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Repeated games

o Take the finitely repeated prisoner’s dilemma
o (Defect,Defect) in every period is the unique SPE (and NE)

Repeated games WITH COMMITMENTS

o Add a stage 0 to the repeated game

o Players can make unilateral commitments
each player says, for each possible history, what are the actions available
for him in the stage game taking place after that history

o Commitments are public and enforceable

o Can we get a folk theorem in this setting?

Adding commitments greatly increases the size of the game tree
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Our strategy is only defined for a very small part of the histories

How can we know if it is part of a SPE or not?I

o Do we need to fully describe the strategy to know if it is part
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@ Do we need to check all the subgames to know if it is part of
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@ What if we plug-in some equilibrium behavior after histories
where for which behavior has not been specified?
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A collection of information sets W is sufficient for EC, [ and b if

o W contains the path of b

o Let G,G’ € G(T') be such that b € EC(G). Then, there is
b€ EC(G @V G’) such that by = by

What do we mean by essentialize?'

The essential collection (for EC, I and b) is the unique minimal closed
sufficient collection (for EC, T and b)

o To essentialize an equilibrium concept EC is to find a map that
assigns, to each pair (I', b), the essential collection Wgc(T', b)
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e Is there b’ € EC(G) realization equivalent to b? } Equivalent if W is essential

o |s the restriction of b to Gw in EC(Gw)? (for EC, T and b)
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e Is there b’ € EC(G) realization equivalent to b? Equivalent if W is essential
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o |s the restriction of b to Gw in EC(Gw)?
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Let W be sufficient for EC, ', and b. Then, if by € EC(Gw),
then there is b € EC(G) that is realization equivalent to b
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o Given G = (I',h) and W

o We define the reduced game:
Gw = (T'w,h')

(0.1)

(1,0)

(L1)

e Is there b’ € EC(G) realization equivalent to b? } Equivalent if W is essential

o |s the restriction of b to Gw in EC(Gw)? (for EC, T and b)

Lemma
Let W be sufficient for EC, T, and b. Then, if byy € EC(Gw ),

then there is b € EC(G) that is realization equivalent to b

We can study the reduced game instead of the whole game'
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o Given G = (I',h) and W

o We define the reduced game:
Gw = (T'w,h')

(0.1)

(1,0)

(L1)

e Is there b’ € EC(G) realization equivalent to b? Equivalent if W is essential
o |s the restriction of b to Gw in EC(Gw)? (for EC, T and b)

Lemma
Let W be sufficient for EC, T, and b. Then, if byy € EC(Gw ),

then there is b € EC(G) that is realization equivalent to b

We can study the reduced game instead of the whole game'

® Significant difference for the repeated games example
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Let b € B(I') and let W be the essential collection for EC, I, and b

o bis a virtual EC if byy € EC(Gw ), or, equivalently
@ bis a virtual EC if there is b’ € EC(G) such that by = b,

Reason for the name virtual: EC(G) C VEC(G)

Let EC(G) # 0. Then, if b € VEC(G), there is b € EC(G)
realization equivalent to b

— What if EC(G) = 0?
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realization equivalent to b

— What if EC(G) = 0?
e Games in pure strategies
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Let b € B(I') and let W be the essential collection for EC, I, and b
o bis a virtual EC if byy € EC(Gw ), or, equivalently
@ bis a virtual EC if there is b’ € EC(G) such that by = by,
Reason for the name virtual: EC(G) C VEC(G)

Let EC(G) # 0. Then, if b € VEC(G), there is b € EC(G)

realization equivalent to b 2 (1-1)

— What if EC(G) = 0?
e Games in pure strategies
e Non-compact sets of strategies

(-1.1)
(-1.1)

(1-1)

d (1,1)
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Nash equilibrium

The essential collection consists of all the information sets that can
be reached after a unilateral deviation from b

Subgame perfect equilibrium

A subgame is relevant if it can be reached through a series of uni-
lateral deviations from b at other subgames

An information set belongs to the essential collection if it can be
reached after a unilateral deviation from b at a relevant subgame

Perfect equilibrium

Every information set belongs to the essential collection
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Essentializing equilibrium concepts

Nash equilibrium

The essential collection consists of all the information sets that can
be reached after a unilateral deviation from b

Subgame perfect equilibrium

A subgame is relevant if it can be reached through a series of uni-
lateral deviations from b at other subgames

An information set belongs to the essential collection if it can be
reached after a unilateral deviation from b at a relevant subgame
Perfect equilibrium

Every information set belongs to the essential collection

The more demanding the EC, the larger the essential coIIectionsI
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profile and p is a system of beliefs.
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—An assessment (b, p) is sequentially rational if, given p, all
players are best replying at all information sets
— An assessment (b, 1) is a weak perfect Bayesian equilibrium if
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Q@ u is calculated using Bayes rule in the path of b
— An assessment (b, 1) is a sequential equilibrium if

Q (b, ) is sequentially rational
Q u is consistent with b
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Belief-based equilibrium concepts

An assessment is a pair (b, i), where b is a behavior strategy
profile and p is a system of beliefs.
—An assessment (b, p) is sequentially rational if, given p, all
players are best replying at all information sets
— An assessment (b, 1) is a weak perfect Bayesian equilibrium if
Q (b, 1) is sequentially rational
Q@ u is calculated using Bayes rule in the path of b

— An assessment (b, 1) is a sequential equilibrium if
Q (b, ) is sequentially rational
Q u is consistent with b

Let f assign, to each strategy profile, a set of admissible beliefs.
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Belief-based equilibrium concepts

An assessment is a pair (b, i), where b is a behavior strategy
profile and p is a system of beliefs.
—An assessment (b, p) is sequentially rational if, given p, all
players are best replying at all information sets
— An assessment (b, 1) is a weak perfect Bayesian equilibrium if
Q (b, 1) is sequentially rational
Q o is calculated using Bayes rule in the path of b

— An assessment (b, 1) is a sequential equilibrium if

Q (b, ) is sequentially rational

Q u is consistent with b
Let f assign, to each strategy profile, a set of admissible beliefs.
— An assessment (b, ) is a sequentially rational under f if

Q (b, ) is sequentially rational

Q 1 belongs to f(b)
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Belief-based equilibrium concepts

An assessment is a pair (b, i), where b is a behavior strategy
profile and p is a system of beliefs.
—An assessment (b, p) is sequentially rational if, given p, all
players are best replying at all information sets
— An assessment (b, 1) is a weak perfect Bayesian equilibrium if
Q (b, 1) is sequentially rational
Q@ u is calculated using Bayes rule in the path of b
— An assessment (b, 1) is a sequential equilibrium if
Q (b, ) is sequentially rational
Q u is consistent with b
Let f assign, to each strategy profile, a set of admissible beliefs.
— An assessment (b, ) is a sequentially rational under f if
Q (b, ) is sequentially rational Possible versions of
Q 1 belongs to f(b) perfect Bayesian?
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Weak perfect Bayesian equilibrium
An information set u belongs to the essential collection for b if there is  such that:

@ u is calculated using Bayes rule in the path of b
@ according to i, a node in u is reached with positive
probability with a series of unilateral deviations from b
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Weak perfect Bayesian equilibrium
An information set u belongs to the essential collection for b if there is  such that:

@ u is calculated using Bayes rule in the path of b
@ according to i, a node in u is reached with positive
probability with a series of unilateral deviations from b

Sequential equilibrium
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Weak perfect Bayesian equilibrium
An information set u belongs to the essential collection for b if there is  such that:

@ u is calculated using Bayes rule in the path of b
@ according to i, a node in u is reached with positive
probability with a series of unilateral deviations from b

Sequential equilibrium
An information set u belongs to the essential collection for b if there is p such that:

Q p is consistent with b
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Sequential rationality
Every information set belongs to the essential collection
Weak perfect Bayesian equilibrium
An information set u belongs to the essential collection for b if there is  such that:

@ u is calculated using Bayes rule in the path of b

@ according to i, a node in u is reached with positive
probability with a series of unilateral deviations from b

Sequential equilibrium
An information set u belongs to the essential collection for b if there is p such that:

Q p is consistent with b

@ according to i, a node in u is reached with positive
probability with a series of unilateral deviations from b
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Essentializing (belief based) equilibrium concepts

Sequential rationality
Every information set belongs to the essential collection
Weak perfect Bayesian equilibrium
An information set u belongs to the essential collection for b if there is  such that:

Q o is calculated using Bayes rule in the path of b
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