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Abstract. A common assumption while analyzing spatial point processes is translation and rotation
invariance. However, in many practical situations nonstationarity is a more plausible assumption.
Considering that second-order methods provide a natural starting point for the analysis of spatial
point process data, we propose a formal nonparametric approach to test for stationarity based on a
wide range of possible estimators for the first-order intensity function and the reduced second moment
measure. We demonstrate the efficacy of the approach through simulation studies and real applications.
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1 Introduction

Methods for the statistical analysis of stationary spatial point process data are now well established,
methods for nonstationary processes less so. One of many sources of nonstationary point process data is a
case-control study in environmental epidemiology. It is clear that many practical situations are concerned
with the analysis of spatial point process data when the underlying point process is nonstationary.

Cox (1972) discussed likelihood-based inference for log-linear inhomogeneous Poisson processes.
Berman and Diggle (1989) extended to two-dimensional processes a method for nonparametric esti-
mation of the intensity function of an inhomogeneous Poisson process that had been proposed in the
one-dimensional case by Diggle (1985). Baddeley et al. (2000) extended Ripley’s (1976) definition of a
reduced second moment measure, or K-function, to include a class of nonstationary processes.



Mateu et al. Spatial stationarity in point patterns

The first- and second-order intensities of an orderly spatial point process are denoted by λ(x) and
λ2(x,y), respectively. Informally, λ(x)dx gives the probability that an event occurs within an infinites-
imal region with center x and area dx, and λ2(x,y)dxdy similarly gives the probability that two events
occur, one within each of two infinitesimal regions with centers x and y and areas dx and dy. The pair
correlation function is defined as g(x,y) = λ2(x,y)/λ(x)λ(y). A point process is second-order stationary
when its first-order and second-order properties are invariant under translation. Baddeley et al. (2000)
defined a weaker form of stationarity for spatial point processes, called second-order intensity-reweighted
stationarity. This allows a non-constant intensity, which is required to be bounded away from zero, and
assumes that the spatial pair correlation function g(x,y) = g(||x− y||). We also say that a spatial point
process is homogeneous if λ(x) = λ for some constant λ > 0, and inhomogeneous otherwise.

The reduced second moment measure, or K-function, of a second-order intensity-reweighted station-
ary and isotropic spatial point process is KI(s) = 2π

∫ s
0 ug(u)du. For an inhomogeneous Poisson process,

KI(s) = πs2. Processes for which KI(s) > πs2 or KI(s) < πs2 generate spatial distributions of events that
are more strongly aggregated or more regular, respectively, than would be the case for an inhomogeneous
Poisson process with first-order intensity λ(x).

Baddeley et al. (2000) showed that if λ(x) is known, an unbiased estimator of KI(s) is K̂I(s;λ) =
1/|A|∑i ∑ j 6=i

wi jI(di j≤s)
λ(xi)λ(x j)

. Here |A| denotes the area of A on which the point process is defined, I(·) is
the indicator function, di j = ||xi− x j||, and wi j is an edge-correction. In practice, the intensity λ(x) is
unknown and must be estimated, either parametrically or nonparametrically. Estimation of the intensity
function of spatial point processes is a fundamental problem. Cox (1972) discussed parametric estimation
of λ(x) for an inhomogeneous Poisson process. For nonparametric estimation, one widely used method
is kernel smoothing. Diggle et al. (2007) used the kernel smoothing method with an edge-correction
as in Berman and Diggle (1989), while Baddeley et al. (2000) used a closely related edge correction.
Van Lieshout (2010) interprets the Delaunay tessellation field estimator as an adaptive kernel estimator.
Guan (2008a) proposed a kernel estimator with a kernel weight a function of the difference between the
covariate values.

So, there are now several available possibilities to estimate the first-order intensity function and, con-
sequently, the corresponding K-function or pair-correlation function. These statistical tools are clearly
necessary is a nonstationary context which is widely encountered in practical analysis of spatial point
patterns. There are some papers on testing the isotropy condition (Guan et al., 2006). However, very few
papers have focussed on testing stationarity (Guan, 2008b; Comas et al., 2009). Here we focus on this
latter aspect by proposing several possible tests for inhomogeneity or nonstationarity.

2 Methods

The use of nonstationary point process techniques has to be motivated by the presence of nonhomo-
geneous point patterns. We compute the degree of nonstationarity of point patterns by obtaining the
sum of the intersection areas of the estimated homogeneous Ripley’s K-function and the inhomogeneous
counterpart version of this function, applied to the same point pattern via

∫ r

0
‖K̂(v)− K̂inh(v)‖dv,

where v is the range of possible distances. Thus for stationary point patterns this integral should be
close to zero, whilst values far from zero denote nonstationarity in the point pattern. If we compare
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these two functions, we notice that for a given point pattern contained in a bounded region A, the only
difference between them is the nature of the intensity function. Under stationarity, this intensity function
is constant and equals λ (the intensity of the point process), whilst under the inhomogeneous version
the point intensity depends on the spatial location, i.e. λ(x). This suggests that a tentative measure of
inhomogeneity for point patterns can be simply computed by comparing the intensity function λ(x) and
the point intensity λ (i.e. assuming stationarity in the point pattern)

S =
∫

A
‖λ−λ(x)‖dx. (1)

Thus if S = 0, then the point pattern is stationary, whilst if S > 0, the point pattern can be considered
nonstationary. Note that in order to compute S for a given point process Φ contained in a bounded region
A with intensity function λ(x), we first need to obtain the point intensity of this point process under the
hypothesis of stationarity. In practice, given a point pattern, an edge-corrected estimator for the measure
S can be used instead of (??)

Ŝ =
∫

A
‖λ̂− λ̂(x)‖dx, (2)

where λ̂ = N/|A| and λ̂(x) is a tentative intensity estimator. Note that when dealing with Ŝ, i.e with
λ̂ = N/|A| and λ̂(x), we are incorporating into this measure the intrinsic stochastic variability of these
estimators. Hence, two considerations are important to note here: a) the behaviour of the measure S
will depend on the correct choice and use of the intensity estimators (for example, the choice of the
kernel function or the bandwidth parameter), and (b) if the theoretical measure S should be zero under
stationarity, the empirical Ŝ is not expected to be exactly zero, but should take values close to zero. We
thus need to analyse the behaviour of this measure.

We develop and show the properties of several stationarity tests based on the K-function, the first-
order intensity function or the pair-correlation function. We use a collection of possible first-order in-
tensity estimates and compare the corresponding performances under simulations and real data analysis.
An interesting extension would be considering spatio-temporal point patterns. A natural starting point
for analysis of spatio-temporal point process data is to investigate the nature of any stochastic interac-
tions among the points of the process after adjusting for spatial and/or temporal inhomogeneity. Gabriel
and Diggle (2009) propose a spatio-temporal inhomogeneous K-function and this could be used as the
building block for new tests of space-time inhomogeneity.
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