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A game is a triple G =< N, A, ¢ > where:
o N ={1,...,n} is the set of players
0o A= H?:l A;, where A; denotes the set of actions for player i

o ¢ =[["; @i, where ; : A — Ris the utility function of player i

vi = min max g;(a;,a_;
a_;€EA—ia;€EA; ( ’ )

F :=co{p(a) : a € ¢(A)} F=Fn{ueR":u>v} U
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The Repeated Game

o G(9,T) denotes the T-fold repetition of the game G with
discount parameter §

o Discounted payoffs in the repeated game,

s (o _1_5Z5t1
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General Considerations

The sets of actions are compact
Continuous payoff functions

Finite Horizon

Complete Information

°
°

°

@ Nash Equilibrium
°

@ Perfect Monitoring (Observable mixed actions)
°

Public Randomization (Without loss of generality)
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(Benoit & Krishna 1987)

@ We want to approximate the payoff u > v in equilibrium
@ Assume the existence of a Nash Equilibrium a of G such that

foreachi € N, p;(a) > v;

@ Equilibrium path
u?“""7u’u7(p(a)7"-7(10(a)
T—L stages L s;;ges

@ Deviation of agent i

Ugy o ooy Ugy Mi,vi,...,vi
—— ——
T—L+1 stages L stages
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T 1-1-1
M 0-1,-1
B 0-1,-1

@ Player 3 is forced to play R and player 2 to play r

@ The profile a3 =(T %) is a Nash Equilibrium of the reduced
game with Payoff (1 ) U

@ Now player 1 can be threatened
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Formal Definition

reliable players @ N1 Nh,1 Nh
game G | Glan,) Glan, )| —— —
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o N:={0 =Ny Ny C---C Np} subsets of N
o A= {aNl S AN17'~‘7aNh71 € ANhfl}
o X :={ot ..., 0"

Ny, is the top rung of the ladder
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Some properties

@ A ladder with top rung N}, is maximal if there is no ladder
with top rung Njs such that Ny C Ny

@ A game G is decomposable as a complete minimax-bettering

ladder if it has a minimax-bettering ladder with NV as its top
rung

All the maximal ladders of a game G have the same top rung
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The New Folk Theorem

(Julio Gonzalez-Diaz 2003)

o Existence of a complete minmax bettering ladder

o Every payoff in F' can be approximated in equilibrium

Remark
Unlike Benoit and Krishna's result, this theorem provides a
necessary and sufficient condition

Why the word generalized?
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Example (ldea of the proof)

m r | m r
T1]003]0-10]{0,-1,0 03-1 | 0-1-1{1,-1-1
M |-1001]0-10]0,-1,0 -1,0-11]-1,-1-1] 0,-1,-1
B|-1001]0-10]0,-1,0 -1,0,-11-1-1-110,-1,-1

L R

@ Nash Equilibrium: a=(T,I,L), payoff (0,0,3). Hence,
player 3 is reliable

@ “Nash Equilibrium”:

player 2 is reliable

Julio Gonzélez-Diaz
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Example (ldea of the proof)

I m r | m
0,03 1]0,-1,0]0,-1,0 0,3-1 | 0,-1,
-1,0,0 1 0,-1,0 ] 0,-1,0 -1,0-1 | -1,-1,-
-1,0,0 1 0,-1,0 ] 0,-1,0 -10,-1 | -1

w <A

1
[y
1

,_
x -

@ Nash Equilibrium: a=(T,I,L), payoff (0,0,3). Hence,
player 3 is reliable

@ “Nash Equilibrium”: a3 =(T,1.1?), payoff (0,3,-1). Hence,
player 2 is reliable

@ “Nash Equilibrium”: o32 =(T r R), payoff (1 ). Hence, U
player 1 is reliable
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@ Henceforth the set of players N is fixed

o Let TRy be the set of games with a maximal ladder with top
rung N C N

o Players in N’ are reliable. Players in N\ N’ are not

@ By definition, if a € A is such that all the players in N\ N’ are
best responding, then all of them receive their minmax payoff.
(otherwise N’ is not the top rung of a maximal ladder)

@ In every Nash equilibrium of G(4,T), players in N\ N’ must
be best responding at every stage

U
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o Let G be a game with top rung N’

o Leta e Apn

o Let A(a) :={(@,0) € A : o Nash eq. of G(a)}
o N= U&GAN/ A(a)
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Our Contribution

Generalized Nash Folk Theorem

Let G be a game with top rung N’

Let a € Apn-

Let A(a) :={(@,0) € A : o Nash eq. of G(a)}
A= Uaea,, Ma)

Fyii=Fnco{p(N) : A€ N}

¢ © ¢ ¢

(]
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Generalized Nash Folk Theorem

Let G € TRy:. Let uw € F'. Then, we can approximate u in Nash
equilibrium of G(9,T) (for some § and T) if and only if u € Fyy.

Given a game G we have characterized the whole set of payoffs
attainable as a Nash equilibrium in some repeated game associated

with G
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Our Contribution

eneralized Nash Folk Theorem

Let G € TRy'. Let w € F. Then, we can approximate u in Nash
equilibrium of G((;, T) (for some § and T) if and only if u € Fyy.

«

a, o)
“<" The ladder
“=" Let u ¢ Fy. For each strategy of the repeated game, take
the last stage in which an action not in A is played. A player in
N\N' can deviate without being punished
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Discussion

nobservable Mixed Actions

Example
| r | r | r
T(00,2(0,0,0 0,0-11]2-1-1 1,1-8 (-1, 2-8
B|10,00([0,00 -1,2-111,1-1 2-1-81 0,0,-8
L M R

@ The minmax payoff is (0,0,0)
o (T,I,L) is a Nash Equilibrium with payoff (0,0,2). Hence,
player 3 is reliable

o If player 3 randomizes (0,0.5,0.5) the subgame has an
equilibrium with payoff (0.5,0.5,-4.5). The game has a
complete ladder

@ Player 3 is not indifferent between M and R
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@ The results concerning necessity results still carry over

@ We have not found a proof for the sufficiency ones
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Discussion

Conclusions

o We have extended the result in Benoit and Krishna (1987)
o We have generalized the result in Benoit and Krishna (1987)

@ Our main result establishes a necessary and sufficient
condition for the finite horizon Nash folk theorem

@ Can the same result be obtained if we drop the assumption of
observable? mixed actions
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