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Abstract

I describe a new coalitional value from a non-cooperative point
of view, assuming coalitions are formed for the purpose of bargaining.
The idea is that all the players have the same chances to make propos-
als. This means that players maintain their own “right to talk” when
joining a coalition. The resulting value coincides with the weighted
Shapley value in the game between coalitions, with weights given by
the size of the coalitions. I apply this value to an intriguing example
presented by Krasa, Temimi and Yannelis (Journal of Mathematical
Economics, 2003) and show that the Harsanyi paradox (forming a
coalition may be disadvantageous) disappears. These results throw
certain doubts on the reasonability of the Carrier axiom as presented
by Hart and Kurz (Econometrica, 1983).
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1 Introduction

Many economic situations can be modelled as a set of agents or players with
independent interests who may benefit from cooperation. Moreover, it is not
infrequent that these agents have partitioned themselves into coalitions (such
as unions, cartels, or syndicates) for the purpose of bargaining.

Assuming that cooperation is carried out, the question is how to share the
benefit between the coalitions and between the members inside each coalition,
i.e. which “value” best represents the expectation of each individual. The
economic theory has addressed this problem from two different points of view.
One of them is axiomatic. The other is non-cooperative.

The axiomatic point of view focuses on finding allocations which satisfy
“fair” (or at least “reasonable”) properties, such as efficiency (the final out-
come must be efficient), symmetry (players with the same characteristics
must receive the same), etc. The non-cooperative point of view leads to the
study of the allocations which arise in a given non-cooperative environment.
In this paper, I follow a non-cooperative approach.

Taking an axiomatic point of view, Owen (1977) presented a value for
transfer utility games with coalition structure. Another axiomatic character-
ization was provided by Hart and Kurz (1983).

Owen assumed that this structure was exogenously given. Hart and Kurz
(1983) reinterpreted the Owen value assuming that players form coalitions
in order to improve their bargaining power.

Under both approaches, the main idea is that the coalitions play among
themselves as individual agents in a game between coalitions, and the surplus
obtained by each coalition is distributed among its members.

Recently, the Owen value has been non-cooperatively supported by Vidal-
Puga and Bergantinos (2003) and Vidal-Puga (2005). In these papers, the



players play a non-cooperative mechanism' in two stages: in the first stage,
the players inside a coalition bargain among themselves the strategy to follow
in the second stage, where bargaining takes place among coalitions.

In Vidal-Puga (2005) I generalize a previous mechanism of Hart and Mas-
Colell (1996). In Hart and Mas-Colell’s model, a player is randomly chosen
in order to propose a payoff. If this proposal is not accepted by all the
other players, the mechanism is played again under the same conditions with
probability p € [0,1). With probability 1 — p, the proposer leaves the game
and the mechanism is repeated with the rest of the players.

In Vidal-Puga (2005), this procedure is played in two stages. First, agree-
ments are negotiated within coalitions and then through delegates among
coalitions. In the first stage, a player is randomly chosen out of each coali-
tion and proposes a payoff. Each proposal is voted by the rest of the members
of its own coalition. If one of them rejects the proposal, the mechanism is
either played again under the same conditions (probability p), or the pro-
poser leaves the game and the mechanism is repeated with the rest of the
players (probability 1 — p). If there is no rejection, the proposal of one of
the coalitions is randomly chosen. If this proposal is not accepted by all
other coalitions, the mechanism is played again under the same conditions
(probability p), or the entire proposing coalition leaves the game and the
mechanism is repeated with the rest of the players (probability 1 — p).

This mechanism in two stages implements the Owen value in a non-
restrictive class of games (Vidal-Puga (2005)). Notice that each coalition
is acting as a single unit in the second stage. The entire proposing coalition
leaves the game when the proposal made by one of its members is rejected
by the other players.

Frequently, it is interpreted that players form coalition structures in order
to improve their bargaining strength (Hart and Kurz (1983)). However, as
Harsanyi (1977, p. 203) points out, the bargaining strength does not improve

I To avoid ambiguities with cooperative games, I use the term non-cooperative mecha-

nism, or simply mechanism, rather than non-cooperative game.



in general. An individual can be worse off bargaining as a member of a
coalition than bargaining alone. Formally stated, the Harsanyi paradox? is
as follows: Consider a simple n-person unanimity game in which n players
can share a pie of size 1 as long as all of them agree on the division. Under a
symmetric assumption, each player will typically expect to get a share of the
pie of size 1/n. Assume now two players decide to join forces and act as one
single player. Harsanyi claims that this situation is equivalent to a symmetric
(n — 1)-person unanimity game and thus each player’s expectation should be
a pie of size 1/ (n — 1). Hence, by joining forces, the two players have moved
from a joint expectation of 2/n to an expectation of just 1/(n—1). Of
course the same result holds if more than two players decide to act as one
player (except in the trivial case in which all n players participate in this
agreement).

This paradox seems somehow problematic. It implies that cooperation
can be harmful in bargaining environments. Chae and Heidhues (2004, p.
47) provide the following explanation: By merging in a coalition structure,
players reduce their multiple “rights to talk” to a single right in the game
between coalitions, hence improving the position of the outsiders.

The meaning of “rights to talk” is not clear from an axiomatic viewpoint
(see for example Chae and Moulin (2004)). However, it has a clear meaning
in the mechanism in Vidal-Puga (2005). The right to talk is simply the
right to make a proposal. This right is dispelled as the size of the coalition
increases. For example in the n-person unanimity game where two players
act as one unit, the proposal comes from one of the members of the joined
coalition with a probability 1/ (n — 1), whereas when no coalition is formed
the proposal would come from one of them with probability 2/n.

In this paper, I study the effect that provides to maintain the “rights to
talk” of the players inside a coalition. I modify the mechanism in Vidal-Puga
(2005) so that players maintain their “rights to talk”. Hence, the coalitions

with more members have more chances to make proposals. In the previous

2Harsanyi calls it the joint-bargaining paradox.



example, this means that the proposal from a member of the joined coalition
will come with a probability 1/n, as if he were acting alone. However, the
coalitions still bargain as single units: The entire proposing coalition leaves
the game when its proposal is rejected.

As a consequence of this modification, the resulting equilibrium payoff
coincides with the weighted Shapley value (Shapley, 1953a) in the game be-
tween coalitions, with weights given by the size of the coalition.

Moreover, the final outcome in unanimity games is not affected: The
equilibrium payoffs would be the same irrespective of the coalition structure
(see Proposition 4.5). However, this is not true in general games. Krasa,
Temimi and Yannelis (2003) recently presented an intriguing example with
three players in which the benefit of joining a coalition critically depend on
informational asymmetries. More specifically, when information is complete,
players 1 and 2 find it advantageous to bargain as one unit. However, when
players 1 and 2 lack certain information that is only available to the outside
party, they are better off bargaining separately (even though in either case
they are in a weaker position than before). With the proposed modifica-
tion, the final outcome seems much more intuitive: Players 1 and 2 are still
in a weaker position when information is not complete; however, bargain-
ing as one unit is always advantageous, and the benefit of joining forces in
the differential information case is exactly the same as when information is
complete.

The new proposed mechanism is still a generalization of the mechanism
of Hart and Mas-Colell (1996), in the sense that they coincide when the
coalition structure is trivial (i.e. all the coalitions are singletons, or there
exists a unique coalition).

The notation used throughout the paper and some previous results are
presented in Section 2. The new coalitional value is presented in Section 3.
The formal mechanism and the main result are presented in Section 4. In
Section 5 the example presented by Krasa, Temimi and Yannelis (2003) is

analyzed. Finally, Section 6 is devoted to a brief discussion.



2 Preliminaries

Let U = {1,2,...} be a (may be infinite) set of potential players. A non-
transferable utility game, or NTU game, is a pair (N,V) where N C U
is finite and V' is a correspondence which assigns to each S C N, S # ) a
nonempty, closed, convex and bounded-above subset V' (S) C R¥ representing
all the possible payoffs that the members of S can obtain for themselves when
playing cooperatively. For S C N, I maintain the notation V' when referring
to the application V restricted to S as player set. For simplicity, I denote
V (i) instead of V' ({i}), S Uiinstead of S U {i} and N\i instead of N\{i}.
I denote the set of NTU games as NTU.
For each i € N, let r; := max{x :x € V (i)}.

When
V(S) = {x cR%: sz < U(S)}

ieS
for some v : 2¥ — R with v () = 0, I say that (N, V) is a transferable utility
game (or TU game) and I represent it as (N,v). As before, I maintain the
notation v when referring to the application v restricted to 2°.

A TU game is superadditive if it satisfies v (S) + v (T') < v(SUT) for
all S, T C N with ST # 0, SNT = 0. A TU game is conver if it satisfies
v(TUi)—v(T) <v(SUi)—v(S) foralli € Nand T C S C N\i. If
the previous inequalities are strict, the TU game is strictly superadditive and
strictly conver, respectively. All (strictly) convex TU games are (strictly)
superadditive. A wunanimity game is a TU game satisfying v (N) = 1 and
v (S) = 0 otherwise. All unanimity games are convex.

When V (S) = {r°} for all S & N, where rj = r; for all i € S, and
rNV € V (N), Isay that (N, V) is a pure bargaining problem.

Unanimity games are both TU games and pure bargaining problems.

Given N C U finite, I call coalition structure over N a partition of the
player set, i.e. C = {Cy, 0y, ...,Cp,} C 2V is a coalition structure if it satisfies
Uc,ec Co = N and Cy N G, = 0 when ¢ # r. I also assume C; # 0 for all g.
A coalition structure C over N is trivial if either C = {{i}};en or C = {N}.



For any S C N, I denote the restriction of C to the players in S as Cs (notice
that this implies that Cs may have less or the same number of coalitions as
C). Given a TU game (N,v) and a coalition structure C = {C1,Cy, ...,Cp,}
over N, the game between coalitions is the TU game (M,v/C) where M =
{1,2,...,m} and v/C(Q) =v (quQ Cq> for all @ C M.

I denote an NTU game (N, V') with coalition structure C over N as (N, V,C).
I denote the set of NTU games with coalition structure as CNTU.

Given G is a subset of NTU or CNTU, a value in GG is a correspondence
¢ which assigns to each (N, V) € G or (N,V,C) € G a vector )™ (V) € RV,
With a slight abuse of notation, I say that " (V) is the value of (N, V),
and each ¥ (V) is the value of 7. A value ¥ is efficient if 1»™ (V) belongs to
the upper boundary of V' (N) for all (N,V'). For any TU game (N, v), this
condition is equivalent to say >,y 11 (v) = v (N).

Two well-known efficient values in TU games and in bargaining problems
are respectively the Shapley value (Shapley (1953b)) and the Nash solution
(Nash (1950)). I denote the Shapley value of the TU game (N, v) as o~ (v) €

. A simple inductive method to compute the Shapley value of (N, v) is
as follows: ! (v) = r; for all i € N. Assume we know ¢” (v) € R7 for all
T ¢ S. Then,

ﬁw:§v< v\ + Y Y )

jes\i

or equivalently, by efficiency,

S 1 S\j S\
AW =15 [0+ 3 (o0 -6 ) 1

jes\i
forallz € S.

In NTU games that are both TU games and pure bargaining problems,
the Shapley value and the Nash solution coincide. In unanimity games,
©N (v) =1/|N| for all i € N.

A non symmetric generalization of ¢ (v) is the weighted Shapley value
(Shapley (1953a), Kalai and Samet (1987, 1988)). I denote the weighted

7



Shapley value of the TU game (N,v) as ¢V (v) € RY, where w € RY, is
a vector of weights. Pérez-Castrillo and Wettstein (2001, Lemma 1) proved
that the weighted Shapley value can be inductively computed as follows:
¢ () = r; for all i € N. Assume we know @7 (v) € RY for all T ¢ S.

Then,

1 w
o (v) = S o | (S) = wiw (S\i) + ) wje; "V (v) (2)
jes I jeS\i

or equivalently, by efficiency,

for allz € N.

As it becomes clear from the previous formulas, when w; = w; for all
1, J, the weighted Shapley value coincides with the Shapley value. Moreover,
when w,w’ € RY. are two weight vectors such that there exists o > 0 with
w; = aw) for all i € N, then ¢V (v) = 'V (v).

The weight vector breaks the symmetric treatment of players in a TU
game, but they should not be interpreted as a measure of bargaining power.
In particular, Owen (1968) presented a simple example in which one of the
players was worse-off when his weight increased. See, for example, Haeringer
(2000, Section 4).

However, for convex games, a higher weight never implies a lower weighted
Shapley value (Haeringer (2000, Section 4)).

I now focus on TU games with coalition structure. Fix C = {C,...,Cp,}
and M = {1,..,m}. Owen (1977) proposed an efficient value based on
Shapley’s which takes into account the coalition structure. I call this value
the Owen coalitional value, or simply the Owen value. The Owen value is
defined as follows: Given C, € C, the reduced TU game (Cy, v,) is defined as
vy (T) := @é‘” (U/CN\(Cq\T)) for all T C C,. Thus, each v, (T) is the Shapley

value of the coalition 7" in the game between coalitions assuming that the



members of C,\T are out. The Owen value is then defined as
o (v) = )" (1)

for all i € C.

The interpretation of this definition is as follows: Players in C, should
divide )’ (v/C), which is their value in the game between coalitions. In
order to compute the contribution of each player, a new game is defined,
where the worth of a (sub)coalition 7" C C, is the value that 7" would get
should the other players in C; are not present and 7" plays the role of ¢ € M
in the game between coalitions.

Obviously, when the coalition structure is trivial, the Owen value coin-
cides with the Shapley value.

Levy and McLean (1989) studied the weighted coalitional value with in-
tracoalitional symmetry. This value is defined as follows (Levy and LcLean
(1989, Proposition C(2))). Given a vector of weights w € RY, for the coali-
tions and C, € C, the weighted reduced TU game (C vw) is defined as

9> “q

v (T) := o™ (v/Cayc\m) for all T C Cy. The weighted coalitional value

with intracoalitional symmetry, with weights given by w, is defined as
W C w
¢ (v) = 9" (vy)

for all 2 € N.
The interpretation of this definition is as before. However, in this case
the coalitions are not treated symmetrically in the game between coalitions.
When C = {{i}}:en, this value coincides with the weighted Shapley value.
When C = {N}, it coincides with the Shapley value. When w, = w, for all
q,7, it coincides with the Owen value.

N -
N,

When there is no ambiguity, I write ¢V, ¢V, ¢ instead of v (v),

¢" (v), ¢V (v), ¢ (v).
I now define formally the Harsanyi paradox. Given C, C, € C, I define
the coalition structure C?*" as (C\ {C,,C,}) U{C, UC,}. This means that

the coalition structure C?™" arises from C when coalitions C,, C, join forces



and act as a single coalition C;UC,. Let ¢ be a value defined on G C CNTU.
Just in this case, I write ¢/ (C) and ¢™ (C?*") when the coalition structure

is given by C and C?"", respectively. I say that v is joint-monotonic in G if

YoowO< Y, (et

i€C4UC, i€CLUC,

for all (N,V,C) € G and all C,,C, € C. I say that a value yields the
Harsanyi paradox if it is not joint-monotonic in unanimity games. It is well-
known that the Owen value is not joint-monotonic in unanimity games. The
Shapley value is joint-monotonic in all TU games, but this is because ¢ does
not take into account the coalition structure?.

When a value is not joint-monotonic, the members of a coalition can be
better off acting alone than acting as a single unit that tries to improve its
members’ aggregate payoff (cf. the explanation given by Harsanyi (1977, p.
204-205)).

3 A new coalitional value

One feature of the Owen value is that the aggregate value received by each
coalition depends only on the game between coalitions v/C. In fact, this
is one of the properties that Owen (1977, Axiom A3) uses to characterize
¢. Hart and Kurz (1983, p.1051) consider that this property “is the most
difficult to accept”, and propose an alternative characterization without it.
An important consequence of this property, together with symmetry, is
that two coalitions that affect the game between coalitions in a symmetric
way will receive the same aggregate payoff. Levy and McLean (1989, p.235)
claim that this intercoalitional symmetry may not be a reasonable require-
ment for a value. A classical example (Kalai and Samet (1987)) is the case
where coalitions represent groups of different size. In these cases it seems
reasonable to assign a size-depending weight to each coalition. A natural

way to proceed is to give each coalition a weight proportional to its size (see

3For the same reason, the Nash solution is joint-monotonic in pure bargaining problems.
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Kalai and Samet (1987, Section 7) for additional arguments supporting this
particular choice).

An obvious candidate is the Levy-McLean value ¢* with weights w given
by w, = |C,| for each C, € C. However, we should be cautious with the
definition of the weighted reduced TU game (Cy,v%). Remark that v (T') =
goZJM (v /C N\(Cq\T)) is interpreted as the value that 7" would get should C,\T'
be not present and 7' play the role of ¢ € M. However, coalition T has
size |T| < |Cy| in Cn\(c,\r)- Under the above interpretation, if players in
C,\T are not present, there is no reason to assume that the weight of ¢ € M
remains unchanged.

In order to take into account the real size of the subcoalitions, let A € R},
be the weight system given by A\, = |T| and A\, = |C,| otherwise. A new
reduced TU game (C’ v ) is defined as

9> Yq

N (T) = o™ (v/Cavcm)

for all 7" C C,. Thus, each U;N (T') is the weighted Shapley value, with
weights given by the size of each coalition, of coalition 7" in the game between

coalitions assuming that the members of C,\T" are out.

Remark 3.1 Another possible interpretation of the worth of T' is that players
in C,\T are present, but they do not take part in the negotiation with the
other coalitions. Hence, coalition T’ maintains its weight in the game between

coalitions. In this case, the weighted reduced TU game (C'q,v;") makes sense.

I denote the resulting coalitional value as (. The formal definition is as

follows:

Definition 3.1 Given a TU game with coalition structure (N, v,C), the value
¢ is defined as

forallie C,eC.

11



As usual, I write ¢V instead of ¢V (v).

Remark that the TU game (Cq, U;N ) is not a weighted reduced TU game
(C’, v;’), and the value ( is not a weighted coalitional value with intracoali-
tional symmetry. The weights A that appear in the definition of U;‘N (T)
depend on 7', whereas in the definition of v, the weights are the same for
each possible T'.

From now on, I consider the normalized version of A for each S C N, that
is

A = 1%l
“ 1S
for all S C N and all C’C’I € Cgs.

In the next proposition I describe an inductive formula to compute (.

Proposition 3.1 Let (N,v,C) be a TU game with coalition structure. Then,
¢ can be defined inductively as follows: Q{i} =r; foralli € N. Assume we
know ¢* € RT for all T & S. Then, (5 =

1 . i ’ /
@ [+ 2 (@Y= 3 (WG -n g
q JECI\i ClLeCs\C}, jeCy jely

Jor alli e C € Cs.

Proof. The result is clear for (I, I prove the result for (S,v,Cs). Let
M ={q:C,eCs} and m' =M.

Claim 3.1 Given i,j € C; € Cs, c,ol-c‘;\j (v;S) = cpl-c‘l]\j (st\j> :

It is enough to prove that v}® (T') = v;S\j (T) for all T' C Cy\j. Given
T C C\j,
v (1) = %023\(%\T)M, (“/ Cs\(cg\T)>
_ S02<S\j>\((c*g\j)\T)M/ (U/C(S\j)\((C{Z\j)\T)> — 78V (T).
Claim 3.2 Given q,r € M’, gpa\SM/\r (v/Cg) = ;2\ (cr).

12



The weights )\5 are proportional to the weights )\5\0; for all ¢ € M'\r.

Hence,
S M\ p S\C‘T N\ g
o) MV (v/Cs) =) MV (v/Cs) .
Moreover, v/Cs (Q) = v/Cs\¢: (Q) for all Q € M'\r. Hence,
S\C7 Af "\ S\CL Ay /
wy MV (0/Cs) =@ MY (0/Caver) = 03N ()
Claim 3.3 Given q,7 € M', v *S\C (C’;) = Zjeq; Cf\cﬁ.

By definition,
S\Cy. _ Cq [, «S\CL\ _ , +S\C/. (v
ch —Zgojq<vq\ )_Uq\ (Cq)'
ject jecy

I now use the claims to prove the result. Given i € C; € Cg,

Coq (, * 1) 1 * A Ca\i ()
G C D DI CRI Gy B CY)
q

JECI\i

(Claim 3.1) 1 S 5 i
im 3.1) 1 Z (C \i _ \) ‘ (4)

’C‘;} ]EC/\’L
Taking into account that ) ;. A = *S (C’ ) =
ey M (wfCs) E NufCs (M) + Y (AfsogsM'\r (v/Cs) = X5 (0/Cs) )
reM’\q
(Claig 3.2) Z ()\S *S\C’ ) _ AfU:S\C{Z (07,1)>
reM’\q
(Claim 3.3) )\5 (S)+ Z A9 Z C;s*\c; e Z C;S'\Cé . (5)
CleCs\C JECY jecy

The result comes from combining (4) and (5). =

From now on, fix (N,v,C).

Corollary 3.1 For any S C N and C;, € Cs,

PINGEPHICI EE N PN ¢S\ _ 38 3 CJs\c;

i€Cy CleCs\Cy JeCy jecCu.
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Proof. Under Proposition 3.1,

S = Nt X (-6

ieCy ZEC” JECH\i
S S\C. s S\Cq
NG NG
crecs\c; \ jec, jecy
but
S S S\Jj S S S\t
S (0= B () S T
1€Cy jeCh\i 1,j€CY i,j€CY 1,j€CY

and hence the result holds. =
The next corollary states that each coalition gets its weighted Shapley

value of the game between coalitions, with weights given by their size.

Corollary 3.2 For any S € N and C;, € Cs,

> = =) M (v/Cs)

1eCy

where M' = {r: C! € Cg}.

Proof. I proceed by induction on m' = |M’|, the number of coalitions in
Cs. For m' = 1, the efficiency of ¢ and go’\s makes the result. Assume the
result is true for coalition structures of size less than m’. Under Claim 3.2
and Claim 3.3, Ziec& Cf\ci = gpé‘le\T (v/Cs). Under Corollary 3.1,

S = Ave()+ Y (WM (0/Cs) = Xl M (v/Cs))

ieC! reM’\q

2o (w/es).

I now prove that with this new value the Harsanyi paradox disappears.

Proposition 3.2 The value ( is joint-monotonic in conver games.
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Proof. I proceed by induction on m, the size of C. For m = 2, the result is

trivial. Assume the result is true for coalition structures of size m — 1. Let

Cy, Cr € C. lassume wlog g = m—1landr = m. Let C* = {Cf, s, Cr i}

where C) = C), for all p < m —1and C;,_; = €)1 UCy,. Let M* =

{1,2,...,m — 1}, and let w € RM w* € RM" be defined as w, = wy = f\ﬂ' for
_ |Cmal |Cim |

allp<m—1, w1 = N Wi = TN and wy, | = Wp—1 + wWp. Under

Corollary 3.2, it is enough to prove that

PN (0/C) + M (v/C) < M (w/CT)

For simplicity, I denote v = v/C and u* = v/C*.
Under (2),

Py (W) + o (u) = wmoau (M) = wpogu (M (m — 1))

wM
+ 0w (w)
pEM\(m—1)

+wpt (M) — wpu (M\m) + Z wypM\P (4
peEM\m

= wWpu (M) — wy_qu (M\ (m — 1))
Fwmt (M) — wpu (M\m)
Fom" () + w7 ()

) wp (Y W+ e (W)

p<m—1
and
*M* * * * * * * w*M
Gl () = wh_gut (M7) —wy,_qu (M7 + > wren Y ()
p<m—1
= (Wm-1F+wm) u(M) = (Wn-1 +wm) u(M\{m —1,m})
+ > when TV ().

p<m-—1

Under the induction hypothesis, we have oM\ (u) 4+ (1) < @MV (u*)
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for all p < m — 1. Hence, it is enough to prove,

W1t (M) — wygu (M\ (m — 1)) + wyu (M)
~wintt (M\1) + Wi (1) + Wi N (1)

< (W 4 won) 4 (M) — (@1 + o) w (M {m — 1,m}).
Simplifying and rearranging terms,
Wit [ (M (m = 1)) = (M\ fm — 1,m}) — g\ ()]
oo [ (M\m) —u (M\ {m = 1,m}) = g2\ (u)]

must be nonnegative. In fact, both terms are. We check it for the second

one (the first is analogous):

S (u) < u (M\m) — u (M {m — 1,m})

m—1

It is well-known (Kalai and Samet (1987, Theorem 1)) that the weighted
Shapley value is a weighted average of marginal contributions. Since (N, v) is
convex, the TU game (M\m, u) is convex too. This implies that the maximal
marginal contribution of m—11in (M\m,u) is u (M\m)—u (M\ {m — 1,m}).
Hence we conclude the result. m

Proposition 3.2 does not hold in general for nonconvex games, as the next

example shows:

Example 3.1 Let N ={1,2,3,4,5} and v be defined asv ({1}) =v ({2}) =
v(T)=0,v({1,2}) =v({L1,2} UT) =360 and v ({1} UT) =v ({2} UT) =
180 for all T C {3,4,5}, T # (. This TU game is superadditive but not
convez. Consider the coalition structure C = {{1},{2},{3,4},{5}}, i.e

players 3 and 4 form coalition. Then,

N = (147,147,12,12,42) .

Consider now the coalition structure C* = {{1},{2},{3,4,5}}, i.e. player5

joins forces with coalition {3,4}. Then,

¢ = (153,153,18,18,18) .
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I now present a technical property that will be used in the next section.
This property has the flavor of the balanced contributions property of My-
erson’s (1980), and it is also satisfied by the Owen value (Calvo, Lasaga and
Winter (1996), Bergantinos and Vidal-Puga (2005)):

Proposition 3.3 For all S C N andi € C’é € Cg,

S (=) = 3 (G-
JECIN JECH\
Proof. Under Proposition 3.1 and Corollary 3.1,
S\i S\'L
G [T X (=)
JjeCy JECH\i

We have then

Gl = 3G+ 3 (@V-¢Y)

JEC} JEC\i

= Y F+e+ Y (S\J S\z)
JECH\i JECH\i

= Y@@+l 3 (@ -)
JeCH\i JECI\i

and hence

Z Z <CS\] S\z)
]EC’[I\Z ]EC”\Z

from where the result is easily deduced. m
The next proposition states that, in strictly convex TU games, the aggre-
gate payoff in a coalition is higher than when one of its members leaves and

gets his autarky payoff.

Proposition 3.4 For strictly convex TU games,

DG G

jeC\i jecy
foralli e C} € Cs, S # {i}.
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Proof. Let M’ = {r: C € Cs}. Since the game is strictly convex, (M’,v/Cg)
is also strictly convex and thus strictly superadditive. Assume first Cj =

{i} (hence Zjec,\i Cf\i = 0). Under Corollary 3.2, it is enough to prove

r < gojl\SM/ (v/Cs), which is straightforward given the strict superadditiv-
ity of (M',v/Cs) and the fact that @25 is a weighted average of marginal

contributions.

Assume now C; # {i}. Under Corollary 3.2, it is enough to prove

S\ip g7 ? Sag
‘Pfl\ M (U/CS\i) + 1 < 302 M (v/Cs).

It is straightforward to check that \? V= |S‘|L_|1)\f for all 7 € M'\q, whereas

svi _ lcil-1 s
A= e P
reduces its relative weight in the game between coalitions. Since (M 0y Cg\i)

is strictly convex, (p;va/ (v/Cs\i) < QOQSM/ (v/Csvi)-

/\5 . Hence, when weights change from A% to \* Vi coalition q

Hence, it is enough to prove

! ? !
oy M (v/Csy) +1i < 9y M (v/Cs).

Consider the following TU games on M":

uq@):{o fagQ

T lfQEQ

and v (Q) = v/Cs\; (Q) + u4 (Q) for all Q € M.

Under strict superadditivity, v' (Q) = v/Cs(Q) if ¢ ¢ Q and V' (Q) <
v/Cs (Q) if ¢ € Q. It is well-known from Kalai and Samet (1985) that the
weighted Shapley value is monotonic. Thus gpfl‘sM' (V) < go;\SM "(v/Cs).

Since the weighted Shapley value satisfies additivity goqASM' (U/Cs\i> +

gpgsM/ (u,) = gpgsM/ (v"). Moreover, gpg‘sM' (uq) = r;. Hence,

St Sart Sar!
g " (v/Csv) +ri= 9 M (V) < g M (v/C).
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4 The noncooperative mechanism

In this section I describe the non-cooperative mechanism. This mechanism
arises as a modification of the mechanism presented in Vidal-Puga (2005).

Even though the model is defined for NTU games, I focus on TU games
and bargaining problems.

Fix (N,V,C) € CNTU. For each S C N, I denote by I's the set of
applications v : Cg — S satisfying ~ (C;) € C, for each C; € Cs. For
simplicity, I denote v, := v (C(’J).

The coalitional non-cooperative mechanism associated with (N, V,C) and

p € 10,1) is defined as follows:

In each round there is a set S C N of active players. In the
first round, S = N. Each round has one or two stages. In the
first stage, a proposer is randomly chosen from each coalition.
Namely, a function v € I'g is randomly chosen, being each ~
equally likely to be chosen. The coalitions play sequentially (say,
for example, in the order (C1,C5,...,C! ) in the following way:
~, proposes a feasible payoff, i.e. a vector in V'(S5). The members
of C7\7, are then asked in some prespecified order to accept or
reject the proposal. If one of them rejects the proposal, then
we move to the next round where the set of active players is S
with probability p and S\7y, with probability 1 — p. In the latter
case, player 7, gets r,,. If all the players accept the proposal, we
move on to the next coalition, C4. Then, players of C proceed
to repeat the process under the same conditions, and so on. If
all the proposals are accepted in each coalition, the proposers are
called representatives. We denote the proposal of vy, as a (S , vq) €
V().

In the second stage, a proposal is randomly chosen. The prob-
ability of a(S,,) being chosen is \°, i.e. proportional to the

size of the coalition that supports it. Assume a (S, yq) is chosen.
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We call player v, the representative-proposer, or simply RP. If all
the members of S\C; accept a (S, yq)f they are asked in some
prespecified order — then the game ends with these payoffs. If it
is rejected by at least one member of S\Cy, then we move to the
next round where, with probability p, the set of active players is
again S and, with probability 1 — p, the entire coalition C; drops
out and the set of active players becomes S \C’é. In the latter case

: !
each ¢ € O gets ;.

Clearly, given any set of strategies, this mechanism finishes in a finite
number of rounds with probability 1.

This mechanism coincides with the mechanism in Vidal-Puga (2005) ex-
cept that the probability of a coalition to be chosen is proportional of its
size!. With this modification, when there is no rejection each player has the
same probability to be chosen RP. Hence, players do not loose their “right to
talk” when joining a coalition.

The mechanism also generalizes Hart and Mas-Colell’s (1996) for trivial
coalition structures. For C = {N}, the second stage is trivial, since there
is a single representative and a single proposal. Moreover, the first stage
coincides with Hart and Mas-Colell’s mechanism. For C = {{i}},., the first
stage is trivial. Each player states a proposal, and in the second stage a
proposal is randomly selected with equal probability and voted by the rest
of the players/coalitions.

As usual, I consider stationary subgame perfect equilibria. In this context,
an equilibrium is stationary if the players’ strategies depend only on the set
of active players. They do not depend, however, on the previous history or
the number of played rounds.

Before studying the general stationary subgame perfect equilibria, it is

worthy to analyze a particular example.

4In Vidal-Puga (2005) each coalition is chosen with the same probability.
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Example 4.1 Let N = {1,2,3} and v be defined as v ({1,2}) =v(N) =1
and v (S) = 0 otherwise. Consider the coalition structure C = {{1},{2,3}},
i.e. players 2 and 3 form coalition.

When there are two active players, the mechanism coincides with the
mechanism given by Hart and Mas-Colell, and thus the expected final payoffs
are (1 = (11} and ¢ = (3 = (0,0).

Assume now the set of active players is N. For simplicity, assume p = 0.
Then, player 1 would propose a (N,1) = (1,0,0), i.e. he offers the other
players their respective continuation payoff after rejection in the second stage.
The proposals given by player 2 and player 3 are subtler, because they would
not propose to each other their continuation payoff after rejection in the first
stage. Instead, they propose to each other a value that, averaging with player
1’s proposal, results in their respective continuation payoffs after rejection.
In particular, player 3 would propose a (N, 3) = (0,3, 1), because (taking into
account that player 1 would be the RP in the second stage with probability % )
player 2’s expected final payoff after rejection is %O + %% = % Analogously,
player 2 would propose a (N,2) = (0,1,0).

Once these proposals are accepted in the first stage, in the second stage
the proposals are either a (N, 1) and a (N, 2) (probability 1), or a(N,1) and
a(N,3) (probability 3). In the second stage, the final proposal will be a (N, 1)
with probability %, and either a(N,2) or a(N,3) with probability % On
average, the expected final payoff is:

1 2 (1 1 (17T 1Y

I now analyze the general stationary subgame perfect equilibria. Let S
denote the set of active players. Given a set of stationary strategies, I denote
by a(S,i)" € V(S)the payoff proposed by i € C € Cg when the set of
proposers is determined by some v € I's with v, = 4. Thus, for a given
vels,

a(S)7 = Z )\fa (S, ’yq)w eV (9) (6)

CLeCs
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is the expected final payoff when all the proposals are accepted and v deter-
mines the set of proposers (or representatives).

I denote

a(8) =3 ‘F—15|a (S)" € V(S) (1)

as the expected final payoff when all the proposals are accepted.
Given i € C € Cg, let I's; be the subset of functions v € I's such that
7y, = i- Notice that |I's| = |I's] ‘C;| for all i € C; € Cs.

Let
=D

VEFS i

|Fs a(S,i)” (8)

be the expected payoff proposed by i € C; € Cs when he is a proposer.
The next proposition states that the probability that the final proposal
comes from a particular player (when all the proposals are accepted) is equal

for all the players, i.e. they maintain their respective “rights to talk”.

Proposition 4.1 for all S C N,

-3

€S

Proof. Given S C N,

Z IFsl Z Z Aga(S:7,)"

|S|

v€l's v€l'g Ci€eCs
S _ S
Z )‘ Z T S 7@( B Z )‘q Z Z F S 7(1
| S| ; | Sz
CieCs €l CjeCs  ieCy ver

Since a (55, 'yq)7 =a(S,i)" foralli € C7, v € I'gy,

S):Z)\fz Z|rs| (S, i)

CyeCs eCy 'yGF
Under (8),
1 .
SEDIRDY C’| Z Z (5,1) Zm a(8,1).
CleCs i€Cy, q CieCs zGC’ €S
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Proposition 4.2 Assume a set proposals (a (S, 1)) )s N satisfies the
c

iES,’yEFSJ
following three conditions for all S C N:
P-1 a;(S,4)" = pa; (S)+ (1 — p)a; (S\C’(’I) forallie C; € Cs,v€Tls; and
j € S\Cy:
P-2 a; (S) = pa; (S) + (1 —p)a; (S\i) for all i € C,€Cs, v €l's; and
J € Cy\i;
P-3 3 ic5a;(5,i) =v(S) foralli € S and v € T's;;.

Then, a(S) = ¢° for all S C N.

Proof. By P-3,
S a4 (8) =0 (S). (9)

icS
Fix i € C; € Cs. From (6) it is readily checked that, for any j € C;\i,
Y c FS,i:

. 1 A2
a; (S,1)" = Y S —= > Y (S,7.)7-
q crecs\cy
Under P-1 and P-2, a; (S,i)" =
L . A :
75 [Pai(S) + (1= p)a;(S\i)] — > 15 Pai(S) + (1 = p)a; (S\C,)]
q CLecs\cy
L . A :
= )+ 1= 0) e\ - Y Aasia | (10)
q Crecs\c;

Under Proposition 4.1 and (8),

(Proposition 4.1) N (8) 1 .
5] ai (S) = Zai (S,4) = Z Z maz‘ (S,5)
7]

jes j€S 7ETs ;

= L sy Lo ey R PP
= Z |FS,i|aZ<S’Z) + Z Z |PS,j|al(S7J) + Z Z |Fs’j|az(5,]) .

v€T's,i JECI\i ¥ET s, JES\C, €T s,
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I study the three terms one by one. For the first term:

Z|FSz| (S,1)" —v Z ZGJS’L

Sz|

Y€ls,i v€l's, jeSs\i
SR GRS iD DD SILY D Sl SACTY
| S ’ ! ! ! |FSZ| !
v€ls; CleCs\C} jEC], v€l's, JECY\i

L6 S Y ey 9) (- )y (1)

CleCs\Cl jECL

-y [paj<s>+<1p> [%ajw\z‘) 2. iaﬂS\C’)

crecs\c,

under (9), > ;cq; 005 (S) = p (v (S) — a; (5)) and thus

= () —p@(S) —a () —1-p) Y Y a;(S\C)

CreCs\C jeC

~(1-p Y {jsajw\z’) > G|

jECI\i CreCs\C,

For the second term:

DD

| SJ’

JECHN\iv€Ts

1 A2 _

> |pai($)+ (1= p) | 550 (S\) - Z ; (S\Cy)
jeci\i q orecaer M |

= p(|Cg[=1)ai(9)

1 ! )\T'S !
1=p) | 3 FaD) - (G =) Y TFa S\
jecn\i crecs\cy |

For the third term:

S oS S S len() (1= a5\

JES\CY v€l's ClLeCs\C} jEC!.
= p(ISI=1C)ai (S)+(1=p) DY [Cla;(S\C}).
ClLecs\C,
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Hence, adding terms, |S|a; (S) =

v(S)=pr(S)=(1=p) D, D a;(S\CY)
CreCs\Cy jeCy.

SR FTICURED S ET

JECI\i q Crecs\C,

Hi-p) | 2 masW+ Y Eals\c)

jeci\i 7 Crecs\C,

Rearranging terms and dividing by 1 — p, |S]a; (S) =

=0+ Y S @) - g (5\)

jeci\i 7

+ 0y Zaj (S\C)) = > a; (S\Cy)

CreCs\C}, fl J€ECy jeCl.

Hence,

w(8) = |g,‘ oS+ Y w(S\) — ey (5\0)

jEC”\z
A3 A
+ Z Z }a] (S\C;) — Z |aJ (S\C,)
CleCs\Cy \JeCy ‘1 jecr

Under Proposition 3.1, a (S) = ¢ 5 is easily deduced following a standard
induction argument. m

Proposition 4.3 A set of proposals ( (5,1) s ~eTs, >S can be supported
% CN

as a stationary subgame perfect equilibrium for strictly convex games if and

only if they satisfy P-1, P-2 and P-3.

Proof. The only nonstraightforward step is to verify that proposers cannot

prefer being rejected, i.e. pa; (S) + (1 —p)r; < a;(S)” for all i € S and
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v € T'g;. Under Proposition 4.2, a (S) = ¢ for all S. Hence,

a; (5,7 "= (9) - > a8 = > a;(S.0)

CreCs\Cl jeCl JECIN

(P-1)-(1 Z Z[IOC"‘I_ )gS\C}

CreCs\Cl jeCL.

i Af !
-3 G- ASCS\ > G

JeCH\i Clecs\c;
= v(S)—p Y —(—pv(S)+(1-0p)
jes\i
S\Cq S\i s\C!.
>G>, <+ZZ sc
CreCs\Cl jeC JGC’\z JECI\i CLeCs\C, Aq
= oG +(1~p)
A s\ S\C, A s 1 s\
ACRED DI D SE TS DY) I DEE L gy
crecs\ct \jec, "4 jeC!. crecs\c, jeci\i
(Proposition 3.1) S ‘ S\j )\f s\c'.
="+ (- p) c—AS G > wGT ) ay
4 jeci\i crecs\c,
Hence
a; () 2 )\S + > Nai(S,y,)
CreCs\C
ED )\SaZ S, i)" Z AS (pC + ( )CS\C>
CreCs\C
(11)

== |G- D Y

JECI\i

Thus, it is enough to prove

n<|ol - 3 ¢V

jeC\i

26



Under Proposition 3.3 and Proposition 3.4, I have

. (Proposzion 3.4) Z gjs B Z ng\l (Proposi:tion 3.3) ‘C’;| g;g‘ . Z CZS\]

JjeCy JECH\i JECH\i

Proposition 4.4 There always exists a stationary subgame perfect equilib-

rium for strictly convexr games.

Proof. Under Proposition 4.3, it is enough to prove that there exits a set of
proposals satisfying P-1, P-2 and P-3. I define a; ({i},7) = r; for all i € S.
Assume I have defined a (T',7) for all i € T' ¢ S. I define:

a; (8,4)7 = pa; (S) + (1 = p) a; (S\C})

for all i € C; € Cg, v € I's;; and j € S\Cy;

. 1 . A ,
a; (S,1)" = pa;(S) + (1 — p) F%’(S\Z) - > Faj(s\cr)
q Crecs\c;

for all i € C; € Cg, v € I's; and j € Cp\i; and
a; (S,4)" =v(S) = Y a;(S,4)
jeS\i

for all i € S and v € I'g;.
It is straightforward to check that these proposals satisfy P-1, P-2 and
P-3. m

Theorem 4.1 There exists a unique stationary subgame perfect equilibrium

payoff in strictly convex games, which equals ¢~ .

Proof. It is an immediate consequence of Propositions 4.2, 4.3 and 4.4. m
In general, the mechanism does not implement { for nonconvex games.

Take p = 0. Take the TU game given in Example 3.1 with coalition structure
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1},{2},{3,4,5}}. Assume the only equilibrium payoff is ¢° for all S ¢ N.
&

Some of these values are given in the following table:

S ¢S
{1,2} (180, 180)
{1,2,4,5} (150,150, 30, 30)
{1,3,4,5} (45,45,45,45)
{2,3,4,5} (45,45,45,45)

I compute the equilibrium payoff when S = N. In the second stage
of the mechanism, coalitions {1} and {2} would offer 45 to each player in
{3,4,5} (this is their continuation payoff after either coalition {1} or coalition
{2} leaves the game). Assume that player 3 is the proposer of coalition
{3,4,5} in the first stage. Then, any acceptable proposal should satisfy
a; (N,3)" =180 foralli € {1,2} and a; (N, 3)” = 20 for all j € {4,5} (so that
2a; (N,1)" + $a; (N,2)" + 2a; (N, 3)” = 30, that is, player j’s continuation
payoff after rejection). Hence a3 (N,3)” < —40. This leaves player 3 with a
negative final expected payoff °. Hence, it is optimal for player 3 to make an
unacceptable proposal and receive zero. The final equilibrium payoff would be
(150, 150, 20, 20, 20) in expected terms, whereas ¢V = (153,153, 18, 18, 18).

In equilibrium, making acceptable proposals is profitable if the conditions
given in Proposition 3.4 hold. These conditions state that the aggregate
payoff of the members of a coalition is higher than their aggregate payoff
when one of its members (the proposer) leaves the game and receives 7;.
This generates sufficient surplus to be profitable for the proposer to make an
acceptable offer.

It is still possible to implement ( for general TU games by imposing an
additional feature to the mechanism: Assume that each excluded player i
is charged with a penalty p; > 0. Hence, the final payoff after exclusion is

r; — p;. Under these circumstances, all the offers are accepted in equilibrium

2

5This payoff is at most —6, not —40, since with probabitity £ the offer in the second

stage comes from coalition {1} or coalition {2}.
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as long as Zjecg ¢ > Zjec;]\i N pp, —p; forall S C N andie C; €Cs.
Hence, for p high enough® the result in Theorem 4.1 holds for any TU game.

This penalty may have a justification in the model. As Hart and Mas-
Colell (1996, Section 7) point out, r; = v ({i}) may represent the total worth
of player i assuming that he is the only member of the society and control
a common resource, whereas r; — p; (a lower amount) is what he would get
if he leaves the society. However, I will not move in that direction, because
the mechanism works well without penalty in both the example proposed by
Krasa, Temimi and Yannelis (see next section) and unanimity games (see
Proposition 4.5 below), where the Harsanyi paradox is defined.

The last result of this Section deals with pure bargaining problems:

Proposition 4.5 There exists at least one stationary subgame perfect equi-
librium in pure bargaining problems. Moreover, as p approaches 1, any sta-
tionary subgame perfect equilibrium payoffs a (p) converge to the Nash solu-
tion.

In particular, for unanimity games, the unique stationary subgame perfect

equilibrium payoff is x; = 1/ |N| for all i € N and any coalition structure.

Proof. Clearly, when the set of active players is S & N, there exists a unique
subgame perfect equilibrium payoff which equals 7°. Assume S = N. It is
straightforward to check that the proposals corresponding to a stationary

subgame perfect equilibrium are characterized by:
Q-1 a; (N,i) =pa; (N)+ (1 —p)r; forall i,5 € N, i # j; and
Q-2 a(N,i) € OV (N) for all i € N.

Moreover, a (N) = ﬁzieNa(N,i) (Proposition 4.1). These are the
conditions in Proposition 1 in Hart and Mas-Colell (1996), and the result
follows from Theorem 3 in Hart and Mas-Colell (1996). =

6Tn the previous example, any p; > 6 would suffice.
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5 An eloquent example

Krasa, Temimi and Yannelis (2003) propose a three-person economy with
differential information where two players bargain as one unit against the
third one. When there is complete information, the economy can be expressed
as a TU game (N,v) where N = {1,2,3} and v is given by

v({1)) = v({2) =1
V(@3 = 3

v(12) = ¢
31
v({L3}) = v({23h) =+
83
v(N) = T
When there is differential information, due to incentive incompatibility,
1 and 2 are only able to achieve v ({1,2}) = 2 by themselves. For any other
S C N, v(S) is the same as under complete information.
Krasa, Temimi and Yannelis take the Owen value ¢" as a measure of
players’ expectations when 1 and 2 join forces. Their result is that bargaining
as one unit is advantageous if and only if information is complete, as the next

table shows:

oV complete information differential information
C={{1}. {2}, 31} | (3. 8. %) (62 96+ o6 )
C={{12}, 31} | (& %% (56 96+ 96) -

Consider now that we take (" as a measure of players’ expectations when
1 and 2 join forces. Then, bargaining as one unit is advantageous in any case,

as the next table shows:

¢ complete information differential information
C={{1}.{2}.3}} | (&3, 55 %) (56> 55 95
c={{12}.31} | (&% %) (%6 56 56) -
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This last situation corresponds to the assumption that players, by joining,
do not loose their respective “rights to talk”. Note also that the benefit from
cooperation is 3—12 for each player in both cases.

It may be argued that the noncooperative approach that supports ( is
not acceptable here. Certainly, this game is not strictly convex, and thus the
condition of Theorem 4.1 does not hold. However, the condition of strictly
convexity is only used in the proof of Proposition 3.4, whose result still holds

for this game: For (say) player 1, ¢ itl’g} = 33 Hence

35 39
C~{1,:’,}%_7a2:_jul<1—6: >

32 ‘
1€{1,2}

under complete information, and

5 35 109
Cl{l }+7‘2:§+1<4—8: Z Cfv

ie{1,2}

under differential information.

Hence the result stated in Theorem 4.1 still holds for this game.

6 Discussion

The Owen value seems to be a good measure of players’ expectations when
the coalition structure is exogenously given. For example, wage bargaining
between firms and labor unions, tariff bargaining between countries, bar-
gaining between the member states of a federated country, etc. In these
situations, players do not have to wonder whether they would do it better
bargaining as a unit, because it is something out of their control.

On the other hand, Hart and Kurz (1983) followed the idea that players
form coalition structures in order to improve their bargaining strength. They
studied four reasonable properties, or axioms, that determine uniquely the
Owen value. The only property that is not satisfied by ¢ is Carrier (Hart
and Kurz (1983, p. 1051)). The Carrier axiom in Hart and Kurz has two
parts. The first part (i) can also be split into two properties: efficiency (the
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value is efficient for all coalition structures) and dummy (null players’ get
zero). ( satisfies efficiency, but not dummy. The second part (ii) states that
moving null players® does not affect the outcome of the rest of the agents. I
will contest this property.

In bargaining problems, asymmetries in the final outcome may be due to
the players’ different bargaining powers. As Binmore (1998, p. 80) points out:
“Bargaining powers are determined by the strategic advantages conferred on
players by the circumstances under which they bargain.” In this case, the
coalition structure. Assume for example a game in which all the players are
mutually substitutes’. Since no asymmetries are introduced in the model,
the expectation a priori should be the same for substitute players, i.e. all
players are supposed to have equal bargaining powers. In general games,
however, nothing is said about the bargaining power of the null players! If we
admit that null players do have bargaining power, then this fact can somehow
affect the aggregate power of the coalition they join.

Take for example the unanimity game (N',v") where N’ = {1,2} and
v'(N) =1, v ({1}) = v ({2}) = 0. By a symmetry argument, the value
of each player should be %, i.e. the expectation of each player before any
implementation of the game is the same.

Assume now we add a null player 3 (Example 4.1). We get the game (N, v)
with N = {1,2,3} and v (S) = 1if {1,2} C S and v (S) = 0 otherwise. What
would the players’ expectation be in this new game?

It can be argued that the situation does not change with the presence

of a player that does not contribute anything to any coalition. Hence, the

value of (N, v) should be (1 ! 0). However, the situation may significantly

202
change if we assume that player 3 joins forces with player 2. In this case,
the symmetry argument used to assign the value (%, %) in the previous game

"A null player is a player i with v (S Ui) = v (9) for all S.
8The name null players is not very accurate in this context. Even though their marginal
contributions are zero, actually they are not null players, because their sole presence

changes the weight of their coalition. I thank Inés Macho-Stadler for pointing this out.
9Two players i, j are substitutes if v (S Ui) = v (SUj) for all S withi,j ¢ S.
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(N',v") vanishes. Player 1 and coalition {2,3} are substitutes in the game
between coalitions, but not completely symmetric. The fact that {2,3} has
two members introduces an endogenous asymmetry. Hart and Kurz (p. 1048)

describe this situation as follows:

As an everyday example of such a situation, “I will have to
check this with my wife/husband” may (but not necessarily) lead
to a better bargaining position, due to the fact that the other

party has to convince both the player and the spouse.

If we accept that player 2 may benefit from the support of player 3, one

may wonder how to quantify this benefit. The value ( provides a possible

4 7 1
127 127 12

ture is C = {{1},{2,3}}. Notice that, in the game between coalitions, the

answer, by assigning an allocation ¢~ = ( ) when the coalition struc-
allocation is 5 for coalition {1} and % for coalition {2,3}. Hence, payoffs
are proportional to coalition size (Corollary 3.2). Without player 3, player 2
can only expect to get %, whereas coalition {2,3} would get % Allocation ¢

1_

simply suggests to split the benefit of cooperation (% —5 = %) equally between

player 2 and player 3.
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