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Abstract. The study of the relationship between extreme values of dependenmdiadds and their
locations has important practical applications, for instance, when dealiitig @ensored data. In this
paper we study the limiting distribution of the joint locations of the largest ogdatistics generated
by a stationary random field with extremal index as well as the asymptotavimetof the location, of
a high level exceedance, nearest of the origin and the location of thmmax
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1 Introduction

Let X = {Xy},~, be a random field oiN?, whereN is the set of all positive integers. Fot= (iy,iz)

andj = (j1, j2) the inequalityi < j meansis < js, S= 1,2, andn = (ng,nz) — co meansns — o,
s=1,2. For a family of real levelgu, },-, and a subsdtof the rectangle of point®, = {1,...,n1} x
{1,...,n2}, we will denote the ever{tX; <u, :i €1} by {M,ﬁl)(l) < Uup} or simply by{M,ﬁl) <Up} when

| =Rp. For each = 1,2, we say the pail ¢ N? andJ cN?is in §(I) if the distance betweeR; (1) and
M;(J) is greater or equal th wherefll;,i = 1,2, denote the cartesian projections. The distance between
setsl andJ of N?, is the minimum of distanced(i,j) = max{|is— js| : s€ {1,2}}, i € | andj € J.

We shall assume thatis a stationary random field and that there are sequences of costant9}, -,
and{by} -, such that, a8 — oo, for eachx € R, -

P(ap (MY — bn) <x) — H(X), (1)
whereH is a nhondegenerate distribution function.

If X is a random field of independent and identically distributed random vasiallé it satisfies
the coordinatewise-mixing condition (Cw-mixing) from Leadbetter and Rooj2zg thenX verifies the
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Extremal Types Theorenid est H is Gumbel, Weibull or a Fréchet distribution. However, in the last
case the rate of convergence is slower than in the i.i.d. case and canridiegiaising the extremal
index, 8, of the random field.

Accordingly Choi [1], we shall say that has extremal indef, 0 < 06 < 1, if for eacht > 0 there

exists{u{" }n>1 such that, ag — oo, MP(X; > ull) — T andP(Mp, < ul)) — exp(—61).

When X has extremal inde®, then in (1) we haved (x) = G8(x) if and only if , asn — oo,
P(MS < anx+by) — G(x), whereM{”) = max{X; :i € Rn} and{X,} is the associated i.i.d. random
field with the same marginal distributioR, as the original random field.

The study of the relationship between extreme values and their locations hasanigoractical ap-
plications, for instance, when dealing with censored data. In Pereiitad$ shown that the normalized
location of the maximum of a stationary random field with extremal in@lex(0, 1] satisfying a long
range dependence for each coordinate at a time, converges to arunéoable on0, 1]2 and is asymp-
totically independent of the height of the maximum. In this paper we study thelgmations of thek
largest maxima of a stationary random field with extremal in@lex(0, 1] satisfying a slight generaliza-
tion of A*(u,)—condition of Ferreira and Pereira [4]. Furthermore, results conagthim location of a
high level exceedance nearest of the site (0,0) are also presented.

2 Joint asymptotic behavior of locations of high values

The coordinatewise-mixing condition suitable in the present setting, is a ségktalization of\* (un (X))
condition of Ferreira and Pereira [4] which enable us to deal with the jeinator of largest values, in
disjoint rectangles, and their locations.

Definition 2.1 Let X be a stationary random field anfin(x1) }n>1, {Un(X2) }n>1 be sequences of real
numbers. The coordinatewise-mixing conditi§§{un(X1),Un(X2)) is said to hold forX if there exist
sequences of integer valued constaiis}n>1, {In }n>1, I = 1,2, such that, as — oo, we have

kn |n kn In *(1 *(2
(knla knz) — OO, ( ,%]1 17 r212 2) I 07 (knlAnSn)lvknlknzAnfln)z) - 07 (2)

whereA:.‘l(lii :

i = 1,2, are the components of the mixing coefficient defined as follows:
ALY = SUp(|P(ANB) — P(A)P(B)| : A€ B1,(tn(x)), B € B1,(Un(x2))}, ©)

whereaﬂj(un), j = 1,2, denotes the-field generated by the ever{; < u, :i € lj}, j=1,2, and the
supremum is taken over pairsandl, in S (1y,),

AP = sup{|P(ANB) —P(A)P(B)| : A€ B, (Un(x1)),B € B1,(Un(X2))}, (4)

n.,InZ

where the supremum is taken over pairsindl, in S(1y,)

For x1 = Xp, conditionA (un(X1),Un(X2)) reduces ta\* (un) condition of Ferreira and Pereira [4].
Moreover, taking in (3) and (4) the evers= {Mr(,l)(ll) < Un(x1)} andB = {Mrﬂl)(lg) < Un(X2)} we
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obtain the conditiom\; (un(X1),Un(X2)) defined in Pereira [3]. Furthermore, if we assume #at xp,
conditionAz (Un(X1),Un(X2)) is the Cw-mixing condition of Leadbetter and Rootzén [2].

If in (3) and (4) we considemn(X),un(Xj) each being any choice of the values un(xy),
Un(X2),...,Un(X ), we say thaK verifies the cordinatewise-mixing conditid¥j (un(X1), . ..,Un(X)).

UnderA* (u,) —condition, Ferreira and Pereira [4] characterized the possible distrillitionits for
the sequence of normalized point processes of exceedancgé&xdf by X, defined on0, 1]2 and for
n>1by

2
S [X;un(¥)] (B) = ZH{mUn(x)}fS(Ll;z) (B), BC[0,1]%,
i nq’n2

1<n

whered,, ,,) denotes the Dirac measurezat (a1, az) € R,

If A(un(x)) holds and{S, [X, un(X)] }n>1, cOnverges in distribution to some point proc8sthenSis
necessarily a compound Poisson point process.The Poissonagaitebe obtained from the limit of zero
exceedances, = —loglimp_..o P(Mp < upn), and the multiplicity distributiorrtis the limit of cluster
size distribution,, that is,7(j) = liMn_co Th(j) = lIMn_0o P (Ficr, Iixsu} = § |Ticrs Iixsu} > 0),

j €N, for somer,, = (k:—ll, k%) andky, = (kn,, kn,) satisfying (2).

The next result establishes thatiifi < ky, are disjoint rectangles ¢0, 1]2, then thek,, ky, random
variablesS, [X, un ] (1i), i < kn, where, for each, un; is any one ofun(x1),un(X2), are asymptotically
independent and provides their distributional limit.

Proposition 2.1 Let {X,} -, be a stationary random field with extremal ind@x: 8 < 1, {a, > O}n>1
and {b, }n>1 sequences of constants such thatpas— oo, P(Mﬁ,l) < anX+bp) — G¥(x), with a non-
degenerate distribution function G, ahdi < k,, be disjoint rectangles db, 1]2. If, for each %,x € R,
and t(x) = anX +bn, i = 1,2, X satisfies the conditioA,(un(X1), Un(%2)), then

1. For any nonnegative integers 5< ki,
dy=P < () {S X, unj] (17) = S‘}) = [1P& X, uni] (li) =s) —=0
i<kn i<kn

where, for each, u,; is any one of K(x1), Un(X2).
2. Foreachk=1,2,...,n1ny,

n—oo I

lim P(Sh [X,un(¥)](11) <k—1) = GB\I1|(X) <1+kzi.kzl <_|OgG.9\|1|(X)) Tl*l(J)> ’
i=1 J=I

wheret" is the ith convolution of the multiplicity distribution. We use the conventigri_ca; = 0 if
t<s.

The Proposition 2.1 will lead to the asymptotic joint distributions of various quasiitiénterest,
such as, the locations of the k largest maximay as oo.

For the stationary random field, let MQ) theith largest maximall; = {j € N2: X = Mr(,i)}, P =
eV’ eld(j,1) <d(j’ D} a={icer:Vji'er,ji<ji}andRi ={j € V' € @, j2 < j5}-
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We define the location dvl,(f), Lg), as follows

(Wi = )
L0 —) j@ if |7|>1and g ={j®}
i® if |Q|>1and & ={j®}

Proposition 2.2 Assume thady; (un(X1),Un(X2)) holds for all %, x> € R. Then, for eacte1, €, € (0,1],

Kk k-1 k-1
lim P (ﬂ {Lﬁ') € [1,n1€1] x [1,mpg7) mNZ}> = £18p — Z(slez)s(l—slsz) > e (t)
nN—oo i—1 S= {=s

Now we study the asymptotic behavior of the location of the exceedance lefis{un(x) },~; by
the stationary random field nearest to the site (0,0). -
LetDy ={j eN2: X > un ()}, 27 ={j € 0 V) € 07,d(1,1) <d(", D} @ ={j e 2 V) e 27, ja < ji)
and®;* ={j € " : V) € ¢, j2 < j5} . We define the location of the exceedance of the le{&|éx) }, -,
nearest to the site (0,Q);;, as follows -

0 if 0F=0
i if o={j®

Ln (Un(x)) =Ly = i@ if |2 >1and ¢ = {j(Z)}
i® if |Q*>1and &*={j®}

Proposition 2.3 Suppose thah} (u,(X1), Un(X2)) holds for all x, x> € R. Then, for eacley, €, € (0,1],
lim P (L € [0,nea] x [0,nzg2] N N3) = G¥(x) + 1 G¥¥2(x).

The next result provides the asymptotic joint distribution of locations of tloeedance nearest to
the site (0,0) and the high local maxima.

Proposition 2.4 SupposeAs (Un(X1),Un(X2),Un(X3)) holds for all x,x2,x3 € R. Then, for each
€1,62€ (O, 1], 61,52 S [0, 1],

lim P(L;, € [0,m1] x [0,nx8,] (N2, LY € [0, nyes] x [0, npez] NIN2)

n—oo
81SZGB(X) if 31=0=0
= { e1gp— 8202 (GP%(x) — GO (x)) if 0< (81,82) < (1,82) < (1,1)
1 if 61252:81282
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