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General Overview

General Overview

Part I: Noncooperative Game Theory

A Silent Battle over a Cake (Chapter 1)

A Noncooperative Approach to Bankruptcy Problems
(Chapter 4)

Part II: Cooperative Game Theory
(On the Geometry of TU games)

Competition and Cooperation in Game Theoretical Models Julio González D́ıaz 1/60
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A Silent Battle over a Cake
Bankruptcy Problems

Repeated Games

What is a Strategic Game?
And a Nash Equilibrium?

Strategic game

A strategic game G is a triple (N, A, π) where:

N = {1, . . . , n} is the set of players

A =
∏n

i=1 Ai, where Ai denotes the set of actions for player i

Competition and Cooperation in Game Theoretical Models Julio González D́ıaz 3/60
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A Silent Battle over a Cake
Bankruptcy Problems

Repeated Games
Brief Overview

Timing Games

“Non-Silent” timing games

Patent race

“Silent” timing games

J. Reinganum, 1981
(Review of Economic Studies)

H. Hamers, 1993
(Mathematical Methods of OR)

Competition and Cooperation in Game Theoretical Models Julio González D́ıaz 5/60
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A Silent Battle over a Cake
Bankruptcy Problems

Repeated Games
Brief Overview

Results

Hamers (1993) introduces the cake sharing games

Existing Results

Competition and Cooperation in Game Theoretical Models Julio González D́ıaz 6/60
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A Silent Battle over a Cake
Bankruptcy Problems

Repeated Games
Brief Overview

Bankruptcy Problems and Bankruptcy Rules
An Example

A strategic game

Bankruptcy problem (E, d)

Each player i announces a portion of di (admissible for him)

Competition and Cooperation in Game Theoretical Models Julio González D́ıaz 9/60
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A Silent Battle over a Cake
Bankruptcy Problems

Repeated Games

Definitions and Classic Results
A Generalized Nash Folk Theorem
Unilateral Commitments
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A Silent Battle over a Cake
Bankruptcy Problems

Repeated Games

Definitions and Classic Results
A Generalized Nash Folk Theorem
Unilateral Commitments

Minmax Bettering Ladders
Formal Definition

reliable players ∅ N1 . . . Nh−1

game G G(aN1) . . . G(aNh−1
)

“Nash equilibrium” σ1 σ2 . . . σh

Competition and Cooperation in Game Theoretical Models Julio González D́ıaz 21/60
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A Silent Battle over a Cake
Bankruptcy Problems

Repeated Games

Definitions and Classic Results
A Generalized Nash Folk Theorem
Unilateral Commitments

Minmax Bettering Ladders
Formal Definition

reliable players ∅ N1 . . . Nh−1 Nh

game G G(aN1) . . . G(aNh−1
) −−−

“Nash equilibrium” σ1 σ2 . . . σh −−−

A minimax-bettering ladder of a game G is a triplet
{N ,A, Σ}

N := {∅ = N0 ( N1 ( · · · ( Nh} subsets of N

A := {aN1 ∈ AN1 , . . . , aNh−1
∈ ANh−1

}

Σ := {σ1, . . . , σh}

Nh is the top rung of the ladder

Competition and Cooperation in Game Theoretical Models Julio González D́ıaz 21/60
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Remark
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The stage game: G := (N, A, π)







N := {1, . . . , n}
A :=

∏

i∈N Ai

π := (π1, . . . , πn)

The repeated game: GT
δ := (N, S, πT

δ )















N := {1, . . . , n}
S :=

∏

i∈N Si

(Si := AH
i )

πT
δ
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A Silent Battle over a Cake
Bankruptcy Problems

Repeated Games

Definitions and Classic Results
A Generalized Nash Folk Theorem
Unilateral Commitments

Virtually Subgame Perfect Equilibrium
Motivation

Subgame Perfect Equilibrium

Competition and Cooperation in Game Theoretical Models Julio González D́ıaz 25/60
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A Silent Battle over a Cake
Bankruptcy Problems

Repeated Games

Definitions and Classic Results
A Generalized Nash Folk Theorem
Unilateral Commitments

Virtually Subgame Perfect Equilibrium
Discussion

Subgame Perfect Vs Virtually Subgame Perfect

Why do we need VSPE?

Competition and Cooperation in Game Theoretical Models Julio González D́ıaz 26/60
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A Silent Battle over a Cake
Bankruptcy Problems

Repeated Games

Definitions and Classic Results
A Generalized Nash Folk Theorem
Unilateral Commitments

The Folk Theorems
Finite Horizon
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(Virtual) Perfect Th. Recursively-distinct Minimax-Bettering Ladder
Finite Horizon Nash payoffs (Smith, 1995) (Prop. 2, only sufficient)



The State of Art
Necessary and Sufficient Conditions for the Folk Theorems

Without UC 1 stage of UC
2 stages
of UC

Nash Theorem None None None
Infinite Horizon (Fudenberg and Maskin, 1986) (Prop. 2) (Prop. 2)

(Virtual) Perfect Th. Non-Equivalent Utilities None None
Infinite Horizon (Abreu et al., 1994) (Prop. 2) (Prop. 2)

Nash Theorem Minimax-Bettering Ladder None None
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A Geometric Characterization of the τ -value
The Core-Center

Brief Overview

The τ -value

Previous concepts

Utopia vector, M(v) ∈ Rn:

for each i ∈ N, Mi(v) := v(N) − v(N\{i})

Minimum right vector, m(v) ∈ Rn:

for each i ∈ N, mi(v) := max
S⊆N, i∈S

{v(S) −
∑

j∈S\{i}

Mj(v)}

Core cover:

CC(v) := {x ∈ Rn :
∑

i∈N

xi = v(N), }

Competition and Cooperation in Game Theoretical Models Julio González D́ıaz 36/60
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A Geometric Characterization of the τ -value
The Core-Center

Brief Overview

The τ -value

The τ -value or compromise-value (Tijs, 1981):

τ(v) := “point on the line segment between m(v) and M(v) that
is efficient”,

τ(v) = λm(v) + (1 − λ)M(v), λ ∈ [0, 1] is such that
X
i∈N

τi = v(N)

By definition, CC(v) is a convex polytope
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A Geometric Characterization of the τ -value
The Core-Center

The Core-Center: Definition and Properties
A Characterization of the Core-Center
The Core-Center and the Shapley Value

The Core-Center: Continuity

Continuity
ϕ : Ω ⊆ R2n

−→ Rn

v 7−→ ϕ(v)

(0, 1)

(−a, 0) (a, 0)

(0, 1
3
)

(−a

2
, 0) (a

2
, 0)

Competition and Cooperation in Game Theoretical Models Julio González D́ıaz 47/60
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A Geometric Characterization of the τ -value
The Core-Center

The Core-Center: Definition and Properties
A Characterization of the Core-Center
The Core-Center and the Shapley Value

The Characterization

Fair Additivity ⇐⇒ Volume

Theorem
Let ϕ be an allocation rule satisfying

Efficiency

Translation Invariance

Weak Symmetry

Continuity

Competition and Cooperation in Game Theoretical Models Julio González D́ıaz 53/60
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A Geometric Characterization of the τ -value
The Core-Center

The Core-Center: Definition and Properties
A Characterization of the Core-Center
The Core-Center and the Shapley Value

The Core-Center and the Shapley Value

General ideas:

We define games u1, u2, u3, u4

Whose cores decompose I(v) in
C(v), C(u1), C(u2), C(u3), C(u4)

Competition and Cooperation in Game Theoretical Models Julio González D́ıaz 55/60
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A Geometric Characterization of the τ -value
The Core-Center

The Core-Center: Definition and Properties
A Characterization of the Core-Center
The Core-Center and the Shapley Value

The Core-Center and the Shapley Value

3

1

2

4

u1

Competition and Cooperation in Game Theoretical Models Julio González D́ıaz 56/60
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A Geometric Characterization of the τ -value
The Core-Center

The Core-Center: Definition and Properties
A Characterization of the Core-Center
The Core-Center and the Shapley Value

Cooperative Game Theory
Conclusions

Conclusions

We have shown a geometric characterization of the τ value

We have studied a new allocation rule: the core-center

Competition and Cooperation in Game Theoretical Models Julio González D́ıaz 57/60
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A Geometric Characterization of the τ -value
The Core-Center

The Core-Center: Definition and Properties
A Characterization of the Core-Center
The Core-Center and the Shapley Value

Cooperative Game Theory
Future Research

Future Research

Try to find different characterizations of the core-center

Deepen in the relation between the core-center and the
Shapley value

Look for noncooperative foundations for the core-center
(implementation)

Look for a consistency property for the core-center

Competition and Cooperation in Game Theoretical Models Julio González D́ıaz 58/60
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“From Set-Valued Solutions to Single-Valued Solutions: The Centroid
and the Core-Center,” Reports in Statistics and Operations Research
03-09, University of Santiago de Compostela
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