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Symmetry Orthogonality

Motivation

Allocation rules and TU games

There is a wide number of allocation rules

There are classes of games were many of them coincide

Symmetry and Orthogonality in TU-Games González-D́ıaz and Sánchez-Rodŕıguez 1/30
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There are classes of games were many of them coincide

The literature studying the relations between the different
allocation rules and the reasons for their coincidence has
grown in the recent years

Our objectives in this paper

Get a better understanding of the different allocation rules:
Shapley, nucleolus, τ -value,. . .

By studying their underlying geometric properties, mainly
through the “associated” sets: Weber Set, Core,
Core-Cover,. . .

In particular, we develop the notions of symmetry and
orthogonality in TU-games
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Coincidence results←→ Domain of definition of each rule

We will use the core to illustrate geometric implications. We
could have used Weber set or core cover as well

∆i(v, S) denotes the contribution of i to S in game v

mπ denotes the vector of contributions of the players given
ordering π
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Symmetry Orthogonality

Preliminaries

Classic allocation rules and properties

eff ir add ti sym wsym

Prenucleolus X X* X X X X

Nucleolus X X X X X X

Shapley value X X* X X X X

τ value X X X X X X

Core-center X X X X X X

Eq. division X X X X X X

Eq. surplus div. X X* X X X X

* This property holds if we restrict attention to zero-monotonic games; which ensures

that the imputations set is nonempty and, further, that the prenucleolus and the

nucleolus coincide.

Symmetry and Orthogonality in TU-Games González-D́ıaz and Sánchez-Rodŕıguez 4/30
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1 We start by discussing some well known implications of the
classic symmetry property

2 We present a new notion of symmetry: inverse symmetry

3 We make some concluding considerations regarding symmetry
and dummy players
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Symmetry Orthogonality

Classic Symmetry

Symmetry and Orthogonality in TU-Games González-D́ıaz and Sánchez-Rodŕıguez 7/30
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Classic Symmetry

two players are symmetric all players symmetric

Imputation Set
Core

Imputations Set
Core

Symmetries with respect to hyperplanes (mirror symmetries)

If i and j are symmetric, the Weber set, the core, and the
core cover are symmetric with respect to the hyperplane
H ij := {x ∈ R

n : xi = xj}
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Classic Symmetry

An allocation rule...

is symmetric if symmetric players get the same

is weakly symmetric if all the players get the same in
symmetric games

Efficiency + Symmetry??

For symmetric games, Weber set, core, core-cover may be
different sets, but have the same mirror symmetries

Since most allocation rules satisfy efficiency and symmetry,
they coincide for symmetric games

Lemma
Shapley value, prenucleolus, nucleolus, core-center, tau value, equal
division, and equal surplus division coincide for symmetric games
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COINCIDENCE OF: Shapley value, prenucleolus, nucleolus,
core-center, tau value,///////equal//////////division, and equal surplus
division

Why??? w = v + (4, 2, 1)

Translation invariance preserves geometric symmetries:
Since most allocation rules satisfy translation invariance, they also
coincide for games that are translations of symmetric games
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Shapley value, prenucleolus, nucleolus, core-center, tau value, //////equal
//////////division, and equal surplus division coincide for games that are trans-
lations of symmetric games
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Symmetry Orthogonality

Classic Symmetry

Lemma
Shapley value, prenucleolus, nucleolus, core-center, tau value, //////equal
//////////division, and equal surplus division coincide for games that are trans-
lations of symmetric games

Are there other classes of games where many solutions coincide?
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v is a 2-game if, for each S ⊆ N , v(S) =
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Symmetry Orthogonality

2-games and PS-games

2-games

v is a 2-game if, for each S ⊆ N , v(S) =
∑

T⊂S, |T |=2 v(T )

Proposition (Nouweland et. al 1996)

Shapley value, prenucleolus, and τ -value coincide for 2-games

PS-games
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v is a 2-game if, for each S ⊆ N , v(S) =
∑

T⊂S, |T |=2 v(T )

Proposition (Nouweland et. al 1996)

Shapley value, prenucleolus, and τ -value coincide for 2-games

PS-games

v is a PS-game if, for each i ∈ N , there is ci ∈ R such that, for
each S ⊂ N\{i}, ∆i(v, S) + ∆i(v,N\(S ∪ {i})) = ci

Lemma (Kar et. al 2009)

Every 2-game is a PS-game

Proposition (Kar et. al 2009)

Shapley value and prenucleolus coincide for PS-games

What drives these results?
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Inverse Symmetry

v is inverse symmetric if there is k ∈ R such that
mπ + m−π = (k, . . . , k)
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Inverse Symmetry

v is inverse symmetric if there is k ∈ R such that
mπ + m−π = (k, . . . , k)

v is weakly inverse symmetric if there is c ∈ R
n such that

mπ + m−π = c
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Inverse Symmetry

v is inverse symmetric if there is k ∈ R such that
mπ + m−π = (k, . . . , k)

v is weakly inverse symmetric if there is c ∈ R
n such that

mπ + m−π = c

Equivalently, v is weakly inverse symmetric, if it is the translation
of an inverse symmetric game

Imputation Set
Core

Weber set, core, and core-cover are symmetric with respect to the
same point: inversion or point symmetry
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Symmetry Orthogonality

Inverse Symmetry

v is inverse symmetric if there is k ∈ R such that mπ +m−π = (k, . . . , k)

Interpretation: For each ordering π, the sum of the contributions
of a player to π and −π is constant across players
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Interpretation: For each ordering π, the sum of the contributions
of a player to π and −π is constant across players

Inverse symmetry

An allocation rule satisfies inverse symmetry if, given an inverse
symmetric game, all the players get the same
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Symmetry Orthogonality

Symmetry properties

sym wsym isym

Prenucleolus X X X

Nucleolus X X X

Shapley Value X X X

τ value X X X*

Core center X X X

Equal division X X X

Equal surplus division X X X

* This property holds for superadditive games.
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Nucleolus X X X

Shapley Value X X X

τ value X X X*

Core center X X X

Equal division X X X

Equal surplus division X X X

* This property holds for superadditive games.

Counter-example with 3 players and inverse symmetric core cover
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Symmetry Orthogonality

Symmetry properties

sym wsym isym

Prenucleolus X X X

Nucleolus X X X

Shapley Value X X X

τ value X X X*

Core center X X X

Equal division X X X

Equal surplus division X X X

* This property holds for superadditive games.

Inverse symmetric games may have different v(i)
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A fourth game
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Symmetry Orthogonality

A fourth game

Game w

N = {1, 2, 3}

w(1) = 4, w(2) = 0, w(3) = 1

w(12) = 4, w(13) = 7, w(23) = 5

w(N) = 11
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w(N) = 11

COINCIDENCE OF: Shapley value, prenucleolus, nucleolus,
core-center, tau value,///////equal//////////division,//////and///////equal/////////surplus
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Symmetry Orthogonality

A fourth game

Game w

N = {1, 2, 3}

w(1) = 4, w(2) = 0, w(3) = 1

w(12) = 4, w(13) = 7, w(23) = 5

w(N) = 11

COINCIDENCE OF: Shapley value, prenucleolus, nucleolus,
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Symmetry Orthogonality

A fourth game

Game w

N = {1, 2, 3}

w(1) = 4, w(2) = 0, w(3) = 1

w(12) = 4, w(13) = 7, w(23) = 5

w(N) = 11

Imputation Set
Core

COINCIDENCE OF: Shapley value, prenucleolus, nucleolus,
core-center, tau value,///////equal//////////division,//////and///////equal/////////surplus
/////////division
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Symmetry Orthogonality

A fourth game

Game w

N = {1, 2, 3}

w(1) = 4, w(2) = 0, w(3) = 1

w(12) = 4, w(13) = 7, w(23) = 5

w(N) = 11

Imputation Set
Core

COINCIDENCE OF: Shapley value, prenucleolus, nucleolus,
core-center, tau value,///////equal//////////division,//////and///////equal/////////surplus
/////////division

Why??? w = v + (5, 2, 4)

Translation invariance preserves geometric symmetries:

Corollary. Shapley value, prenucleolus, nucleolus, core-center, tau
value,///////equal///////////division,/////and///////equal/////////surplus//////////division coincide for weakly
inverse symmetric games

Symmetry and Orthogonality in TU-Games González-D́ıaz and Sánchez-Rodŕıguez 16/30
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Squareness

Can we go beyond with these symmetry ideas?

v is inverse symmetric if there is k ∈ R such that mπ +m−π = (k, . . . , k)

inverse symmetric game 6⇒ symmetric game

symmetric game 6⇒ inverse symmetric game

A player i ∈ N is an average player if the average of his
contributions is v(N)

N

A game is square if all the players are average players

inverse symmetric game ⇒ square game

symmetric game ⇒ square game
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Symmetry Orthogonality

Example

v(1) = 3.5, v(2) = 1.5, v(3) = 0
v(12) = 6, v(13) = 7.5, v(23) = 9.5
v(N) = 15

Player

Order π 1 2 3 Efficiency

123 3.5 2.5 9 15
132 3.5 7.5 4 15
213 4.5 1.5 9 15
231 5.5 1.5 8 15
312 7.5 7.5 0 15
321 5.5 9.5 0 15

Squareness 30 30 30 90
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Symmetry Orthogonality

A New Characterization of the Shapley Value

An allocation rule satisfies squareness if, given a square game, all
the players get the same
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—Now:
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Dummy-Symmetric games

Let v0 be the 0-normalized game associated with v

Dummy-symmetric games

A game v is dummy-symmetric if in game v0 all the players that
are not dummy are symmetric

Unanimity games are dummy-symmetric

Proposition

There is a unique allocation rule satisfying efficiency, translation
invariance, dummy player, and symmetry on the class of dummy-
symmetric games.
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Dummy-Symmetric games

Let v0 be the 0-normalized game associated with v

Dummy-symmetric games

A game v is dummy-symmetric if in game v0 all the players that
are not dummy are symmetric

Unanimity games are dummy-symmetric

Proposition

There is a unique allocation rule satisfying efficiency, translation
invariance, dummy player, and symmetry on the class of dummy-
symmetric games.

Corollary

Shapley value, prenucleolus, nucleolus, tau value, core-center,///////equal
//////////division,/////and///////equal/////////surplus//////////division coincide for dummy-symmetric
games
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Additivity: ϕ(v + w) = ϕ(v) + ϕ(w)
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Additivity and Orthogonality

Additivity: ϕ(v + w) = ϕ(v) + ϕ(w) restrictive → Shapley
...
... Is there anything in between?
...

Translation Invariance (+DP): unrestrictive
If w is an additive game, ϕ(v + w) = ϕ(v) + ϕ(w)
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Additivity: ϕ(v + w) = ϕ(v) + ϕ(w) restrictive → Shapley
...
... Orthogonal Additivity
...

Translation Invariance (+DP): unrestrictive
If w is an additive game, ϕ(v + w) = ϕ(v) + ϕ(w)

Orthogonal Additivity:
If v and w are orthogonal, ϕ(v + w) = ϕ(v) + ϕ(w)
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...
... Orthogonal Additivity
...

Translation Invariance (+DP): unrestrictive
If w is an additive game, ϕ(v + w) = ϕ(v) + ϕ(w)

Orthogonal Additivity:
If v and w are orthogonal, ϕ(v + w) = ϕ(v) + ϕ(w)

We will have that if w is additive, v is orthogonal to w, so:
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Symmetry Orthogonality

Additivity and Orthogonality

Additivity: ϕ(v + w) = ϕ(v) + ϕ(w) restrictive → Shapley
...
... Orthogonal Additivity
...

Translation Invariance (+DP): unrestrictive
If w is an additive game, ϕ(v + w) = ϕ(v) + ϕ(w)

Orthogonal Additivity:
If v and w are orthogonal, ϕ(v + w) = ϕ(v) + ϕ(w)
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Additivity and Orthogonality

Additivity: ϕ(v + w) = ϕ(v) + ϕ(w) restrictive → Shapley
...
... Orthogonal Additivity
...

Translation Invariance (+DP): unrestrictive
If w is an additive game, ϕ(v + w) = ϕ(v) + ϕ(w)

Orthogonal Additivity: quite unrestrictive
If v and w are orthogonal, ϕ(v + w) = ϕ(v) + ϕ(w)

We will have that if w is additive, v is orthogonal to w, so:

Additivity (+DP) ⇒ Orthogonal Additivity (+DP) ⇒ (Translation Invariance)
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Symmetry Orthogonality

A fifth game

uS :=“Unanimity game of coalition S”
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Symmetry Orthogonality

A fifth game

uS :=“Unanimity game of coalition S”

Game v

N = {1, 2, 3, 4}

v = u123 + u14

COINCIDENCE OF: Shapley value, prenucleolus, nucleolus,
core-center, ////tau////////value,///////equal//////////division,//////and///////equal/////////surplus
/////////division
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Symmetry Orthogonality

A fifth game

uS :=“Unanimity game of coalition S”

Game v

N = {1, 2, 3, 4}

v = u123 + u14

“The tent”

COINCIDENCE OF: Shapley value, prenucleolus, nucleolus,
core-center, ////tau////////value,///////equal//////////division,//////and///////equal/////////surplus
/////////division

Why???

Orthogonality

Symmetry and Orthogonality in TU-Games González-D́ıaz and Sánchez-Rodŕıguez 24/30



Symmetry Orthogonality

A fifth game

uS :=“Unanimity game of coalition S”

Game v

N = {1, 2, 3, 4}

v = u123 + u14

“The tent”

COINCIDENCE OF: Shapley value, prenucleolus, nucleolus,
core-center, ////tau////////value,///////equal//////////division,//////and///////equal/////////surplus
/////////division

Why???

Orthogonality: “C(u123)⊥C(u14)”
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Orthogonality
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Orthogonality

The 0-normalized convex games v and w are orthogonal if, for
each i ∈ N and each S ⊂ N\{i}:

∆i(v, S)∆i(w,S) = 0
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Symmetry Orthogonality

Orthogonality

The 0-normalized convex games v and w are orthogonal if, for
each i ∈ N and each S ⊂ N\{i}:

∆i(v, S)∆i(w,S) = 0

D(v) :=“Dummy players of game v”
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Orthogonality

The 0-normalized convex games v and w are orthogonal if, for
each i ∈ N and each S ⊂ N\{i}:

∆i(v, S)∆i(w,S) = 0

D(v) :=“Dummy players of game v”

Lemma
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Symmetry Orthogonality

Orthogonality

The 0-normalized convex games v and w are orthogonal if, for
each i ∈ N and each S ⊂ N\{i}:

∆i(v, S)∆i(w,S) = 0

D(v) :=“Dummy players of game v”

Lemma
If the 0-normalized convex games v and w are orthogonal, then
i /∈ D(v) ⇒ i ∈ D(w). In particular D(v) ∪D(w) = N
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The 0-normalized convex games v and w are orthogonal if, for
each i ∈ N and each S ⊂ N\{i}:

∆i(v, S)∆i(w,S) = 0

D(v) :=“Dummy players of game v”

Lemma
If the 0-normalized convex games v and w are orthogonal, then
i /∈ D(v) ⇒ i ∈ D(w). In particular D(v) ∪D(w) = N

The above lemma suggests a natural definition orthogonality for
general games:
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each i ∈ N and each S ⊂ N\{i}:

∆i(v, S)∆i(w,S) = 0

D(v) :=“Dummy players of game v”

Lemma
If the 0-normalized convex games v and w are orthogonal, then
i /∈ D(v) ⇒ i ∈ D(w). In particular D(v) ∪D(w) = N

The above lemma suggests a natural definition orthogonality for
general games: v and w are orthogonal if D(v) ∪D(w) = N
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Symmetry Orthogonality

Orthogonality

The 0-normalized convex games v and w are orthogonal if, for
each i ∈ N and each S ⊂ N\{i}:

∆i(v, S)∆i(w,S) = 0

D(v) :=“Dummy players of game v”

Lemma
If the 0-normalized convex games v and w are orthogonal, then
i /∈ D(v) ⇒ i ∈ D(w). In particular D(v) ∪D(w) = N

The above lemma suggests a natural definition orthogonality for
general games: v and w are orthogonal if D(v) ∪D(w) = N

Orthogonality ⇐⇒ Decomposability
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Orthogonality

The games u12 and u34 are orthogonal
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Orthogonality

The games u12 and u34 are orthogonal

The core of u12 + u34 can be seen as the Cartesian product of
the cores of u12 and u34
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Orthogonality

The games u12 and u34 are orthogonal

The core of u12 + u34 can be seen as the Cartesian product of
the cores of u12 and u34

For several allocation rules, if v and w are orthogonal,
ϕ(v + w) = ϕ(v) + ϕ(w)
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Orthogonality

The games u12 and u34 are orthogonal

The core of u12 + u34 can be seen as the Cartesian product of
the cores of u12 and u34

For several allocation rules, if v and w are orthogonal,
ϕ(v + w) = ϕ(v) + ϕ(w)

If a game is sum of orthogonal games, its core is not full
dimensional:
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Symmetry Orthogonality

Orthogonality

The games u12 and u34 are orthogonal

The core of u12 + u34 can be seen as the Cartesian product of
the cores of u12 and u34

For several allocation rules, if v and w are orthogonal,
ϕ(v + w) = ϕ(v) + ϕ(w)

If a game is sum of orthogonal games, its core is not full
dimensional: The tent???
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Symmetry Orthogonality

Weak Orthogonality
We can go beyond orthogonality and additivity of orthogonal games
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Symmetry Orthogonality

Weak Orthogonality
We can go beyond orthogonality and additivity of orthogonal games

The 0-normalized convex games v and w are weakly orthogonal if
there is i ∈ N such that, for each j 6= i and each S ⊂ N\{j}:

∆j(v, S)∆j(w,S) = 0
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Symmetry Orthogonality

Weak Orthogonality
We can go beyond orthogonality and additivity of orthogonal games

The 0-normalized convex games v and w are weakly orthogonal if
there is i ∈ N such that, for each j 6= i and each S ⊂ N\{j}:

∆j(v, S)∆j(w,S) = 0

Lemma
If the 0-normalized convex games v and w are i-weakly orthogonal.
Then, given j 6= i, j /∈ D(v) ⇒ j ∈ D(w). In particular
D(v) ∪D(w) ⊃ N\{i}.
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Symmetry Orthogonality

Weak Orthogonality
We can go beyond orthogonality and additivity of orthogonal games

The 0-normalized convex games v and w are weakly orthogonal if
there is i ∈ N such that, for each j 6= i and each S ⊂ N\{j}:

∆j(v, S)∆j(w,S) = 0

Lemma
If the 0-normalized convex games v and w are i-weakly orthogonal.
Then, given j 6= i, j /∈ D(v) ⇒ j ∈ D(w). In particular
D(v) ∪D(w) ⊃ N\{i}.

v and w are...
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Symmetry Orthogonality

Weak Orthogonality
We can go beyond orthogonality and additivity of orthogonal games

The 0-normalized convex games v and w are weakly orthogonal if
there is i ∈ N such that, for each j 6= i and each S ⊂ N\{j}:

∆j(v, S)∆j(w,S) = 0

Lemma
If the 0-normalized convex games v and w are i-weakly orthogonal.
Then, given j 6= i, j /∈ D(v) ⇒ j ∈ D(w). In particular
D(v) ∪D(w) ⊃ N\{i}.

v and w are...

orthogonal if |D(v) ∪D(w)| = N
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Symmetry Orthogonality

Weak Orthogonality
We can go beyond orthogonality and additivity of orthogonal games

The 0-normalized convex games v and w are weakly orthogonal if
there is i ∈ N such that, for each j 6= i and each S ⊂ N\{j}:

∆j(v, S)∆j(w,S) = 0

Lemma
If the 0-normalized convex games v and w are i-weakly orthogonal.
Then, given j 6= i, j /∈ D(v) ⇒ j ∈ D(w). In particular
D(v) ∪D(w) ⊃ N\{i}.

v and w are...

orthogonal if |D(v) ∪D(w)| = N

weakly orthogonal if |D(v) ∪D(w)| ≥ N − 1
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Weak Orthogonality
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Weak Orthogonality

The games u123 and u14 are weakly orthogonal but not orthogonal
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The core of u123 + u14 is full dimensional
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Weak Orthogonality

The games u123 and u14 are weakly orthogonal but not orthogonal

The core of u123 + u14 is full dimensional

Shapley, prenucleolus, core-center, and tau value coincide for u123 and
u14 (dummy symmetric games)
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The core of u123 + u14 is full dimensional

Shapley, prenucleolus, core-center, and tau value coincide for u123 and
u14 (dummy symmetric games)

Shapley, prenucleolus, nucleolus, core-center,//////and/////tau///////value coincide for
u123 + u14
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Symmetry Orthogonality

Weak Orthogonality

The games u123 and u14 are weakly orthogonal but not orthogonal

The core of u123 + u14 is full dimensional

Shapley, prenucleolus, core-center, and tau value coincide for u123 and
u14 (dummy symmetric games)

Shapley, prenucleolus, nucleolus, core-center,//////and/////tau///////value coincide for
u123 + u14

Sh(u123 + u14) = Sh(u123) + Sh(u14) = (0.8333, 0.3333, 0.3333, 0.5)

τ (u123 + u14) = (0.8, 0.4, 0.4, 0.4)

Symmetry and Orthogonality in TU-Games González-D́ıaz and Sánchez-Rodŕıguez 28/30
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Orthogonal Additivity
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Symmetry Orthogonality

Orthogonal Additivity

Orthogonal Additivity
If v and w are weakly orthogonal, ϕ(v + w) = ϕ(v) + ϕ(w)
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Symmetry Orthogonality

Orthogonal Additivity

Orthogonal Additivity
If v and w are weakly orthogonal, ϕ(v + w) = ϕ(v) + ϕ(w)

Allocation
rule

prenucleolus

nucleolus
Shapley value
tau value
core-center

equal division
equal surplus division
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Symmetry Orthogonality

Orthogonal Additivity

Orthogonal Additivity
If v and w are weakly orthogonal, ϕ(v + w) = ϕ(v) + ϕ(w)

Allocation Translation
rule Invariance

prenucleolus X

nucleolus X

Shapley value X

tau value X

core-center X

equal division X
equal surplus division X
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Symmetry Orthogonality

Orthogonal Additivity

Orthogonal Additivity
If v and w are weakly orthogonal, ϕ(v + w) = ϕ(v) + ϕ(w)

Allocation Translation Additivity
rule Invariance

prenucleolus X X

nucleolus X X
Shapley value X X

tau value X X
core-center X X

equal division X X

equal surplus division X X
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Symmetry Orthogonality

Orthogonal Additivity

Orthogonal Additivity
If v and w are weakly orthogonal, ϕ(v + w) = ϕ(v) + ϕ(w)

Allocation Translation Orthogonal Additivity
rule Invariance Additivity

prenucleolus X X
* X

nucleolus X X* X
Shapley value X X X

tau value X X X
core-center X X X

equal division X X X

equal surplus division X X X
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Symmetry Orthogonality

Orthogonal Additivity

Orthogonal Additivity
If v and w are weakly orthogonal, ϕ(v + w) = ϕ(v) + ϕ(w)

Allocation Translation Orthogonal Additivity
rule Invariance Additivity

prenucleolus X X
* X

nucleolus X X* X
Shapley value X X X

tau value X X X
core-center X X X

equal division X X X

equal surplus division X X X

* This property holds if one of the two games has a nonempty core.
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Symmetry Orthogonality

Orthogonal Additivity

Orthogonal Additivity
If v and w are weakly orthogonal, ϕ(v + w) = ϕ(v) + ϕ(w)

Allocation Translation Orthogonal Additivity
rule Invariance Additivity

prenucleolus X X
* X

nucleolus X X* X
Shapley value X X X

tau value X X X
core-center X X X

equal division X X X

equal surplus division X X X

* This property holds if one of the two games has a nonempty core. Example
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If v and w are weakly orthogonal, ϕ(v + w) = ϕ(v) + ϕ(w)

Allocation Translation Orthogonal Additivity
rule Invariance Additivity

prenucleolus X X
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tau value X X X
core-center X X X

equal division X X X
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Symmetry Orthogonality

Orthogonal Additivity

Orthogonal Additivity
If v and w are weakly orthogonal, ϕ(v + w) = ϕ(v) + ϕ(w)

Allocation Translation Orthogonal Additivity
rule Invariance Additivity

prenucleolus X X
* X

nucleolus X X* X
Shapley value X X X

tau value X X X
core-center X X X

equal division X X X

equal surplus division X X X

* This property holds if one of the two games has a nonempty core.

Corollary. If a game is sum of weakly orthogonal dummy-symmetric
games, then Shapley, prenucleolus, nucleolus, and core-center coincide
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nucleolus X X* X
Shapley value X X X

tau value X X X
core-center X X X

equal division X X X

equal surplus division X X X

* This property holds if one of the two games has a nonempty core.
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Symmetry Orthogonality

Orthogonal Additivity

Orthogonal Additivity
If v and w are weakly orthogonal, ϕ(v + w) = ϕ(v) + ϕ(w)

Allocation Translation Orthogonal Additivity
rule Invariance Additivity

prenucleolus X X
* X

nucleolus X X* X
Shapley value X X X

tau value X X X
core-center X X X

equal division X X X

equal surplus division X X X

* This property holds if one of the two games has a nonempty core.

Corollary. If a game is sum of weakly orthogonal dummy-symmetric
games, then Shapley, prenucleolus, nucleolus, and core-center coincide

. . . and so does any other solution satisfying efficiency, dummy player,

symmetry, and orthogonal additivity
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Symmetry Orthogonality

Conclusion

We have developed the notions of symmetry and orthogonality
in TU games

Symmetry and Orthogonality in TU-Games González-D́ıaz and Sánchez-Rodŕıguez 30/30
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Conclusion

We have developed the notions of symmetry and orthogonality
in TU games

This analysis allowed to identify classes of games in which
different allocation rules coincide

We have also obtained axiomatic characterizations for these
solutions concepts in these classes of games

Symmetry and Orthogonality in TU-Games González-D́ıaz and Sánchez-Rodŕıguez 30/30
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