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Abstract

This paper extends the notion of individual minimal rights for a transferable utility
game (TU-game) to coalitional minimal rights using minimal balanced families of a spe-
cific type, thus defining a corresponding minimal rights game. It is shown that the core of a
TU-game coincides with the core of the corresponding minimal rights game. Moreover, the
paper introduces the notion of the k-core cover as an extension of the core cover. The k-core
cover of a TU-game consists of all efficient payoff vectors for which the total joint payoff for
any coalition of size at most k is bounded from above by the value of this coalition in the
corresponding dual game, and from below by the value of this coalition in the correspond-
ing minimal rights game. It is shown that the core of a TU-game with player set N coincides
with the L@J -core cover. Furthermore, full characterizations of games for which a k-core
cover is nonempty and for which a k-core cover coincides with the core are provided.

Keywords: Core; Core cover; k-core cover; k-compromise admissibility; k-compromise sta-
bility; Assignment games

1 Introduction

The core of a transferable utility game (TU-game), as introduced by Gillies (1953), consists of all
efficient payoff vectors for the monetary value of the grand coalition from which no coalition
has an incentive to deviate. Some well-known core catchers are the dominance core (cf. Gillies,
1953, 1959), the Weber set (Weber, 1988) and the core cover (Tijs and Lipperts, 1982).

The literature shows that both convex games (Shapley, 1971), for which the core equals the
Weber set, and compromise stable games (Quant et al, 2005), which are balanced games for
which the core equals the core cover, have several interesting and helpful properties. Restrict-
ing attention to compromise stability, we want to mention that the nucleolus (Schmeidler, 1969)

*Authors acknowledge the financial support of Ministerio de Ciencia, MTM2011-27731-C03. Corresponding
author: esanchez@uvigo.es



of any compromise stable game can be directly computed by using the Aumann Maschler rule
(Aumann and Maschler, 1985) of an associated bankruptcy game (cf. O’'Neill , 1982), thus uni-
fying seemingly unrelated results on the nucleolus for, e.g., bankruptcy games and clan games
(Potters et al, 1989).

The definition of the core cover of a TU-game is based on individual minimal rights and on
individual marginal contributions to the grand coalition N. This paper aims for an extension
of the core cover based on coalitional considerations. Individual marginal contributions can
readily be extended to coalitional marginal contributions using the corresponding dual game.
This paper proposes to extend individual minimal rights to coalitional ones by using for each
coalition S minimal balanced families on N \ S with the size of its elements restricted to at most
|S]. In this way, an associated minimal rights game is obtained. A first result shows that the
core of a TU-game coincides with the core of its corresponding minimal rights game.

Using the dual game and the minimal rights game, we define the k-core cover, with k €
{1,...,|N|}, of a TU-game with player set N as the set of all efficient payoff vectors for which
the total joint payoff to any coalition S of size at most k is bounded from above by the value
of S in the corresponding dual game, and from below by the value of S in the corresponding
minimal rights game. It is shown that the 1-core cover coincides with the core cover, that each
k-core cover is a core catcher and, interestingly, that the core is a k-core cover with! k = L@J .

Defining a game to be k-compromise admissible if the k-core cover is nonempty, and k-
compromise stable if it is balanced and the k-core cover and core coincide, this paper character-
izes k-compromise admissible games and k-compromise stable games by means of conditions
on specific minimal balanced families in both the dual game and the minimal rights game.
Finally, we show that assignment games (Shapley and Shubik, 1972) are a specific case of 2-
compromise stable games.

The paper is structured as follows. Section 2 presents basic definitions and notations re-
garding TU-games and balanced families. Section 3 introduces and analyzes minimal right
games and the k-core cover, while Section 4 characterizes k-compromise admissible games and

k-compromise stable games. Section 5 shows that assignment games are 2-compromise stable.

2 Preliminaries

A transferable utility game (TU-game) is an ordered pair (N, v) where N is a finite set of players
and v : 2NV — R satisfies v(@) = 0. In general, v(S) represents the value of coalition S, that is,
the joint payoff that can be obtained by this coalition when its members decide to cooperate.
Let GN be the set of all TU-games with player set N. Given S C N, let |S| be the number of
players in S.

The main focus within a cooperative setting is on how to share the total joint payoff obtained
when all players decide to cooperate. Given a TU-game v € G, the core of v, Core(v), is defined
as the set of efficient allocations (for which exactly v(N) is allocated) that are stable, in the sense

IFor each 7 € R, || denotes the largest integer below or equal to 7.



that no coalition has an incentive to deviate. Formally,
Core(v) = {x c RN . Y xi=0(N),)_ x; > v(S)forall S C N} .
ieN i€

It is well known that the core of a game may be empty. In Tijs and Lipperts (1982), the core
cover is introduced as a core catcher. The core cover is the set of efficient allocations in which
every player gets an amount no lower than his minimal right and no higher than his utopia
value. Given a game v € GN and a player i € N, the utopia value of player i, M;(v), is defined

by
M;(v) = v(N) —o(N\ {i})

and the minimal right of player i, m;(v), is defined by

m;(v) = max {U(S) ) Mj(v)}.

SCN : S3i jes\ii}

The core cover of v € GN, CC(v), is defined by
CC(v) = {x eRN : ) x;=0(N)and m(v) < x < M(v)} :
ieN
A game v € GV is compromise admissible if CC(v) is nonempty. Formally, if

m(v) < M(v) and ) m;(v) <o(N) < Y M;(v). (1)
ieEN ieN

A compromise admissible game is compromise stable if the core cover coincides with the core.
Theorem 2.1 (Tijs and Lipperts (1982)). Let v € GN be compromise admissible. Then,
(i) Core(v) C CC(v).
(ii) If IN| = 3, then, Core(v) = CC(v).
Quant et al (2005) characterize the class of compromise stable games.

Theorem 2.2 (Quant et al (2005)). Let v € GN be compromise admissible. Then, Core(v) = CC(v)
if, and only if, for every S C N,

v(S) < max {Zmi(v),v(N) - ) Mi(v)} .

= iEN\S

Let @ # S C N. A family B of nonempty subcoalitions of S is called balanced on S if there

are positive weights 6 = {01} rep, 07 > 0forall T € B, such that }_ Srel = e or, equivalently,
TeB

YrepTsidr = 1foralli € S. Here, ° € RV is the characteristic vector of S and is defined



bye = 1ifi € Sandel = 0ifi ¢ S. Given a balanced family B, we denote by A(B)
the set of positive weights satisfying the balancedness condition. For each k = 1,...,|N]|,
we denote by Fi(S) the collection of balanced families on S such that for all B € F4(S) and
R € B, |R| < k. A balanced family B € Fi(S) is minimal if B’ C B and B’ € Fi(S) implies
B’ = B. We denote by F}"*(S) the collection of minimal balanced families on S. It is well known
that a minimal balanced family has a unique vector of balanced weights. Given B € F}(S),
we denote by {72} rcp the corresponding vector of balanced weights. It is also known that
if B € Fi(S)\ F'(S) and 6 € A(B), then, there exist By,...,B, € F["(S) with r > 2 and
t1,...,tr € (0,1) with }5_; t; = 1 such that B = Uj_, By and 0r = Y jc1,.11:8,5R tl’yg’.

A game v € GN is called balanced if for all balanced families B € F|y|(N) and all {ds}sep €
A(B), sgs ds5v(S) < v(N). Bondareva (1963) and Shapley (1967) established that a game v €

GN has a nonempty core if, and only if, it is balanced. In fact, they show that a game has a
nonempty core if, and only if, all balancedness inequalities are satisfied for minimal balanced
families on N.

3 A family of core catchers

3.1 Utopia and minimal rights games

In this subsection we introduce the notions of the utopia and minimal rights games associated
to a TU-game.

Definition 3.1. Let v € GN. The dual or utopia game, vp, is defined by
vp(S) =ov(N) —ov(N\S)  forall S C N.

The minimal rights game, v,,, is defined by

_ _ C N.
Om(S) pdmax {ZJ(T Be;rf]‘t?);\s R;'YRUD } forall S C N

Note that, for each S C N, vp(S) reflects the marginal contribution of coalition S to the
grand coalition N. Therefore, if coalition S asks for a higher share of v(N) than vp(S), it will be
profitable for coalition N \ S to avoid cooperation with the players of S. Accordingly, vp(S) can
be interpreted as a utopia value for coalition S. Once the values of the utopia game are known
to all players, the question is how to compute the minimal rights game. Following the general
idea of the minimal rights of a player, we first have to consider what is left from the value of
coalition T, with S C T, once the players in T \ S are paid using the utopia game; secondly,
coalition S will maximize its benefit over all potential partners T\S, with S C T. Clearly, the
difficulty encountered when defining the value of a coalition S in the minimal rights game
is how to determine the amount that S should concede to the players of T\S, with S C T,
according to the utopia game. Using a common pessimistic approach, we consider that this
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quantity is the maximum expected utopia value that coalition T \ S can achieve when only
coalitions of size at most |S| are considered. Note that, by only considering balanced families
of cardinality at most |S|, we are generalizing the concept of minimal right of a player. In fact,
given a player i and a coalition T with i € T, player i concedes } ;1\ (;y M;(v) to the players
in T\ {i}, where {{j} : j € T\ {i}} is the only minimal balanced family in F;, (T \ {i}). T
conclude, note that if [T \ S| < |S|, then, T\s| (T\S) =F 5 (T \ S) since all coalitions in any
minimal balanced family in /g, " (T\ S) are contained in T\ S.

The following result states that the maximum expected utopia value for a coalition T over
all balanced families of elements with cardinality at most k and over all associated positive
weights is achieved in a minimal balanced family. Therefore, the definition of minimal rights

game coincides with our informal description.

Proposition 3.2. Letv € GN, T C N,andk € {1,...,|T|}. Then,

max max ) Orvp(R)= max +Bop(
BeF(T )56A(B)R;B (R) Bermr )R;B rVD(R).

Proof. Let B € Fi(T)\ F/*(T)andlet {0r }rep € A(B). LetBy,..., B, € F'(T)and ty,...,t, €
(0,1) with }_; #; = 1 satisty B = Uj_ By and 0r = Yeq1,. 11:8,5R t,’yg’. Then,

Y own® =Y (¥ }:m?) — Y0 Y ABon(R

ReB ReB Nle{l,..r I=1 ReB
B3R
.
<Yy max Y 2Rup(R) § = max Y 2Rup(R
=1 BeRT) | reB BerR!(T) | reB
_ B
Therefore, maxge 7, (1) Maxsea(5) Lres OrRVD(R) = maxpe zi(r) Lres YRUD(R). O

Example 3.3. Consider the game v € GN given in Table 1, where also the values of the utopia and
minimal rights games are provided. Next, we illustrate the computation of v,,({1}), vm({1,2}), and
vm({1,2,3}).
om({1}) = maxrcn.ro {U(T) — MaXge 7 (T\S) LReB ’YEUD(R)}
= max{o({1}),0({1,2}) —op({2}),2({1,3}) —vp({3}),v({1,4}) — vp({4}),
v({1,2,3}) —on({2}) —op({3}),v({1,2,4}) —vp({2}) — on({4}),

v({1,3,4}) —vp({3}) —on({4}),v(N) —op({2}) — on({3}) —vp({4})}
—max{1,2-2,3-3,5-46-2-3,7-2-48-3-410-2-3 -4} =1.

om({1,2}) = maxXrcN:T2o{1,2} {U<T) — MaXge 7(T\S) Y ReB ’YEUD<R)}
= max{v({1,2}),v({1,2,3}) —vp({3}),v({1,2,4}) —vp({4}),

o(N) —max{op({3}) +vp({4}),vp({3,4})}}
=max{2,6 —3,7—4,10 — max{3+4,8}} = 3.



om({1,2,3}) = maxrcn.ro(1,23) {U(T) — MaXpe 7 (1\S) LReB ’YEUD(R)}

::n1ax{v({1,2,3}>,U<PJ)—'UD({4}>}
= max{6,10 — 4} = 6.

S {1 {2} [ {3} | {4} [ {12} | {13} | {14} | {23} | {24} | {34}
oS 1 [ 1 [ 2] 3 2 3 5 3 4 5
wS) [ 2 [ 2 | 3| 4 5 6 7 5 7 8
wmS) [ 1 [ 1] 2|3 3 4 5 4 5 6
S [{1,23}[{1,2,4} [ {1,3,4} [ {2,3,4} | {1,2,3,4}

o(S) 6 7 8 8 10

up(S) 7 8 9 9 10

O (S) 6 7 8 8 10

Table 1: Utopia and minimal rights games in Example 3.3.

The following proposition gives some straightforward implications of the definitions of
utopia and minimal rights games. In fact, statement (a) implies that utopia and minimal rights
games generalize the utopia values and minimal rights of players. We recall thata game v € GN
is monotone if v(S) < v(T) forevery S C T C N. A game v € GV is convex (see Shapley, 1971)
ifo(SU{i}) —ov(S) <v(TU{i}) —ov(T) foreveryi € Nand S C T C N\ {i}.

Proposition 3.4. Let v € GN. Then,
a) vp({i}) = M;(v) and v, ({i}) = m;(v) for every i € N.
b) vp(N) =v,(N) = v(N) and v, (N \ {i}) = v(N\ {i}) foralli € N.
c) Uy > 0.
d) Ifv e GN is monotone, then, vp is non-negative and monotone.
e) Ifv e GN is convex, then, v, = v.
Proof. The first three items are straightforward.

d) Let v be monotone. Then, vp(S) = v(N) —v(N\S) > 0forall S C N. If S C T, then,
N\S D N\T,and vp(S) =ov(N) —ov(N\S) <ov(N) —v(N\T) = vp(T); therefore, vp is

monotone.

e) Let v be convex. First, we show that forall S C R C N,

v(S) = o(R)— ) vp({i}) @)

ieR\S

or, equivalently, that v(R) — v(S) < Ycg\svp({i}). Let R\ S = {i,...,ir}. Then,
v(R) —v(S) =0v(SU(R\S)) —v(S)

6



=o(SU{dn,...,i;}) —o(SU{i1, ..., ir-1})
o(SU{i1, ..., 0p—1}) —o(SU{iy, ..., 0r—2}) +
v(SU{ir}) —o(S)
o(N) = o(N\ {ir}) + o(N) — o(N\ {i,_1}) +
o(N) = o(N\ {ir})
= ) oo({i})

i€R\S

I/\++

_l’_

where the inequality follows from convexity of v.

Next, we show that forall S C R C N,

max ) yBop(U = Y op({i}). 3)

BeFi5 (R\S) 1eB i€R\S

Consider B € |5‘(R \ S). Note that for all U € B, vp(U) < Y;ciyvp({i}) as a conse-
quence of applying (2) to R = N and S = N \ U. Then,

Yo agopU) < Y A8 Y op({i}) = Y op({i}).

uenB uenB iel ieR\S

Clearly, with B = {{i} : i € R\ S} € F[§(R\S) and 7B =1 for every U € B, we have
Yues v5op(U) = Lier\s vp({i}) and (3) is proved.

Then,
= T) —
on(5) = max {v( 5B R;g 7Rop(R }
=19(S),
where the last equality follows from (2). O

3.2 k-core covers

This subsection introduces the k-core cover of a TU-game v € GN, where k is a natural number
between 0 and | N|. The k-core cover is the set of efficient allocations in which every coalition of
size less than or equal to k gets an amount no lower than its value of the minimal rights game
and no higher than its value of the utopia game. Formally, we have



Definition 3.5. Let v € GN and k € {0,1,2,...,|N|}. The k-core cover of v, CC*(v), is defined by

CCk(v) =< xE RN . ZiEN Xi = U(N) and | |
om(S) < Lies % < 0p(S) for every S € N with |S| <k

Note that CC°(v) = {x € RN : ey xi =0(N)}, CC'(v) = CC(v), and CCNI71(v) =
cc'N(v).

Remark 3.1. Equivalently, the k-core cover can be recursively defined as follows.
1 CC%0v) = {x e RN : Ticnx; = 0(N)}.

2. Fork=1,...,|N|,

i€eS

cC(v) = {x € CCY(v) 1 vyu(S) < Y x; <wvp(S) forevery S C N with [S| = k} :

The following result states that any k-core cover is a core catcher.
Theorem 3.6. Let v € GN. Then,
@ # CC%v) D CCH(v) D CC%(v) D ... D ccNI=1(v) = ccNl(v) = Core(v).

Proof. Clearly, we only have to show the last equality.

First, we show “C”. For this, let x € CC‘N‘(U). We show that x € Core(v). Note that
YienXi = v(N) and forevery S C N, Y ics xi > v,4(S) > v(S) where the last inequality follows
from Proposition 3.4 c). Therefore, x € Core(v).

Second, we show “2”. Let x € Core(v). We show that x € CC'Nl(v). Note that ¥,y x; = 0(N),
hence, we only have to show that v,,(S) < Y ;csx; < vp(S) forevery S C N. Let S C N. To see
that Y ;.5 x; < vp(S), note that

Yxi=) x— ) x=0(N)— ) x<o(N)-0(N\S)=uvp(S). (4)

ieS ieN ieN\S ieN\S

To show that Y ;cs x; > v4,(S), let T C N with S C T. Then, for every B € F!

5 (T\ S), we have
that

oM <Y x=Yx+ Y x=Yx+ Y Y x<Y x+ Y 25un(R),

i€T i€s ieT\S i€s ReB i€R i€s ReB

where the second inequality follows from Equation (4). Hence,

Y x> 0(T)— ¥ vRop(R) forevery B € Fig(T\'S).
ieS ReB



Consequently, Y ;cs x; > maxrcn.ros{v(T) — MaxgeF (1\8) Y res T3op(R)} = vy (S). O

Using Theorem 3.6, it can be shown that the core of a game coincides with the core of its

minimal rights game.
Theorem 3.7. Let v € GV and vy, its minimal rights game. Then, Core(v) = Core(vy,).

Proof. Note that Core(v,;) C Core(v) since for all S C N, v,,(S) > ©v(S) while v,,(N) = v(N).
Then, we only have to show that Core(v,,) 2 Core(v). Let x € Core(v). Then, Core(v) =
cc'N(v) by Theorem 3.6 and Y ;c5 x; > v,,4(S) forall S C N. Consequently, x € Core(vy,). O

Moreover, it turns out that the core of a game with set of players N coincides with the UZMJ -
core cover. From this fact, one can easily derive the coincidence of the core and the 1-core cover
for arbitrary 3-player games (cf. Theorem 2.1 (ii)).

IN]

Theorem 3.8. Let v € GN. Then, Core(v) = CCL2 1(v).

[N]

Proof. Using Theorem 3.6, it is sufficient to show that Core(v) 2 CCL21(v). Letx € ccl’s! (v).
Clearly, Y ;cn xi = v(N). Let S C N with |S] < L@J Then,

Y xi > 0w(S) > 0(S),

ieS

where the first inequality is a direct consequence of the definition of L@J—Core cover and the
second inequality follows from Proposition 3.4 c). Next, let S C N with |S| > L‘ZMJ Then,

Yoxi=) xi— ) xi=0oN)— ) x>0(N)—ovp(N\S)=n0(S)

i€s iEN ieEN\S ieN\S

where the first inequality is a direct consequence of x € ccl’s! (v)and 0 < |N\S| < L@J
Consequently, x € Core(v). O

As an immediate consequence of Theorem 3.6 and Theorem 3.8, we have the following
result.

Corollary 3.9. Let v € GN. Then, CC*(v) = Core(v) for all k > L'TN‘J

Since, by Theorem 3.6, the k-core cover is contained in the /-core cover for every | < k, it is
useful to define the smallest nonempty k-core cover of a game.

Definition 3.10. For v € GV, the least core cover, LCC(v), is defined by LCC(v) = CC* (v) where
k* = max{k € {0,1,..., [&]} : cC*(v) # @}.

Note that the least core cover is a nonempty core catcher. Besides, if v is balanced, then,
LCC(v) = Core(v). The following example illustrates the least core cover of a game with an
empty core.



Example 3.11. Consider the 6-player game v € GN where the characteristic function is given by

0 ifls|=1,
2 if|S| =2,
o) — if S| = 3,
4 if|S| =4,
5 if|S| =5
8 if|S| =6.

First, we show that this game has an empty core. For this, suppose that the core is nonempty and let
x € Core(v). Then, x1 + xp + x3 > 5 and x4 + x5 + x¢ > 5. Adding both inequalities and taking
into account that Y5_; x; = v(N) = 8 since x € Core(v), we obtain 8 = Y0_; x; > 10, establishing
a contradiction. According to Theorem 3.8, CC°(v) = Core(v) = @. It turns out that the game has a
nonempty 2-core cover. We subsequently compute the 1- and 2-core covers.

Note that vp({i}) = v(N) —o(N\ {i}) =3 foralli € N and

vm({i}) = max{v({i}), max{v(S) — Z vp({j}) : SCN,ieS}} =0
jes\{i}

foralli € N. Then, vy, ({i}) < vp({i}) foralli € Nand ¥ ;cnyvm({i}) < v(N) < Y,envp({i}).
Therefore, CC' (v) # @ and it is given by?

CC (v) = con({3el™ +3elt 4205 + i j ke N, |{i,j,k}| =3}).

Next, we compute the 2-core cover. Note that vp({i,j}) = v(N) —o(N\ {i,j}) =8 —4 =4 for all
i,j € N withi # j. Moreover, forall i,j € N withi # jand all S C N withi,j € Sand |S| > 4, we
have that v(S) — maxpe zy(s\{i,j}) LreB vRop(R) < 0. Thus, forall i,j € N withi # j,

on({i,j}) = max{o({i,j}), max{o({i,j,k}) —op({k}) : ke N\{ij}}} =2.
Then, for all i,j € N withi # j, v, ({i,j}) <vp({i,j}) and

CC%(v) = con({eN + 26! : i e NY) = £CC(v).

4 k-compromise admissibility and k-compromise stability

41 k-compromise admissible games

Definition 4.1. For k € {0,1,...,|N|}, a game v € GV is k-compromise admissible if CC*(v) is
nonempty.

2Given a finite set A C RY, con(A) denotes the convex hull of A.
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Note that any game is 0-compromise admissible. Before characterizing k-compromise ad-

missibility, we introduce the concepts of k-core and k-anti core.

Definition 4.2. Let v € GN and k € {1,...,|N|}. The k-core of v, Core*(v), is the set of efficient
allocations that are stable for coalitions of size smaller than or equal to k. Formally,

Coref(v) = {x eRN : Y x;=0(N),Y_xi > 0(S) forall S C N with S| < k} :
ieEN i€S

Similarly, the k-anti core of vp, ACorek(vp), is defined by

ACorek(vD) = {x e RN : Z xX; = UD(N),in < ovp(S) forall S C N with |S| < k} .
ieN i€eS

The following result follows directly from the definitions of k-core and k-anti core.

Proposition 4.3. Let v € GN. Then,

Core! (v) D Core?(v) D ... D CorelNl(v) = Core(v) and
ACore' (vp) D ACore*(vp) D ... D ACoreNl(vp) = Core(v).

As an immediate consequence, we have

Theorem 4.4. Let v € GN and k € {1,...,|N|}. Then, CC*(v) = Core*(v,) N ACore*(vp) and
Core(v) = Corel'3 (0m) N ACorel'7] (vp).

Next, we introduce the concepts of k-balanced games and k-dual balanced games and show
that k-balancedness (k-dual balancedness) is a sufficient and necessary condition for non-empti-

ness of the k-core (k-anti core).

Definition 4.5. Letv € GNandk € {1,...,|N|}.

e v is k-balanced if for all balanced families B € Fi(N) and all {és}sep € A(B),

Y 650(S) < v(N).

SeB

e v is k-dual balanced if for all balanced families B € Fi(N) and all {s}scp € A(B),

Y 650(S) > o(N).

SeB

Just like for balanced games, one defines k-minimal balanced and k-minimal dual balanced
games based on k-minimal balanced families.

The following theorem extends the characterization of Bondareva-Shapley of nonempti-
ness of the core (Bondareva, 1963; Shapley, 1967) to the nonemptiness of the k-core and the
k-anti core. The proof follows the same lines as the proof in Shapley (1967) and the proof of
Theorem 4.8 below and is, therefore, omitted.
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Theorem 4.6. Let v € GN and k € {1,...,|N|}. Then,
a) Corek(v) # @ if, and only if, v is minimally k-balanced.
b) ACorek(vp) # @ if, and only if, vp is minimally k-dual balanced.
Example 4.7. Consider the 6-player game v € GN where the characteristic function is given by

(

0 if|S| =1,

3 if|S|=2and1 €S,

2 if|S|=2,1¢S,and2 € S,
1 if|S|=21¢S and2 ¢S5,
0 if|S| =3,

475 if|S|=4and1,2 €S,

375 if|S|=41€S,and2 ¢S,
275 if|S|=4and1 ¢S,

325 if|S| =5,

(625 ifS=N.

It turns out that Core*(vy,) # @, ACore?(vp) # @, and CC*(v) = Core?(v,,) N ACore?(vp) = @.
To see this we give the values of the minimal rights game and the utopia game for coalitions of cardinality
at most 2. We have that v,,,(S) = v(S) for every S C N with |S| < 2 and

3 if|S|=1,

35 if|S|=2and1 €S,

25 if|S|=2,1¢S,and2 €S,
1.5 if|S|=2and1,2 ¢ S.

op(S) =

Note that (2.5,1.5,0.5,0.5,0.5,0.75) € Core?(vy,) and (2.75,0.75,0.75,0.75,0.75,0.5) € ACore?(vp).
However, CC*(v) = Core(v,,) N ACore*(vp) = @. To see this, suppose that the 2-core cover is
nonempty and let x € CCZ(U). Then, x1 +x3 > 3, x1+x4 > 3, x0+x5 > 2, xo+x¢ > 2 and
x1 + x2 < 3.5. Adding the first four inequalities and subtracting the last one, and taking into account
that Y5, x; = v(N) = 6.25, we obtain 6.25 = Y% | x; > 6.5.

Next, we characterize the class of k-compromise admissible games. Note that k-compromise
admissibility, for k > UzMJ ,is equivalent to balancedness by Theorem 3.8 which is equivalent to
balancedness of the minimal rights game by Theorem 3.7. Therefore, we restrict our attention to
k-compromise admissibility for k € {1,..., L‘zﬂj — 1}. The formal proof of Theorem 4.8 can be
found in the Appendix. Before giving the characterization, we introduce some notation. Let k €
{1,..., UZMJ —1}. We denote by Fi |n—x(N) the set of balanced families on N whose elements
have cardinality at most k, or at least |[N| — k. We denote by Py N\—k(N ) the corresponding set

of minimal balanced families.
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Theorem 4.8. Let v € GNand k € {1,..., L@j —1}. Then, v is k-compromise admissible if, and
only if, the following condition is satisfied:

Y fo® - Y vfivam\ms(l— Y ﬁ%’)a(N)

ReB ReB ReB
0<|R|<k IN|—k<|R|<|N]| IN|=k<|R|<|N]

for every B € ’FlﬁN\fk(N)’ B # {N}.

Remark 4.1. (i) Observe that Theorem 4.8 generalizes the characterization of 1-compromise
stability given in Equation (1). Recall that, by Proposition 3.4 a), m;(v) = v, ({i}) and
M;(v) = vp({i}) foreveryi € N. Note that F1|n)-1 consists of the families: {{i} :i € N},

{{i}, N\ {i}} foreveryi € N, {N\ {i} :i € N} and {N}.

If B={{i}, N\{i}} withi € N, then, 'yﬁ.} = 'yllf[\{i} = 1 and the condition in Theo-

rem 4.8 becomes m;(v) = v, ({i}) < vp({i}) = M;(v).

If B= {{i} : i € N}, then, 'yﬁ.} = 1 for every i € N and the condition in Theorem 4.8

becomes iy mi(0) = Lien 0m({i}) < 0(N).

If B={N\{i} :i e N}, then, 711\3]\{1'} = |N\l—1 for every i € N and the condition in

Theorem 4.8 becomes Y ;cy M;(v) = Y;envp({i}) > v(N).

(ii) It can be easily seen that the conditions a) v,,(S) < vp(S) forall S C N such that |S| < k
and b)Y sc3 15um(S) < v(N) < Ysesv5vp(S) for all B € FJ"(N) are necessary for k-
compromise admissibility. They are however not sufficient for k > 1 as we see below.
Note that the game in Example 4.7 satisfies v,,(S) < vp(S) forall S C N such that |S]| <2
and Ysep v50m(S) < v(N) < Ysepv5op(S) for all B € F}'(N). However, CC*(v) = @.
To see this, we take B = {{1,3}, {1,4},{2,5},{2,6},{3,4,5,6}} € FJ|, , where vB=1
for every S € B. Then,

Y, vRom(R)— Y 1Rop(N\R)
ReB ReB
0<|R|<2 IN|—2<|R|<|N]|
= %(Um({lr?’}) +0m({1,4}) + vu({2,5}) +vm({2,6}) —op(N\ {3,4,5,6}))
1 6.5
= §(3+3+2+2_3'5) =
% =(1- %)6.25 = (1 - R;g ny)v(N).
IN|—2<|R|<[N|

4.2 k-compromise stable games

Quant et al (2005) introduce and characterize the class of compromise stable games, which
are those games that are compromise admissible and for which the core and the core cover

coincide. Here, we perform a similar analysis for so called k-compromise stable games.
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Definition 4.9. A k-compromise admissible game v € G™ is called k-compromise stable if cCr(v) =
Core(v).

Note that a k-compromise stable game is k-compromise admissible and that, consequently,
the k-core cover, which coincides with the core, is nonempty and the game is balanced. The
game in Example 3.11 has an empty core and, therefore, it is not k-compromise stable for any k.

Example 4.10. Reconsider the game v € GN in Example 3.3. It is readily checked that this game is
1-compromise stable since Core(v) = CCl(U) =con({(2,2,3,3),(2,2,2,4),(2,1,3,4),(1,2,3,4) }).

Note that for each balanced game, the game is L‘%'J -compromise stable. Our main theorem
will provide necessary and sufficient conditions for a balanced game to be k-compromise sta-
ble with k € {1,..., L'TNU }. The next lemma provides necessary and sufficient conditions for
Core*(v,,) = Core(v) and ACore*(vp) = Core(v).

Lemma 4.11. Let v € GN be a balanced game and k € {1, ..., L‘zﬂj }. Then,

a) Corek(v,,) = Core(v) if, and only if, v(S) < max ) YRvu(R) forall S C N.
BeF"(S) ReB

b) ACore*(vp) = Core(v) if, and only if, v(S) <v(N) —  min }_ YRup(R) forall S C N.
BeFM(N\S) gch
c) Corek(v,,) = Core(v) = ACore*(vp) if, and only if,

S) < (R N) — I1S C N.
o(8) < min{ max ¥ ofen(R)o(N) ~ _min 32 +fon(R)} forall s

Proof. We prove a) in detail. The proof of b) can be done following similar arguments and c) is

an immediate consequence of a) and b) combined. First, we show the “if” part. Let

v(S) < RN )Rgngm R) (5)
for all S C N. We show that Core*(v,,) = Core(v). By Proposition 4.3 and Theorem 3.7, we
know that Core*(v,,) D Core(v,,) = Core(v). Therefore, we only have to prove that Coref(v,,) C
Core(v). Let x € Coref(v,,). Then, Yjcn xi = v(N). Let S C N be such that k < |S|. We show
that Y ;cgx; > ©v(S). Note that v,,(R) < Y ,cr x; for every R C N with |R| < k and for all
B e F'(S),

YiesXi = LReBVR Lier Xi > Lres YRVm(R). (6)

Therefore, using (5), Lics Xi > maxXge rn(s) Lres YRom(R) > 0(S).

Next, we show the “only if” part. Let Core*(v,) = Core(v). First, note that Core*(v,,) is
nonempty and can be obtained as the set of optimal solutions of the linear programming prob-
lem (P):

(Py) min ) _ x;

ieN
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Y x; > vu(R) forevery R C N, |[R| <k,
i€ER

in >o(N

ieN

Let S C N.If 1 < |S| <k, then, clearly,

S) <v,(S) < max YRVm (R
() < on($) < max. T rou(®)

where the second inequality follows from the fact that {S} € F}"(S) with ’ygs} = 1. Take now
|S| > k+ 1. Since Corek(v,,) = Core(v) = Core(vy,), we know that ¥jcs x; > v,(S) for every
x € Core*(vy,). Therefore, we can now modify problem (P;) into problem (P»)

(P) min ) _ x;

ieN

Y x; > vu(R) forevery R C N, |R| <k,

ieR

in > vy (S) forevery SC N, |S| > k+1,

i€S

Z x; > v(N)

ieN
where for each S C N with |S| > k + 1, the inequality constraint } ;.5 x; > v,,(S) is redun-
dant. As a consequence, for every S C N with |S| > k + 1, there exists a non-negative linear
combination of the constraint inequalities in (P;) such that the linear combination makes the
inequality Y ;cs x; > v (S) redundant. That is, there exists {0 } rcs,|r|<k With 6r > 0 for each
R C Swith |R| < kand Y g 6gr = 1, or equivalently, there is B € Fi(S) and {dr}rep € A(B)

such that
Exi: 25R ZXZ‘Z Z(SRUm(R) va(S)
i€S ReB  ieR ReB

Then, v(S) < v (S) < Maxge 7, (s) MAX{5,} peea(B) LreB ORVm(R) = maxge pn(s) Lres YR0m(R),
where the first inequality is a direct consequence of Proposition 3.4 c) and the last equality is

based on the same type of argument as in the proof of Proposition 3.2. ]

Note that Lemma 4.11 ¢) provides a sufficient condition for k-compromise admissibility.

The following result provides a full characterization of the class of k-compromise stable games.

Theorem 4.12. Let v € GN be a balanced game and k € {1,..., L'%'j }. Then, v is k-compromise
stable if, and only if, for every S C N,

S) < (R), o(N) —
o( )_maX{Bgﬁ;)R;ngvm ), v(N) Befmm“zb\s Rgzg"mvp } 7)

Proof. We start showing the “only if” part. Letk € {1,..., L@J} and assume that CC*(v) =
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Core(v). We show that (7) is satisfied. Let S C N be such that |S| < k. Then,

S) < S) < (R
v(S) < vm(S) Bgagg)R;ngvm )

where the second inequality follows by considering B = {S} and 7§ = 1. Therefore, (7)
follows.

Let S C N be such that |S| > k. If 0(S) < maxgern(s) Lres Y80, (R), then (7) follows.
Therefore, assume that

S) > max om(R 8
o(8) > max & Ron(R). ®

Note that Theorem 3.6 and the assumption CC*(v) = Core(v) imply CC*(v) = CC'(v) = Core(v)
for all I > k. Therefore, the inequalities } ;cg x; > vy (R), with |R| > k, are redundant in the
description of CC'(v) for every I > |R| and, in particular, ¥;cq x; > v,(S) is also redundant in
the description of CC'(v) for every | > |S|. Now, suppose that we can derive Y ;cs x; > v,,(S) as
a positive linear combination of inequalities of the form } ;. x; > v, (R) with R C N, |R| < k.

Then, there exists By € F}"(S) such that

in— Z '7 szz Z 'YR om(R) > vm(S) = 0(S),

€S ReB; ieR ReB;

establishing a contradiction with (8). Therefore, there must exist a linear combination of in-
equalities of the form Y ;crx; < vp(R) with R C N, |R| < k, that makes Y jcsxi > v4,(S)
redundant. Then, there exists B, € F}"(N \ S) such that

Yxi=Yx— Y xi=o(N)= ¥ 1R Y x>0(N)— Y 1R0p(R) > va(S) > 0(S).

i€s ieN ieN\S ReB; i€R ReB;

Hence, it follows that v(S) < v(N) — mingezn(n\s) Lres v8vp(R) and (7) follows.

To conclude, we show the “if” part. Assume that

v(S) < max max v v(N) — min v
(5) < {Be}""( Rgg%{ n(R), o(N) BeFI(N\S) REJR b }

for every S C N. We have to show that CC*(v) = Core(v). By Theorem 3.6, it suffices to prove
that CC¥(v) C Core(v). Let x € CC¥(v), then,

Z x; = v(N) 9)

ieEN

and v,,(R) < Y;cr % < vp(R) for every R C N with |R| < k. We have to show that } ;. x; >
v(S) for every S C N.
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First, let S C N with |S| < k, then,

Y 31 > 0(S) = 0(S). (10)

ieS

Second, let S C N with |S| > |[N| — k. Then, [N\ S| < kand

Yoxi=) xi— ) xi=v(N)— ) x>0(N)—ovp(N\S)=0(S) (11)

icS icN ieN\S ieN\S

where the first inequality follows from the fact that } ;cx x; < vp(R) for every R C N with
IR| <k.
Third, let S C N with k < |S| < |[N| — k. We distinguish between two situations:

1.

max 'yvm >9(N)— min YRVD(
BEF!(S) R;B ron(R) 2 o(N) BEFI'(N\S) Rg‘g R

By Condition (7), we have that v(S) < maxgezn(s) Lres Y80 (R). Then, for
B € arg Maxge 7 (s) LReB YRom(R), it follows that

Yri=Y Ry x> Y vRou(R) = max Y von(R) 20(5),  (12)
ics ReB  ieR ReB BeF(S) ReB
where the inequality follows from the fact that } ;cgx x; > v, (R) for every R C N with
IR| <k.

N —  min > max v R
o(N) BEF'(N\S) Rg%,m b BEF(S) RGZ’;M n(R).

By Condition (7), we have that v(S) < v(N) — mingezn(n\s) Lres v8vp(R). Then, for
B € arg minge 7 (N\s) Lres vRvp(R), it follows that

Yoai= Y- ) m=0oN)- YR} x

€S ieN iEN\S ReB  i€R (13)

— Y 2fon(R) =o(N) = _min Y yfon(R) > 0(s),
ReB

where the inequality follows from the fact that } ;cx x; < vp(R) for every R C N with
IR| < k.

O]

Note that, for the case k = 1, we have that the characterization in Theorem 4.12 boils down
to Theorem 2.2.
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Example 4.13. Consider the 6-player game v € GV given by

¢

0 if|S| =1,
2 if|s| =2,
o) =4 2 TIEI=S
5 if|S| =4
15 if|S| =5,
20 if|S| = 6.

It turns out that this game is 2-compromise stable, but not 1-compromise stable, that is, Core(v) #
CC'(v) while Core(v) = CC*(v) = Core*(vy) N ACore(vp). In Table 2, we provide the values of v,
UD, Um, together with the values of maxpc 7y (s) Lres YR0(R) and v(N) — Minge 771(N\s) LreB vRup(R)
for every S C N. It follows, by Theorem 4.12, that Core(v) = CC?(v). However, by Lemma 4.11 a) and
b), we have that Core?(vy,) # Core(v) and ACore?(vp) # Core(v).

S| 1 2 3 4 5 6

v(S) 0 2 2 5 15 | 20

vp(S) 5 15 | 18 | 18 | 20 | 20

om(S) 0 2 2 10 15 20

maxge 7p(s) LreB Ya0m(R) 0 [ 2 [ 3] 4[5 ]38
v(N) — minge 71 (n\s) LreB YRop(R) | =5 0 5 10 15 20

Table 2: Game, utopia game, and minimal rights game in Example 4.13.

5 Assignment games and 2-compromise stability

This section shows that assignment games as introduced in Shapley (1967) are 2-compromise
stable. In an assignment situation there is a two sided market with finite and disjoint set of
buyers, M, and of sellers, M'. We denote m = |M|, m" = |M’|, and |N| = m + m’. The worth
obtained when one buyer i € M and one seller j € M’ decide to cooperate is a;; > 0. These
values can be represented in an m x m’ matrix A. Following the notation in Nufiez and Rafels
(2002), a matching between coalitions S C M and T C M’ is a subset i of S x T such that each
player belongs to at most one pair in y. Given two coalitions S C M and T C M/, we denote
the set of matchings between S and T by M(S, T); then, the maximum value that SU T can
obtain from cooperation is max,e v((s,) (i, j)epu %ij-

Given an assignment situation ((M, M'), A), the associated assignment game (M U M/, v)
is defined by

v(SUT) = yeI/\I}lag»,T) (i,]éy ajj.

Given an optimal matching y € M(M, M’) for M and M’, Shapley and Shubik (1972) show
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that the nonempty core of the assignment game v is given by

x;i > Oforalli € M,y; > Oforallj € M,

xi +y; = a;if (i,7) € u,

xi+y; > a;if (i,7) € w,

x; = 0if i is not assigned by y, y; = 0 if j is not assigned by u

Core(v) = { (x,y) € RM*M

Theorem 5.1. Assignment games are 2-compromise stable.

Proof. Let ((M,M’), A) be an assignment situation and let (M U M’,v) be the associated as-
signment game. It suffices to show that Core(v) = CC*(v). By Theorem 3.6, we know that
Core(v) C CC?(v). Therefore, we only need to show that Core(v) D CC*(v). Let u € M (M, M’)
be an optimal matching for M and M, let (x,y) € CC*(v), and leti € M and j € M. Clearly,
om({i}) < % < op({i}) and v, ({j}) < y; < vp({j}) for every i € M and j € M'. Note that
on({i}) = o({i}) = 0, and ow({]}) = o({j}) = 0, thus,

x; > 0forallie Mandy; >0forallj € M.

First, let (i,]) € . Then,

vp({i,j}) = o(MUM') —o((M\ {i}) U (M'\{j})) = a;j = v({i,j}) < ou({i,j}) < vp({i,j})

where the second equality follows because y is optimal for M and M’ and (i, j) € . Therefore,
all inequalities are equalities. Since (x,) € CC*(v), we have that a;; = v, ({i,j}) < x; +y; <
vp({i,j}) = a;;and

xXi +Yyj = aij.

Second, let (i,j) € p. Then, vy, ({i,j}) > v({i,j}) = a;;. Since x; + x; > v, ({1,j}), we have that
Xi +yj = aij.
Third, let i € M be not assigned by u. Then,
op({i}) = o(MUM’) —o((M\ {i}) UM') = 0 =v({i}) <on({i}) <ovp({i})

where the second equality follows because y is optimal for M and M’ and i is not assigned by
1. Therefore, all inequalities are equalities. Since (x,y) € CC*(v), we have that 0 = v,,({i}) <
x; <ovp({i}) =0and

x; = 0.

Analogously, if j € M’ is not assigned by y, then, v,,({j}) = 0 = vp({j}) and

]/]'20.
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Therefore, (x,y) € Core(v). O

Remark 5.1. In fact, it can be seen that the core of an assignment game coincides with the 2-
core of the corresponding minimal rights game and with the 2-anti core of the utopia game.
Therefore, the class of assignment games satisfies the conditions in Lemma 4.11 c).

The following example illustrates that assignment games can be 1-compromise stable.

Example 5.2. Consider M = {1,2,3} and M' = {4} and the assignment matrix A = (1,1,1)". It is
easy to check that Core(v) = {(0,0,0,1)} = CC'(v). This game is both 1- and 2-compromise stable.

Consider M = {1,2} and M’ = {3,4} and the assignment matrix

A:(Z g).

Then, Core(v) = con{(0,0,5,3),(1,0,4,3),(3,3,2,0),(4,3,2,1)} = CC*(v) while Core(v) # CC'(v)
since (1,3,1,3) € CC*(v) \ Core(v). This game is 2-compromise stable, but not 1-compromise stable.

Appendix
In this Appendix, we provide a proof of Theorem 4.8. First, we recall the duality theorem.

Lemma A.1 (Duality theorem). Let A € M, (R) be an m x n matrix, b € R™, and ¢ € R". If
{xeR" : xTA>bT} #Qand {y e R* : Ay =c, y > 0} # @, then,

min{xc : x € R", xTA > b"} = max{bTy : y€ R", Ay =, y > 0}.

Proof of Theorem 4.8. Using the definition of the utopia game and the fact that every element
of the k-core cover satisfies efficiency, we can reformulate the definition of the k-core cover as

follows

YicrXi > vm(R) forallR € N,0 < |R| <k,
CC*(v) ={x e RN : Y, px>0(R)forallR C N,|N|—k < |R| <|N|
Yien Xi = v(N)

Therefore, the k-core cover is the set of optimal solutions to the linear programming problem
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(P) given by

(P) min ) x;
ieN
in > v, (R) for every R C N with 0 < |R| <k,
i€R
Y x; > v(R) for every R C N with |[N| —k < |R| < |N|,
icR
Y xi > o(N)

ieN
if the optimal value is v(N). Note that the corresponding dual programming problem (D) is

(D) max Y Orom(R)+ ) 0rv(R) 4 6nv(N)

RCN: RCN:
0<|R|<k IN|—k<|R|<|N]|
Y OreR+ ) oreR 4 oneN = el
RCN: RCN:
0<|R|<k IN|—k<|R|<|N]|

dgr > 0forall R C Nwith0 < |R| <k,
Or > 0forall R C N with [N| —k < |R| < |N|,
on > 0.

Obviously, the set of feasible solutions of (P) is nonempty (we can take x; = a € R for every
i € N with a big enough so that Y ;cg x; = |R|a > v,,(R) for every R C N with 0 < |R| <k,
Yicr i = |R]a > v(R) for every R C N with [N| —k < |R| < |N|,and }_;cn x; = |[N|a > v(N)).
Moreover, the set of feasible solutions of (D) is nonempty (we can take oy = 1 and g = 0
for every R C N with either 0 < |R| < k, or [N| —k < |R| < |NJ). Besides, we have that
CCx(v) # @ if, and only if, v(N) is the optimal value of the linear programming problem (P)
which, by Lemma A.1, is true if, and only if, v(N) is the optimal value of the dual programming
problem (D). This is true if, and only if,

o(N)> Y Srom(R)+ ) Orv(R) + 6nv(N)

ReB: ReB:
0<|R|<k IN|—k<|R|<|N]|

for every B € Fi|n|—«(N) and for every & € A(B). Using the definition of utopia game, we can

rewrite the equation above as

U(N) > Z 5RUm(R) — Z 5RTJD(N\R) + Z 5RU(N> + (SNl)(N)

ReB: ReB: ReB:
0<|R|<k IN|—k<|R|<|N]| IN|—=k<|R|<|N]|

for every B € F \nj—x(N) and for every § € A(B).

To conclude the proof, we show that v is k-compromise admissible if, and only if, it satisfies
the inequalities for minimal balanced families on N in i) NH{(N ). Note that if a game is k-

compromise admissible, then, it also satisfies the inequalities for minimal balanced families on
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: m
N in ]:k,‘m_k

minimal balanced family on N in F, ,z"‘ N|—k (N), then, itis also k-compromise admissible. Assume

(N). Therefore, we only have to show that if v satisfies the inequalities for every

that v satisfies the inequalities for every minimal balanced family on N in .7-",:”|N|_ (N), and let
B € Finj-k(N) \f,ijFk(N) and {0r}rep € A(B). Then, there exist By, ..., B, € F"(N) and
t,...,t, € (0,1) with }j_; ) = T such that B = U_,; By and 6r = Yjc1,. 1858 tl'ylgl. IfN ¢ B,
then,

Z 5Rvm(R) — E 5RUD(N \ R) + E (SRU(N)
ReB: ReB: ReB:
0<|R|<k IN|—k<|R|<|N] IN|—k<|R|<|N]

=Y ()Y byR )om(R)

ReB:  1e{1,..r}:
0<‘R‘§k ReB;

- Y Y wyoN\R+ Y (Y trR)o(N)

r}: 1€{1,...r}:

ReB: 1e{1,..., ReEB:
IN|-k<|R|<|IN| REB, IN|-k<[R|<IN| ~ ReB,

.
B, B, B,
=Y 4| Y WoeaR)— )Y, Rop(N\R)+ ). 2v(N)
I=1 ReB;: ReB;: ReB;:

0<|R|<k IN|—k<|R]<|N]| IN|—k<|R|<|N]|

B B
(1 — Y fyRZ)v(N) + ) YR 0(N)
ReB;: ReB;:
|N|—=k<|R|<|N] IN|—=k<|R|<|N]

i tio(N) = v(N).
=1

IN
1=

N
Il
—

If N € B, let B, = {N}. Note that B\ {N} € Fj |y« and {0 }rep\(n} € A(B\ {N}) with
&, = 2% for every R € B\ {N}. Then,

= T-oy
Z (SRZ)m(R) — Z (SRZ)D(N \ R) + Z (SRl)(N) + (SNZ)(N)
ReB: ReB: ReB:
0<|R|<k IN|—k<|R|<|N]| IN|—k<|R|<|N]|

=(1-o)| T Gou®— Y SwoN\R)+ Y So(N) | +ono(N)
ReB\{N}: ReB\{N}: ReB\{N}:
0<|R|<k IN|—k<|R|<[N| IN|—k<|R|<|N]

< (1—=9n)v(N) +6nv(N) = v(N)

where the inequality follows from above. O
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