A Unifying Model of Winner-takes-all Contests

Julio Gonzdlez-Diaz

Kellogg School of Management (CMS-EMS)
Northwestern University
and
Research Group in Economic Analysis
Universidad de Vigo

March 13th, 2007

Universidad
de Vigo

Kelloge



Outline

@ Motivation
© Winner-takes-all Contests

© Various Models of Contests

© Results

A Unifying Model of Winner-takes-all Contests Julio Gonzalez-Diaz



Motivation

Outline

@ Motivation

A Unifying Model of Winner-takes-all Contests Julio Gonzalez-Diaz



Motivation

Motivation

A Unifying Model of Winner-takes-all Contests Julio Gonzalez-Diaz



Motivation

Motivation

o Contests:

A Unifying Model of Winner-takes-all Contests Julio Gonzalez-Diaz



Motivation

Motivation

o Contests: Auctions, Bertrand Competition,. . .

A Unifying Model of Winner-takes-all Contests Julio Gonzalez-Diaz



Motivation

Motivation

o Contests: Auctions, Bertrand Competition,. . .

@ Similar results across models and further strategic connections

A Unifying Model of Winner-takes-all Contests Julio Gonzalez-Diaz



Motivation

Motivation

o Contests: Auctions, Bertrand Competition,. . .

@ Similar results across models and further strategic connections
Well Known!

A Unifying Model of Winner-takes-all Contests Julio Gonzalez-Diaz



Motivation

Motivation

o Contests: Auctions, Bertrand Competition,. . .

@ Similar results across models and further strategic connections

o Unifying model

A Unifying Model of Winner-takes-all Contests Julio Gonzalez-Diaz



Motivation

Motivation

o Contests: Auctions, Bertrand Competition,. . .

@ Similar results across models and further strategic connections

o Unifying model

Complete information I

A Unifying Model of Winner-takes-all Contests Julio Gonzalez-Diaz



Motivation

First Example: Sharing a Cake

A Unifying Model of Winner-takes-all Contests Julio Gonzalez-Diaz



Motivation

First Example: Sharing a Cake

Mommy&Daddy

A Unifying Model of Winner-takes-all Contests Julio Gonzalez-Diaz



Motivation

First Example: Sharing a Cake

Mark

Mommy&Daddy

Sara

A Unifying Model of Winner-takes-all Contests Julio Gonzalez-Diaz




Motivation

First Example: Sharing a Cake

Mark

Mommy&Daddy

Sara

A Unifying Model of Winner-takes-all Contests Julio Gonzélez-Diaz




Motivation

First Example: Sharing a Cake

Mark: aq

Mommy&Daddy

Sara

A Unifying Model of Winner-takes-all Contests Julio Gonzélez-Diaz




Motivation

First Example: Sharing a Cake

Mark: aq

Mommy&Daddy

Sara: ay

A Unifying Model of Winner-takes-all Contests Julio Gonzélez-Diaz




Motivation

First Example: Sharing a Cake

Mark: aq

Mommy&Daddy

Sara: ay

A Unifying Model of Winner-takes-all Contests Julio Gonzélez-Diaz




Motivation

First Example: Sharing a Cake

Mommy&Daddy

12

Sara: ay

A Unifying Model of Winner-takes-all Contests Julio Gonzélez-Diaz



Motivation

First Example: Sharing a Cake

t1 <ty —

aq

Mommy&Daddy

t1 <t —

as + P

1o

Sara: ay

A Unifying Model of Winner-takes-all Contests

Julio Gonzélez-Diaz




Motivation

First Example: Sharing a Cake

t <ty —
tl t1 >ty —

aq
a; +P

Mommy&Daddy
11 <ty — g + P
t1 >ty — Qa9 t2
Sara: ay

A Unifying Model of Winner-takes-all Contests

Julio Gonzélez-Diaz




Motivation

First Example: Sharing a Cake

t <ty — o1
tl t1 >ty — a1+ P

Mommy&Daddy
t1 <ty — a9 + P
t1 >ty — Qa9 t2

th =ty — Oég—f—g Sara: ay

A Unifying Model of Winner-takes-all Contests Julio Gonzélez-Diaz



Motivation

First Example: Sharing a Cake

t1 <ty — oh (al)
tl t1 >ty — ot (a1 + P)
Mark: o t] = to —>5t1(a1+g)

|az |
o |
Mommy&Daddy
t1 <ty — 5152(&2 + P)
t1 >t — otz (Oég) Zl:2
t1 =1y — 5t2(a2 + g) Sara: amg

A Unifying Model of Winner-takes-all Contests Julio Gonzalez-Diaz



Motivation

First Example: Sharing a Cake

t1 <ty — oh (al)
tl t1 >ty — ot (a1 + P)
Mark: agq ty =ty — 0 (g + g)

oz |

| o |

Mommy&Daddy
th <ty — 6%2(ag+ P)
t1 >t — 5t2(0é2) Zl:2
t1 =ty — 62 (e + g) Sara: ay

A Unifying Model of Winner-takes-all Contests Julio Gonzalez-Diaz



Motivation

The Cake Sharing Game

The Model

A Unifying Model of Winner-takes-all Contests Julio Gonzalez-Diaz



Motivation

The Cake Sharing Game

The Model
@ N ={1,...,n} is the set of players

A Unifying Model of Winner-takes-all Contests Julio Gonzalez-Diaz



Motivation

The Cake Sharing Game

The Model

o N ={1,...,n} is the set of players
o Leta € Rf be the initial rights vector:
P=1->cnya>0 D<o <ag < - <apy

A Unifying Model of Winner-takes-all Contests Julio Gonzalez-Diaz



Motivation

The Cake Sharing Game

The Model

o N ={1,...,n} is the set of players

o Leta € Rf be the initial rights vector:
le—ZieNai>0 O<ap <ag << ay

@ Let 0 € (0,1) be the discount factor

A Unifying Model of Winner-takes-all Contests Julio Gonzalez-Diaz



Motivation

The Cake Sharing Game

The Model

o N ={1,...,n} is the set of players

o Leta € Rf be the initial rights vector:
le—ZieNai>0 O<ap <ag << ay

@ Let 6 € (0,1) be the discount factor

Cake sharing game: F';“;; =< N, {A;}ien, {mi}tien >

A Unifying Model of Winner-takes-all Contests Julio Gonzalez-Diaz




Motivation

The Cake Sharing Game

The Model

o N ={1,...,n} is the set of players
o Leta € Rf be the initial rights vector:
le—ZieNai>0 O<ap <ag << ay
@ Let 6 € (0,1) be the discount factor
Cake sharing game: I'}s =< N, {A;}ien, {mi}ien >
@ A; =[0,00) is the set of pure strategies of player i € N

A Unifying Model of Winner-takes-all Contests Julio Gonzalez-Diaz



Motivation

The Cake Sharing Game

The Model

N ={1,...,n} is the set of players

Let a € Rf be the initial rights vector:
le—ZieNai>0 O<ap <ag << ay
Let § € (0,1) be the discount factor

¢ ¢

©

Cake sharing game: I'}s =< N, {A;}ien, {mi}ien >

©

A; = ]0,00) is the set of pure strategies of player i € N
m; is the payoff function of player i € N, defined by:

(5ti()éi ti S maxtj

‘ _ J#i
7T1<t1, s 7tn) 5ti (aL —+ P) t; > m;%XtJ
)7

A Unifying Model of Winner-takes-all Contests Julio Gonzalez-Diaz



Motivation

The Cake Sharing Game

The Model

N ={1,...,n} is the set of players

Let a € Rf be the initial rights vector:
le—ZieNozi>0 O<ap <ag << ay
Let § € (0,1) be the discount factor

¢ ¢

©

Cake sharing game: I'}s =< N, {A;}ien, {mi}ien >

©

A; = ]0,00) is the set of pure strategies of player i € N
m; is the payoff function of player ¢ € IV, defined by:

©

ti . . .
ot ti Smgxt] Ties??

. = ] ‘
Ti(t1s- - tn) §ti(ci +P) t; > maxt;
JF

A Unifying Model of Winner-takes-all Contests Julio Gonzalez-Diaz



Motivation

A Negative Result

A Unifying Model of Winner-takes-all Contests Julio Gonzalez-Diaz



Motivation

A Negative Result

There is no Nash equilibrium in pure strategies

A Unifying Model of Winner-takes-all Contests Julio Gonzalez-Diaz



Motivation

A Negative Result

There is no Nash equilibrium in pure strategies

@ There is a unique last claimant

A Unifying Model of Winner-takes-all Contests Julio Gonzalez-Diaz



Motivation

A Negative Result

There is no Nash equilibrium in pure strategies

@ There is a unique last claimant _

()[ ! : : =tZ/_\= Ne'e

t3 ts ty e en t4 tr

7r7(t) = 5t7(047 + P) < mr(t_r, f7) = (557 (a7 +P)

A Unifying Model of Winner-takes-all Contests Julio Gonzalez-Diaz



Motivation

A Negative Result

There is no Nash equilibrium in pure strategies

@ There is a unique last claimant _

()[ ! : : =tZ/_\= Ne'e

t3 ts ty e en t4 tr

7r7(t) = 5t7(047 + P) < mr(t_r, f7) = (557 (a7 +P)

@ There are several last claimants

0 [ } } } } i <. 00
ts bty ty e oee- ty tr =t

A Unifying Model of Winner-takes-all Contests Julio Gonzalez-Diaz



Motivation

A Negative Result

There is no Nash equilibrium in pure strategies

@ There is a unique last claimant _

()[ ! : : =tZ/_\= Ne'e

t3 ts ty e en t4 tr

7r7(t) = 5t7(047 + P) < mr(t_r, f7) = (557 (a7 +P)

@ There are several last claimants
0 p— i i i .ﬂt? < 00
ts ts tg e ee ta tr =t

mi(t) = 6z < mi(t_r,t7) = 6 (a7 + P)

A Unifying Model of Winner-takes-all Contests Julio Gonzalez-Diaz



Motivation

A Negative Result

There is no Nash equilibrium in pure strategies

@ There is a unique last claimant _

0 ————— TN S

t3 ts ty e en t4 tr

7r7(t) = (5t7(a7 + P) < mr(t_r, f7) = 557 (a7 +P)

@ There are several last claimants
0 p— i i i .ﬂt? < 00
ts ts tg e ee ta tr =t

mi(t) = 6z < mi(t_r,t7) = 6 (a7 + P)

Options: I

A Unifying Model of Winner-takes-all Contests Julio Gonzalez-Diaz



Motivation

A Negative Result

There is no Nash equilibrium in pure strategies

@ There is a unique last claimant _

0 ————— TN S

t3 ts ty e en t4 tr

7r7(t) = (5t7(a7 + P) < mr(t_r, f7) = 557 (a7 +P)

@ There are several last claimants
0 p— i i i .ﬂt? < 00
ts ts tg e ee ta tr =t

mi(t) = 6z < mi(t_r,t7) = 6 (a7 + P)

Options: Discretizing?? I

A Unifying Model of Winner-takes-all Contests Julio Gonzalez-Diaz



Motivation

A Negative Result

There is no Nash equilibrium in pure strategies

@ There is a unique last claimant _

0 ————— TN S

t3 ts ty e en t4 tr

7r7(t) = (5t7(a7 + P) < mr(t_r, f7) = 557 (a7 +P)

@ There are several last claimants
0 p— i i i .ﬂt? < 00
ts ts tg e ee ta tr =t

mi(t) = 6z < mi(t_r,t7) = 6 (a7 + P)

Options: Discretizing?? Mixing??

A Unifying Model of Winner-takes-all Contests Julio Gonzalez-Diaz



Motivation

Mixed Strategies

The extended model

A Unifying Model of Winner-takes-all Contests Julio Gonzalez-Diaz



Motivation

Mixed Strategies

The extended model
A mixed strategy is a distribution function G, defined on [0, o)

A Unifying Model of Winner-takes-all Contests Julio Gonzalez-Diaz



Motivation

Mixed Strategies

The extended model
A mixed strategy is a distribution function G, defined on [0, o)
Given a strategy profile G = (G1,Ga,...,Gy),

Wi(G,i,t) =

A Unifying Model of Winner-takes-all Contests Julio Gonzalez-Diaz



Motivation

Mixed Strategies

The extended model
A mixed strategy is a distribution function G, defined on [0, o)
Given a strategy profile G = (G1,Ga,...,Gy),

mi(G_i,t) = t

A Unifying Model of Winner-takes-all Contests Julio Gonzalez-Diaz



Motivation

Mixed Strategies

The extended model
A mixed strategy is a distribution function G, defined on [0, o)
Given a strategy profile G = (G1,Ga,...,Gy),

mi(Goi,t) = G;(t7)

A Unifying Model of Winner-takes-all Contests Julio Gonzalez-Diaz



Motivation

Mixed Strategies

The extended model
A mixed strategy is a distribution function G, defined on [0, o)
Given a strategy profile G = (G1,Ga,...,Gy),

mi(G_it) = [Ta)
J#i

A Unifying Model of Winner-takes-all Contests Julio Gonzalez-Diaz



Motivation

Mixed Strategies

The extended model
A mixed strategy is a distribution function G, defined on [0, o)
Given a strategy profile G = (G1,Ga,...,Gy),

mi(G_it) = PITGit)
J#i

A Unifying Model of Winner-takes-all Contests Julio Gonzalez-Diaz



Motivation

Mixed Strategies

The extended model
A mixed strategy is a distribution function G, defined on [0, o)
Given a strategy profile G = (G1,Ga,...,Gy),

Fi(Gfi,t) = OZZ'—FPHGj(t_)
J#i

A Unifying Model of Winner-takes-all Contests Julio Gonzalez-Diaz



Motivation

Mixed Strategies

The extended model
A mixed strategy is a distribution function G, defined on [0, o)
Given a strategy profile G = (G1,Ga,...,Gy),

Fi(Gfi,t) = (St(Oéi + P HGj(t_))
j#i

A Unifying Model of Winner-takes-all Contests Julio Gonzalez-Diaz



Motivation

Mixed Strategies

The extended model
A mixed strategy is a distribution function G, defined on [0, o)
Given a strategy profile G = (G1,Ga,...,Gy),

Fi(Gfi,t) = 5t(Oéi + P HGj(t_))
j#i

A Unifying Model of Winner-takes-all Contests Julio Gonzalez-Diaz



Motivation

The Characterization Result

Theorem

A Unifying Model of Winner-takes-all Contests Julio Gonzalez-Diaz



Motivation

The Characterization Result

Theorem
Let I'y 5 be an n-player cake sharing game.

A Unifying Model of Winner-takes-all Contests Julio Gonzalez-Diaz



Motivation

The Characterization Result

Theorem
Let I'y 5 be an n-player cake sharing game.
Then, Iy s has a unique Nash equilibrium. Moreover. ..

A Unifying Model of Winner-takes-all Contests Julio Gonzalez-Diaz



Motivation

The Characterization Result

Theorem
Let I'y 5 be an n-player cake sharing game.
Then, Iy 5 has a unique Nash equilibrium. Moreover. . .

A Unifying Model of Winner-takes-all Contests Julio Gonzalez-Diaz



Motivation

Second Example: Sharing a Market (Varian 1980)

A Unifying Model of Winner-takes-all Contests Julio Gonzalez-Diaz



Motivation

Second Example: Sharing a Market (Varian 1980)

Firm 1

Firm 2

A Unifying Model of Winner-takes-all Contests Julio Gonzalez-Diaz



Motivation

Second Example: Sharing a Market (Varian 1980)

Firm 1

Consumers

Firm 2

A Unifying Model of Winner-takes-all Contests Julio Gonzélez-Diaz



Motivation

Second Example: Sharing a Market (Varian 1980)

Firm 1: oy

Consumers

Firm 2

A Unifying Model of Winner-takes-all Contests Julio Gonzélez-Diaz



Motivation

Second Example: Sharing a Market (Varian 1980)

Firm 1: oy

Consumers

Firm 2: a9

A Unifying Model of Winner-takes-all Contests Julio Gonzélez-Diaz



Motivation

Second Example: Sharing a Market (Varian 1980)

Firm 1: oy

Consumers

Firm 2: a9

A Unifying Model of Winner-takes-all Contests Julio Gonzélez-Diaz



Motivation

Second Example: Sharing a Market (Varian 1980)

p1<p

Firm 1: oy

Consumers

P2 <p

Firm 2: a9

A Unifying Model of Winner-takes-all Contests Julio Gonzélez-Diaz



Motivation

Second Example: Sharing a Market (Varian 1980)

<5 pP1>p2 — p1v
P =p

Firm 1: oy

P

Consumers
p1 > p2 — p2(az +P)

P2 <D

Firm 2: a9

A Unifying Model of Winner-takes-all Contests Julio Gonzélez-Diaz



Motivation

Second Example: Sharing a Market (Varian 1980)

| p1>p2 — p1
PLED | p<p, — pi(a1 +P)
Firm 1: oy

| g |
P o |
Consumers
p1 > p2 — p2(az +P) ~
p1 <p2 — paovs P2 <p

Firm 2: a9

A Unifying Model of Winner-takes-all Contests Julio Gonzélez-Diaz



Motivation

Second Example: Sharing a Market (Varian 1980)

| p1>p2 — p1
PL<D p1 <p2 — pi(oqg +P)

Firm 1: oy | p1 =py — pl(alﬂ—g)

|z

P o |

Consumers
p1 > p2 — p2(az +P) ~
p1<p2 — paova P2 <p

p1 =p2 — p2(az+ g) Firm 2: a9

A Unifying Model of Winner-takes-all Contests Julio Gonzélez-Diaz



Motivation

Second Example: Sharing a Market (Varian 1980)

| p1>p2 — p1
PL<D p1 <p2 — pi(oqg +P)

Firm 10 oy | p1=py — p1(a1+§)

|az |
P o |
Consumers
p1>p2 — p2(az +P) B
p1<p2 — paova P2 <p
p1=p2 — pa(o + g) Firm 2: as

A Unifying Model of Winner-takes-all Contests Julio Gonzalez-Diaz



Motivation

The Characterization Result and the Pricing Game

A Unifying Model of Winner-takes-all Contests Julio Gonzalez-Diaz



Motivation

The Characterization Result and the Pricing Game

The pricing game

@ N firms. Each one with a; loyal consumers
o Strategic consumers: P

@ Higher admissible price: p

A Unifying Model of Winner-takes-all Contests Julio Gonzalez-Diaz



Motivation

The Characterization Result and the Pricing Game

The pricing game

@ N firms. Each one with a; loyal consumers
o Strategic consumers: P
@ Higher admissible price: p

The equilibrium of the pricing game

A Unifying Model of Winner-takes-all Contests Julio Gonzalez-Diaz



Motivation

The Characterization Result and the Pricing Game

The pricing game
@ N firms. Each one with a; loyal consumers
o Strategic consumers: P
@ Higher admissible price: p

The equilibrium of the pricing game

@ Only the two firms with less loyal consumers “compete”

A Unifying Model of Winner-takes-all Contests Julio Gonzalez-Diaz



Motivation

The Characterization Result and the Pricing Game

The pricing game

@ N firms. Each one with a; loyal consumers
o Strategic consumers: P
@ Higher admissible price: p

The equilibrium of the pricing game

@ Only the two firms with less loyal consumers “compete”

@ Only the firm with less loyal consumers gains by “competing”

A Unifying Model of Winner-takes-all Contests Julio Gonzalez-Diaz



Motivation

The Characterization Result and the Pricing Game

The pricing game

@ N firms. Each one with a; loyal consumers
o Strategic consumers: P
@ Higher admissible price: p

The equilibrium of the pricing game

@ Only the two firms with less loyal consumers “compete”
@ Only the firm with less loyal consumers gains by “competing”

@ Strategic consumers pay no more than loyal consumers

A Unifying Model of Winner-takes-all Contests Julio Gonzalez-Diaz



Motivation

The Characterization Result and the Pricing Game

The pricing game

@ N firms. Each one with a; loyal consumers
o Strategic consumers: P
@ Higher admissible price: p

The equilibrium of the pricing game

@ Only the two firms with less loyal consumers “compete”
@ Only the firm with less loyal consumers gains by “competing”

o Strategic consumers pay no more than loyal consumers

A Unifying Model of Winner-takes-all Contests Julio Gonzalez-Diaz



Winner-takes-all Contests

Outline

© Winner-takes-all Contests

A Unifying Model of Winner-takes-all Contests Julio Gonzalez-Diaz



Winner-takes-all Contests

Winner-takes-all Contests

The Game

A Unifying Model of Winner-takes-all Contests Julio Gonzalez-Diaz



Winner-takes-all Contests

Winner-takes-all Contests

The Game

@ The players want to get a prize

A Unifying Model of Winner-takes-all Contests Julio Gonzalez-Diaz



Winner-takes-all Contests

Winner-takes-all Contests

The Game

@ The players want to get a prize

@ Players choose efforts

A Unifying Model of Winner-takes-all Contests Julio Gonzalez-Diaz



Winner-takes-all Contests

Winner-takes-all Contests

The Game

@ The players want to get a prize
o Players choose efforts
@ The highest effort gets the prize

A Unifying Model of Winner-takes-all Contests Julio Gonzalez-Diaz



Winner-takes-all Contests

Winner-takes-all Contests

The Game

@ The players want to get a prize
o Players choose efforts
@ The highest effort gets the prize

Primitives

A Unifying Model of Winner-takes-all Contests Julio Gonzalez-Diaz



Winner-takes-all Contests

Winner-takes-all Contests

The Game

@ The players want to get a prize
o Players choose efforts
@ The highest effort gets the prize

Primitives

o Efforts: e € E = [m, M]

A Unifying Model of Winner-takes-all Contests Julio Gonzalez-Diaz



Winner-takes-all Contests

Winner-takes-all Contests

The Game

@ The players want to get a prize
o Players choose efforts
@ The highest effort gets the prize

Primitives

o Efforts: e € E=[m,M] (M =+00— E=[m,+0))

A Unifying Model of Winner-takes-all Contests Julio Gonzalez-Diaz



Winner-takes-all Contests

Winner-takes-all Contests

The Game

@ The players want to get a prize
o Players choose efforts
@ The highest effort gets the prize

Primitives

o Efforts: ec E=[0,M] (M =+o00 — E = [m,+))

A Unifying Model of Winner-takes-all Contests Julio Gonzalez-Diaz



Winner-takes-all Contests

Winner-takes-all Contests

The Game

@ The players want to get a prize
o Players choose efforts
@ The highest effort gets the prize

Primitives
o Efforts: e € E = [0, M]
o Base Payoff Funtions: b;(e) : [0, M] — R

A Unifying Model of Winner-takes-all Contests Julio Gonzalez-Diaz



Winner-takes-all Contests

Winner-takes-all Contests

The Game

@ The players want to get a prize
o Players choose efforts
@ The highest effort gets the prize

Primitives
o Efforts: e € E = [0, M]
o Base Payoff Funtions: b;(e) : [0, M] — R

continuous and weakly decreasing

A Unifying Model of Winner-takes-all Contests Julio Gonzalez-Diaz



Winner-takes-all Contests

Winner-takes-all Contests

The Game

@ The players want to get a prize
o Players choose efforts
@ The highest effort gets the prize

Primitives
o Efforts: e € E = [0, M]
o Base Payoff Funtions: b;(e) : [0, M] — R

continuous and weakly decreasing

o Prize Payoff Funtions: p;(e) : [0, M] — R

A Unifying Model of Winner-takes-all Contests Julio Gonzalez-Diaz



Winner-takes-all Contests

Winner-takes-all Contests

The Game

@ The players want to get a prize
o Players choose efforts
@ The highest effort gets the prize

Primitives
o Efforts: e € E = [0, M]
o Base Payoff Funtions: b;(e) : [0, M] — R
continuous and weakly decreasing
o Prize Payoff Funtions: p;(e) : [0, M] — R

continuous and weakly decreasing

A Unifying Model of Winner-takes-all Contests Julio Gonzalez-Diaz



Winner-takes-all Contests

Winner-takes-all Contests

The Game

@ The players want to get a prize
o Players choose efforts
@ The highest effort gets the prize

Primitives
o Efforts: e € E = [0, M]
o Base Payoff Funtions: b;(e) : [0, M] — R
continuous and weakly decreasing
o Prize Payoff Funtions: p;(e) : [0, M] — R

continuous and weakly decreasing p;(0) > 0

A Unifying Model of Winner-takes-all Contests Julio Gonzalez-Diaz



Winner-takes-all Contests

Winner-takes-all Contests

The Game

@ The players want to get a prize
o Players choose efforts
@ The highest effort gets the prize

Primitives
o Efforts: e € E = [0, M]
o Base Payoff Funtions: b;(e) : [0, M] — R

continuous and weakly decreasing

o Prize Payoff Funtions: p;(e) : [0, M] — R

continuous and weakly decreasing p;(0) > 0

@ Tie Payoff Functions:

A Unifying Model of Winner-takes-all Contests Julio Gonzalez-Diaz



Winner-takes-all Contests

Winner-takes-all Contests
Tie Payoff Functions

A Unifying Model of Winner-takes-all Contests Julio Gonzalez-Diaz



Winner-takes-all Contests

Winner-takes-all Contests
Tie Payoff Functions

T; - [0, M] x 2N\ {0} — R:

A Unifying Model of Winner-takes-all Contests Julio Gonzalez-Diaz



Winner-takes-all Contests

Winner-takes-all Contests
Tie Payoff Functions

T; - [0, M] x 2N\ {0} — R:
T1) Ti(e, {i}) = pi(e)

A Unifying Model of Winner-takes-all Contests

Julio Gonzalez-Diaz



Winner-takes-all Contests

Winner-takes-all Contests
Tie Payoff Functions

T; - [0, M] x 2N\ {0} — R:

1) Tie {i}) = pi(e)
T2) For each S such that i ¢ S, T;(e,S) =0

A Unifying Model of Winner-takes-all Contests Julio Gonzalez-Diaz



Winner-takes-all Contests

Winner-takes-all Contests
Tie Payoff Functions

T; : [0, M] x 2M\{0} — R:
1) Tie {i}) = pi(e)
T2) For each S such that i ¢ S, T;(e,S) =0
T3) ...

A Unifying Model of Winner-takes-all Contests Julio Gonzalez-Diaz



Winner-takes-all Contests

Winner-takes-all Contests
Tie Payoff Functions

T; : [0, M] x 2M\{0} — R:
1) Tie {i}) = pi(e)
T2) For each S such that i ¢ S, T;(e,S) =0
T3) ...

Examples
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Winner-takes-all Contests

Winner-takes-all Contests
Tie Payoff Functions

T; : [0, M] x 2M\{0} — R:
1) Tie {i}) = pi(e)
T2) For each S such that i ¢ S, T;(e,S) =0
T3) ...

Examples

S
0 otherwise

o Ti(e,S) = {
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Winner-takes-all Contests

Winner-takes-all Contests
Tie Payoff Functions

T; : [0, M] x 2M\{0} — R:
1) Tie {i}) = pi(e)
T2) For each S such that i ¢ S, T;(e,S) =0
T3) ...

Examples

otherwise

pi(e) {i} =S5

0 otherwise

pi(e) ;
° Ti(e,S>={ o L€5
0
o Tife.5) = {
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Winner-takes-all Contests

Winner-takes-all Contests

o Contest form: f := ({b; }ien, {pi}ien, {Ti}ien)
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Winner-takes-all Contests

o Contest form: f := ({b;}icn, {pi}ien, {Ti}ien)
o For each o = (e1,...,e,) € [0, M]", w7 := argmax;cy{e;}

A Unifying Model of Winner-takes-all Contests Julio Gonzalez-Diaz
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Winner-takes-all Contests

o Contest form: f := ({b;}icn, {pi}ien, {Ti}ien)
o For each o = (e1,...,e,) € [0, M]", w7 := argmax;cy{e;}

o Contest with pure strategies:

A Unifying Model of Winner-takes-all Contests Julio Gonzalez-Diaz
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Winner-takes-all Contests

o Contest form: f := ({b;}icn, {pi}ien, {Ti}ien)
o For each o = (e1,...,e,) € [0, M]", w7 := argmax;cy{e;}

o Contest with pure strategies:

C;{ure = ({Ei}’iGNa {ui}’iEN)a where
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Winner-takes-all Contests

Winner-takes-all Contests

o Contest form: f := ({b;}icn, {pi}ien, {Ti}ien)
o For each o = (e1,...,e,) € [0, M]", w7 := argmax;cy{e;}

o Contest with pure strategies:

C;{ure = ({Ei}’iGNa {ui}’iEN)a where

Ei = [0, M]
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Winner-takes-all Contests

Winner-takes-all Contests

o Contest form: f := ({b;}icn, {pi}ien, {Ti}ien)
o For each o = (e1,...,e,) € [0, M]", w7 := argmax;cy{e;}

o Contest with pure strategies:

C;{ure = ({Ei}’iGNa {ui}’iEN)a where

Ei = [O,M] and ’U,Z(U) = bl(ez) + Ti(ei,w")
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Winner-takes-all Contests

o Contest form: f := ({b;}icn, {pi}ien, {Ti}ien)
o For each o = (e1,...,e,) € [0, M]", w7 := argmax;cy{e;}

o Contest with pure strategies:

C;{ure = ({Ei}’iGNa {ui}’iEN)a where

Ei = [O,M] and ’U,Z(U) = bl(ez) + Ti(ei,w")
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Winner-takes-all Contests

Winner-takes-all Contests

o Contest form: f := ({b;}icn, {pi}ien, {Ti}ien)
o For each o = (e1,...,e,) € [0, M]", w7 := argmax;cy{e;}

o Contest with pure strategies:

C;{ure = ({Ei}’iGNa {Ui}ieN), where

Ei = [O,M] and ’U,Z(U) = bl(ez) + Ti(ei,w")

Productivity functions.
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Winner-takes-all Contests

Winner-takes-all Contests

o Contest form: f := ({b;}icn, {pi}ien, {Ti}ien)
o For each o = (e1,...,e,) € [0, M]", w7 := argmax;cy{e;}

o Contest with pure strategies:

C;{ure = ({Ei}’iGNa {ui}’iEN)a where

Ei = [O,M] and ’U,Z(U) = bl(ez) + Ti(ei,w")
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e Assumption: All-pay
For each i € N, b;(+) is strictly decreasing
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Assumptions

e Assumption: All-pay
For each i € N, b;(+) is strictly decreasing

e Assumption: Winner-pays
For each i € N, p;(+) is strictly decreasing and b;(-) is constant
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Winner-takes-all Contests

Assumptions

e Assumption: All-pay
For each i € N, b;(+) is strictly decreasing

e Assumption: Winner-pays
For each i € N, p;(+) is strictly decreasing and b;(-) is constant
€i := supeco,ar{0i(0) < bi(e) + pi(e)}
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Winner-takes-all Contests

Assumptions

e Assumption: All-pay
For each i € N, b;(+) is strictly decreasing
e Assumption: Winner-pays
For each i € N, p;(+) is strictly decreasing and b;(-) is constant
€i := supeco,ar{0i(0) < bi(e) + pi(e)}
e Assumption: M-bounding
Foreachie N, e; < M
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Winner-takes-all Contests

Assumptions

e Assumption: All-pay
For each i € N, b;(+) is strictly decreasing

e Assumption: Winner-pays
For each i € N, p;(+) is strictly decreasing and b;(-) is constant
€i := supeco,ar{0i(0) < bi(e) + pi(e)}
e Assumption: M-bounding
Foreachie N, e; < M

Impact (trade-off) functions: for each i € N, I;(e) = %(:)i(e)
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Winner-takes-all Contests

Assumptions

e Assumption: All-pay
For each i € N, b;(+) is strictly decreasing

e Assumption: Winner-pays
For each i € N, p;(+) is strictly decreasing and b;(-) is constant
€i := supeco,ar{0i(0) < bi(e) + pi(e)}
e Assumption: M-bounding
Foreachie N, e; < M

Impact (trade-off) functions: for each i € N, I;(e) = %(:)i(e)

e Assumption: No-crossing
For each pair i,j € N, if there is e* such that I;(e*) < I;(e*),
then I;(e) < I;(e) for all e
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A First Result
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Winner-takes-all Contests

A First Result

Proposition
If the contest Cgu,e satisfies All-pay and M -bounding, then it does
not have any Nash equilibrium.

A Unifying Model of Winner-takes-all Contests Julio Gonzalez-Diaz



Winner-takes-all Contests

A First Result

There is no Nash equilibrium in pure strategies

@ There is a unique winner

0F— + + =é‘7/_\= e 00

L 63 65 62 ...... 64 67

m7(0) = bi(er) + pi(er) < mr(o_7,8é7) = bi(ér) + pi(ér)

@ There are several winners

: e
0 [ i i i i ﬂ T ...
63 65 62 ...... 64 67 = 61

m7(0) = bi(er) +0 < mr(o-7,é7) = bi(é7) + pi(ér)
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Winner-takes-all Contests

A First Result

Proposition
If the contest C[:ure satisfies All-pay and M -bounding, then it does
not have any Nash equilibrium.

A Unifying Model of Winner-takes-all Contests Julio Gonzalez-Diaz



Winner-takes-all Contests

A First Result

Proposition
If the contest C[:u,e satisfies All-pay and M -bounding, then it does
not have any Nash equilibrium.

We need mixed strategies.
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Winner-takes-all Contests

A First Result

Proposition
If the contest C[:u,e satisfies All-pay and M -bounding, then it does
not have any Nash equilibrium.

We need mixed strategies.

No ties with positive probability in equilibrium
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Various Models of Contests

Outline

© Various Models of Contests
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Various Models of Contests

Classification

All-pay (b; functions strictly decreasing)

o All-pay auction (Politically contestable rents)
Politically contestable Transfers

Varian's model of sales

0
o

o Market makers
o Litigation systems
o

(Silent) Timing games
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Various Models of Contests

Classification

All-pay (b; functions strictly decreasing)

o All-pay auction (Politically contestable rents)
Politically contestable Transfers

Varian's model of sales

0
o

o Market makers
o Litigation systems
o

(Silent) Timing games
Winner-pays (p; functions strictly decreasing)

o First price auction
@ Bertrand competition

@ Federalism and economic growth (No //-bounding)
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Discussion
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Limitations of the model
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Positive Features of the model
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o Powerful to model asymmetries

@ Accounts for non-linear functions
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o Generality
o Powerful to model asymmetries

@ Accounts for non-linear functions

Limitations of the model

o Complete information
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Various Models of Contests

Discussion

Positive Features of the model

o Generality
o Powerful to model asymmetries

@ Accounts for non-linear functions

Limitations of the model

o Complete information
@ Multiple prizes

@ No-crossing assumption
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Results

Characterization under

Theorem (Characterization under All-pay and M-bounding)
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Characterization under

Theorem (Characterization under All-pay and M-bounding)

o If eithern =2 or &, > &y > €3, then EPY has a unique Nash
equibrium
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Results

Characterization under

Theorem (Characterization under All-pay and M-bounding)

o If eithern =2 or &, > &y > €3, then EPY has a unique Nash
equibrium
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Results

Characterization under

Theorem (Characterization under All-pay and M-bounding)

o If eithern =2 or &, > &y > €3, then EPY has a unique Nash
equibrium It takes two to tango!

* 0 e<0 * 0 e<0 * e<O
Gie)={ Is(e) 0<e<é, Gile)={ Ii(e) O<e<es, Gi(e>:{ 0 e
1 e > e 1 e > e =
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Results

Characterization under

Theorem (Characterization under All-pay and M-bounding)

o If eithern =2 or &, > &y > €3, then EPY has a unique Nash
equibrium

a e<O0
S G;‘k(e):{ 1 e>o0

(mmo

0 e <
S €2, Gi(e)=1 If(e) 0%
1 e >

mlmo

o _ 0 e <
1(e)=1 Ia(e) 0Z
1 e >

o Otherwise, EPf has a continuum of Nash equibria
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Results

Characterization under

Theorem (Characterization under All-pay and M-bounding)

o If eithern =2 or &, > &y > €3, then EPY has a unique Nash
equibrium

0

e < o
S €2, Gi(e)=1 If(e) 0%
1 e >

a e<O0
S G;‘k(e):{ 1 e>o0

mlmo
(mmo

o _ 0 e <
1(e)=1 Ia(e) 0Z
1 e >

o Otherwise, EPf has a continuum of Nash equibria

o All the Nash equilibria give raise to the same payoffs:
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o Otherwise, EPf has a continuum of Nash equibria

o All the Nash equilibria give raise to the same payoffs:

m = bi1(€2) + p1(€2) and, for each i # 1,m; = b;(0)

Implications of the result.
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Theorem (Characterization under Winner-pays and M-bounding)

Assume that, for each i € N, b;(-) equals constant b; € R.
o Let & > é&. Then, EP' has no Nash equilibrium in pure
strategies but it has a continuum of mixed Nash equilibria.
The equilibrium payoffs are such that n € (b1, b1 + p1(€2)]
and, foreachi # 1, n; = b;.
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Theorem (Characterization under Winner-pays and M-bounding)

Assume that, for each i € N, b;(-) equals constant b; € R.

o Let & > é&. Then, EP' has no Nash equilibrium in pure
strategies but it has a continuum of mixed Nash equilibria.
The equilibrium payoffs are such that n € (b1, b1 + p1(€2)]
and, for each i # 1, n; = b;.

o Let & = é. Then, the set of Nash equilibria of EPT is
nonempty if and only if there is S C N, |S| > 1, such that,
for eachi € S, T;(é2,S) =0
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Assume that, for each i € N, b;(-) equals constant b; € R.

o Let & > é&. Then, EP' has no Nash equilibrium in pure
strategies but it has a continuum of mixed Nash equilibria.
The equilibrium payoffs are such that n € (b1, b1 + p1(€2)]
and, foreachi # 1, n; = b;.

o Let ey = eéy. Then, the set of Nash equilibria of EP! s
nonempty if and only if there is S C N, |S| > 1, such that,
for each i € S, T;(€2,S) = 0 All the Nash equilibria give raise
to the same payoffs:

m = b1 + p1(é2) and, for each i # 1,m; = b;

Implications of the result: I
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Theorem (Characterization under Winner-pays and M-bounding)

Assume that, for each i € N, b;(-) equals constant b; € R.

o Let & > é&. Then, EP' has no Nash equilibrium in pure
strategies but it has a continuum of mixed Nash equilibria.
The equilibrium payoffs are such that n € (b1, b1 + p1(€2)]
and, foreachi # 1, n; = b;.

o Let ey = eéy. Then, the set of Nash equilibria of EP! s
nonempty if and only if there is S C N, |S| > 1, such that,
for each i € S, T;(€2,S) = 0 All the Nash equilibria give raise
to the same payoffs:

m = b1 + p1(é2) and, for each i # 1,m; = b;

Implications of the result: Auctions I
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Theorem (Characterization under Winner-pays and M-bounding)

Assume that, for each i € N, b;(-) equals constant b; € R.

o Let & > é&. Then, EP' has no Nash equilibrium in pure
strategies but it has a continuum of mixed Nash equilibria.
The equilibrium payoffs are such that n € (b1, b1 + p1(€2)]
and, foreachi # 1, n; = b;.

o Let ey = eéy. Then, the set of Nash equilibria of EP! s
nonempty if and only if there is S C N, |S| > 1, such that,
for each i € S, T;(€2,S) = 0 All the Nash equilibria give raise
to the same payoffs:

m = b1 + p1(é2) and, for each i # 1,m; = b;

Implications of the result: Auctions and Bertrand competition.
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If the cost function is the same for all firms and exhibits strictly
decreasing average costs,
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Results

Characterization under

Corollary

Take a general Bertrand competition model (BM) with n firms
If the cost function is the same for all firms and exhibits strictly
decreasing average costs,

then there is no Nash equilibrium (neither pure, nor mixed)
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