was a log-likelihood of 1256 at
p=0.253 a=0.362 b=0.916 o, =0.076
o9 =0.158 k=0.645 a=0.634
One problem, not yet mentioned, with this model is that it does not have as its sta-
tionary marginal distribution the uniform distribution. Figure 4.12 shows the marginal
density for the estimated values of the parameters. However the model does fit signif-
icantly better than the previous ones.
An interesting question is the one of physical motivation for this model. The answer

may lie in the prevailing meteorological pattern over Ireland. Weather in Ireland is
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dominated by a regular sequence of pressure systems which sweep in over the west
coast of Ireland from the Atlantic. This pattern should be reflected in the sequence
of wind directions. As a pressure system passes over the country, there should be
some predictable change in the wind direction, because the wind is blowing clockwise
or anti-clockwise around the centre of the pressure system. I have not been able to
explain the precise form of the pseudo-regression model, but I believe the regression

part arises to some extent from the pressure system pattern.

4.4 Diagnostics

We now turn to the issue of diagnostics for the models so far considered. We shall use
the tool described at the outset of the paper, the conditional cumulative distribution
function. As shown there, if th|Z§—l is a model for a circular time series, the sequence
F zt|z§*1(zt|zt1_1) should be a sequence of i.i.d. uniformly distributed circular values
if the model is the correct one for the sequence z,...,z,. Figure 4.13 shows the
estimated marginal density and the cumulative complex periodogram of this sequence
for each of the three models already fitted. The marginal behaviour is not as good
as might be desired, though this is a purely subjective judgement. The periodograms
are more difficult to interpret, comparison being made difficult by their closeness to
being straight lines. Figure 4.14 shows for each of these models the difference between
the cumulative periodogram and a straight line. Most of the improvement is contained
in the addition of uniform contamination. However the pseudo-regression model is an
improvement, though by a much smaller amount.

However, there are still clear signs of dependence in the periodogram for the pseudo-
regression model. This suggests the possibility either of higher order short-term de-

pendence or, perhaps, of the need to fit a seasonal model.

4.5 Higher Order Markov Models

In this section I shall use the linear conditional probability approach described in

section 3.4 for developing Markov models with more than lag 1 dependence from first
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Figure 4.13: Cumulative periodograms and densities of the conditional distribution

sequences for several models
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order Markov models. That is

l
Fa-r (7)) = 3 Ng(aley) (4.2)

J=1

where ¢ is som transition density.

We shall use the conditional densities of the pseudo-regression type of section 4.3.3
in conjunction with this definition as a family of models for the cdfs. The parameters
land \;, 7 = 1,...,[ are as defined by equation 4.2 The results of fitting this model

for a number of values of [ were as follows. (); can be obtained by subtraction from 1)

=2 p=0236 a=0362 b=0929 o, =0.074
o9 =0.155 k=0.663 «a=0.640 X =0.932

log-likelihood = 1264.

=3 p=0213 a=0362 b=0.930 o, =0.075
o2 =0.153 k=0.668 a=0.641 I =0.894
A2 = 0.033

log-likelihood = 1274.

l=4 p=0203 a=0362 b=0930 o;=0.074
09 =0.152 k=0.671 a=0640 X =0.879
Ao =0.031 A3 =0.057

log-likelihood = 1276.

These are a nested family of models and since the increase in the log-likelihood from
[ =3 to [ =4 is not significantly large, fitting ceased at this point.
In case the dependence could be more accurately captured by allowing the depen-

dence on time t — 2 to be different from that on time ¢ — 1, the following model was

fitted.
F2020n, 700 ()21, 2m) = Az 2im1) + (L= N fP(ze]z22) A >0
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Figure 4.15: Density, cumulative periodogram and difference between the latter and a
straight line for the conditional distribution sequence from the order 3 mixture model

where f( and f® are both conditional densities of the pseudo-regression type, but

with different values of the parameters. The result of the fit was as follows.

P =0.024 oM =0372 v =0929 oY =0.074
oV =0.162 KV =0.683 ol =0.632

p@ =0.037 a®=0201 b® =0.897 ¥ =700 (c0)
o =0.260 k@ =0438 o® =0.685

A= 0.745

log-likelihood = 1268

This is not a significant increase in the log-likelihood over the original pseudo-regression
model.
The usual diagnostic method was applied to the above mixture model with [ = 3.

Figure 4.15 shows the estimated marginal density, the cumulative periodogram and the
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difference between the latter and a straight line for the conditional cumulative distri-
bution sequence. There is no noticeable improvement in the shape of the periodogram
over that obtained previously. There are two likely reasons for this. Firstly, the nature
of any higher than first order dependence may be too complicated to be captured by
this mixture approach. Secondly there may be some seasonal behaviour which will be

discussed in the next section.

4.6 A Seasonal Model

What evidence, if any, is there that a seasonal model is needed for this data ? There is,
of course, the intuitive feeling that all aspects of the weather vary according to the time
of year. More scientifically, there is the “land breeze” and “sea breeze” effect which
must be affected by temperature changes and these certainly exhibit annual variation.
It would be preferable if we could observe this in a quantitative way.

Classical time series analysis incorporates seasonality as an additive or multiplica-
tive term in the model and, in the case of ARMA models, by a lag 365 coefficient in a
linear model. For the circle we do not have available both algebraic operations. There
is only one operation, which can be viewed as either addition or multiplication depend-
ing on the context. A simple change in the mean direction is an inadequate form of
seasonality for this data. Figure 4.16 shows the smoothed periodogram of a sequence
of moving variances derived from the sequence of daily averages. While this does not
have its peak at an exact frequency corresponding to a period of 1 year or a precise
number of months we should not find this surprising since smoothing introduces bias
into periodogram estimates which makes precise interpretation of this kind impossible.
What is clear is that there is a high concentration of energy at very low frequencies
corresponding to periods greater than about two months. Almost all high frequency
variation has disappeared due to the taking of moving variances which automatically
damps the high frequency changes in the original sequence.

To facilitate understanding any seasonal behaviour, the second-order pseudo-regression
model was fitted separately to each month’s data. Figure 4.17 shows the smoothed

(using the smoother 4(3RSR)2H twice to remove outliers) trajectories of each of the

150



30000

o
(O]
o
[72)
(2] .
N
=3
© 3
o ]
o
) W
o -
0.0 0.1 0.2 0.3 0.4 0.5
s$freq

Figure 4.16: Smoothed periodogram for a sequence of moving variances of the daily
average data

parameters and of the log-likelihood. The log-likelihood is clearly seasonal as may be
the uniform contamination parameter p. That p is the most clearly seasonal parameter
is not surprising since its major effect is to control the variance of the process.

I now extend the current model — the third-order pseudo-regression model — to
incorporate this fact as follows. The parameter p is made to depend on time in a

sinusoidal fashion, according to the formula

P =pm + pa.sin(2n(t — pp)/365.25)

Here p), is the mean value of p, p4 the amplitude of its variation and pp is a phase pa-
rameter. Estimating this model by maximum likelihood gives the following parameter

values.

par=0217 pa=0.112 pp=771 a=0.372
b=0948 o0, =0074 o0y=0.151 k=0.696
a=0651 A =0893 X\ =0.027

log-likelihood = 1281
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Figure 4.18: Density, cumulative periodogram and difference between the latter and a
straight line for the conditional distribution sequence from the seasonal model

The usual diagnostic is used. Figure 4.18 shows the estimated marginal density,
the cumulative periodogram and the difference between the latter and a straight line
for the conditional distribution function sequence. It is not possible to ascertain vi-
sually whether the periodogram is an improvement on those obtained previously, but
figure 4.19 shows the difference between the periodogram in figure 4.18 and that in
figure 4.15. That for the seasonal model lies below the other at low frequencies and
above it for high frequencies. This makes sense since the seasonal model should im-
prove the low frequency fit. The differences at higher frequencies are more difficult to
explain. It is possible that in fact the high frequency behaviour of the series does not
vary seasonally and so the variation in the model parameters is worsening the high
frequency fit. Whether this is true or not, the improvement in the cumulative peri-
odogram is small. To illustrate the kind of change required, I have used simulation,
generating 8 sequences from the seasonal model, fitting the model to those sequences
and examining the diagnostic sequence. Figure 4.20 shows the marginal distribution

of the diagnostic sequence for each simulation, and figure 4.21 shows the difference be-
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Figure 4.19: Graph of the difference between the cumulative periodograms for the
order 3 pseudo-regression model and the seasonal model

tween the cumulative periodogram and a straight line for each simulation. It is obvious
that the behaviour exhibited is quite different from that in figure 4.18. The modelling
process has gone no further than this. Clearly more attention needs to be given to both
higher order dependence and to seasonality. There may also be an issue of long-term
variation in behaviour as discussed in [13] for wind speeds in Ireland.

In conclusion, it is true to say that significant aspects of the behaviour of the wind
directions have been modelled. It would be ludicrous to suggest that this provides a
method of forecasting, but perhaps the model may throw some light on the sequential
behaviour of wind directions. Comparison with other sequences of wind observations
would be interesting, for it seems likely that some of the features could be explained by
the local geography around the meteorological station where the measurement was per-
formed. There is obviously scope for exploration of more appropriate ways of modelling
second and higher order dependence than the mixture method. Residual seasonality
would appear to be a difficult problem. Unless some way can be found to define more

interesting seasonal models progress seems unlikely. Also, there remains the fact that
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Figure 4.20: Marginal densities for the conditional cumulative distribution sequence
obtained from simulations of the seasonal model
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Figure 4.21: Differences between the cumulative periodogram and a straight line for the
conditional cumulative distribution sequence obtained from simulations of the seasonal
model
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best models proposed here do not have the correct marginal distributions. There are
clear advantages to modelling a sequence with uniform marginal distribution, subject to
availability of a sufficiently large class of conditional distributions having this property.
A most interesting avenue of exploration is the properties of the conditional distribu-
tion function sequence. While its estimation properties under the null hypothesis of
the correct model seem likely to be extremely difficult to calculate, it is potentially so
useful (in any multivariate application, not just time series) that they are worthy of

some effort.
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Appendix A

Borrowed Material

A.1 Mixing Processes

This section brings together a number of results on mixing processes from various

sources.

Definition A.1 A stationary stochastic process {Z;} is said to be strongly mizing if

Yy (1) = sup ’P[A N B] — P[A]P[B]‘ —0 asT— o0
AeFY_(Z),BEF(Z)

The ¥z (7) are called the (strong) mizing coefficients for {Z;}.

Theorem A.1 Let Z; be a stationary Gaussian sequence. Then

|fz(A) — e*p(e™™)]
fz(N)

where the infimum is taken over those functions ¢ which are analytic in the unit disc.

< 2mihz(7)

Vs (7) < inf sup
DY

Proof: Theorems 1, 2 and 3 of [20].

Theorem A.2 Let Z; be a strongly mixing stochastic process. Let X andY be random
variables measurable with respect to F*_ and Fg° resapectively, and that E[| X |P] < oo,

E[|Y]9] < oo where p,q > 1 and p~' + ¢~ ' < 1. Then

1 -1

CIX, Y] < 8E[XP)r BY|i0z(b— a)' 7'

Proof: Corollary A.2 of [12]
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Theorem A.3 Let Z; be a strongly mizing stationary process with geometrically di-
minishing mizing coefficients ¥z (7). Let fo(Z oo, ..., Zs) be a function of the Z; such

that
2
E||[Elfo] 2] = fo |
tends geometrically to 0. Then, if f, is the time-shifted version of f
1 &, as.
= fi = Elfo]
n i

Proof: A trivial corollary of theorem 3.1 of [26]

Theorem A.4 Let {Z;} be a strongly mizing stationary sequence. Let W be a zero-
mean measurable function of {Z;}. Let {W,} be the stationary process obtained by

time-shifting W. Then, if
(1) There exists C > 0 such that P[|W| < C] = 1.
(2) 3332, E[|W — E[W|FE(2)]] < oo.
(5) Xpza ¥z(k) < oo,

there exists 62 = E[Wg] + 2332, E[WoWy| which is finite and non-negative. Further,
if 62 is positive,

k=1 Wi
av/n

Proof: Theorem 18.6.3 of [14]

-4 N(0,1)

A.2 DMarkov processes

The following material drawn from [9] provides simple criteria for the existence and

uniqueness of stationary distributions for Markov processes.

Definition A.2 A transition function P on a space X is said to satisfy the Doeblin
hypothesis if there exists a finite measure ¢ on X with ¢(X) > 0, an integer n > 1 and

an € > 0 such that
PMW(z,A)<1—€ if ¢(A)<e
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Definition A.3 Let P be a transition function on a space X which satisfies the Doeblin

hypothesis. A set E is said to be an invariant set if
P(z,E)=1 foralxeFE

E is said to be a minimal invariant set if E' C E and E’ invariant implies ¢(E') =

¢(E).

Theorem A.5 Let P be a transition function on a space X satisfying the Doeblin

hypothesis. Then

1 n
q(z, B) = lim ~ Y P")(z,F)

defines for each x a stationary probability distribution. As a function of x, q(x, E)
depends only on the minimal invariant set to which x belongs. Further every station-
ary probability distribution is a linear combination of the q(x, F) with non-negative

coefficients .

Proof: Theorem V.5.7 of [9].

A.3 M.L.E for Dependence

The following is a summary of certain parts of [7]. There is a flaw in that paper, where
reference is made to a theorem in [15]. Unfortunately the theorem does not apply
to the case being considered. There are no problems with the material in the paper
until the middle of section 4 — more precisely until equation (4.11). This equation is
stated to be a consequence of a theorem found on page 17 of [15]. That theorem is
strong law statement for a sequence of functions of a mixing process X; under certain
conditions. One of the conditions is that the functions concerned involve a finite time
range from the mixing sequence, i.e. f; is a function only of X;_,,,..., X;1,, where n is
independent of t. The sequence of functions to which the theorem is being applied in
7] is the second derivative of the log of the conditional density function — 97 In f XXt
— which, in general, for each time point involves the whole of the past. A considerable
amount of the work involved in showing consistency and asymptotic normality lies in

actually showing that dependence on the distant past is slight for these functions. It is
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not apparent to me that this is a simple consequence of mixing. Despite this problem
much of the earlier part of the paper is extremely useful and can be paraphrased as
follows.

Suppose a model has parameter vector 6. Denote the log-likelihood function by
L,(0), the derivative vector by L/ (6) and the second derviative matrix by L (6,6,)
where the elements of the matrix are evaluated at points on the line segment joining 6

and #,. Denote by B, (f) the matrix
E[=Ly(0,0)]
Write d,,(6, ;) for L"(8,6,) — L"(,0)

Theorem A.6 Under the following conditions the maximum likelthood estimates are

weakly consistent and asymptotically normal
1. L (0) converges in distribution to a normal distribution with mean 0.
2. The smallest eigenvalue a,, of B, converges to infinity.
3. =B, 1L"(0,0) converges in probability to the identity matriz.

4. given € > 0 there exists & > 0 such that
Pla,'|da(0,0,)] < el — 1
as n tends to infinity whenever |6, — 6| < 0.

A.4 Miscellaneous

A.4.1 Taylor expansions

The following theorem provides a version of Taylor’s theorem for functions of random

variables.

Theorem A.7 Let Z,, be a sequence of k-dimensional random variables with distribu-
tion functions F,(z) and let f,(z) be a sequence of functions from R¥ to R. Let § > 0
and o = §Y(1 4 8). Suppose that for some positive s and Ny in N

1. [|z — p|**dF,(z) = a2® where a, — 0 as n — oo.
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2. [|fn(2)|'t°dF,(z) = O(1) as n — oc.

4. b 1s in the interior of S.

5. There exists real K such that for n > Ny

| fliris)(2)| < K for all z in S.
’fT(Lzl ..... ir)(z)|§K forr=1,...,s—1.

|fu(p)| < K

Then
[ h@aE@ = £+ 3 5 [ D S)e = widF ) + 0l

The theorem also holds when oo =1, if (2) is replaced by the requirement that f,(z) be

uniformly bounded.

Proof: Theorem 5.4.3 of [11].

A.4.2 Gershgorin’s theorem

The following well-known theorem places crude bounds on the eigenvalues of a matrix

in terms of its elements.

Theorem A.8 A an n x n square matriz. Fach e-value lies in one of the complex

discs

| Ay — e’ <3 Ayl
i

Proof: This is known as Gershgorin’s theorem. See books on numerical linear algebra

(e-g [2]).
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