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Abstract. The study of the relationship between extreme values of dependent random fields and their
locations has important practical applications, for instance, when dealing with censored data. In this
paper we study the limiting distribution of the joint locations of the largest orderstatistics generated
by a stationary random field with extremal index as well as the asymptotic behavior of the location, of
a high level exceedance, nearest of the origin and the location of the maximum.
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1 Introduction

Let X = {Xn}n≥1 be a random field onN2, whereN is the set of all positive integers. Fori = (i1, i2)
and j = ( j1, j2) the inequalityi ≤ j meansis ≤ js, s = 1,2, andn = (n1,n2) → ∞ meansns → ∞,
s= 1,2. For a family of real levels{un}n≥1 and a subsetI of the rectangle of pointsRn = {1, . . . ,n1}×

{1, . . . ,n2}, we will denote the event{Xi ≤ un : i ∈ I} by {M(1)
n (I)≤ un} or simply by{M(1)

n ≤ un} when
I = Rn. For eachi = 1,2, we say the pairI ⊂ N

2 andJ ⊂N
2 is in Si(l) if the distance betweenΠi(I) and

Πi(J) is greater or equal tol , whereΠi , i = 1,2, denote the cartesian projections. The distance between
setsI and J of N

2, is the minimum of distancesd(i, j) = max{|is− js| : s∈ {1,2}}, i ∈ I and j ∈ J.
We shall assume thatX is a stationary random field and that there are sequences of constants{an > 0}n≥1
and{bn}n≥1 such that, asn −→ ∞, for eachx∈ R,

P(a−1
n (M(1)

n −bn) ≤ x) → H(x), (1)

whereH is a nondegenerate distribution function.

If X is a random field of independent and identically distributed random variables or if it satisfies
the coordinatewise-mixing condition (Cw-mixing) from Leadbetter and Rootzén [2], thenX verifies the
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Extremal Types Theorem,id est, H is Gumbel, Weibull or a Fréchet distribution. However, in the last
case the rate of convergence is slower than in the i.i.d. case and can be quantified using the extremal
index,θ, of the random field.

Accordingly Choi [1], we shall say thatX has extremal indexθ, 0≤ θ ≤ 1, if for eachτ > 0 there
exists{u(τ)

n }n≥1 such that, asn −→ ∞, n1n2P(X1 > u(τ)
n ) −→ τ andP(Mn ≤ u(τ)

n ) −→ exp(−θτ).

When X has extremal indexθ, then in (1) we haveH(x) = Gθ(x) if and only if , asn −→ ∞,

P(M̂(1)
n ≤ anx+ bn) → G(x), whereM̂(1)

n = max{X̂i : i ∈ Rn} and{X̂n} is the associated i.i.d. random
field with the same marginal distribution,F , as the original random fieldX.

The study of the relationship between extreme values and their locations has important practical ap-
plications, for instance, when dealing with censored data. In Pereira [3]it was shown that the normalized
location of the maximum of a stationary random field with extremal indexθ ∈ (0,1] satisfying a long
range dependence for each coordinate at a time, converges to a uniform variable on[0,1]2 and is asymp-
totically independent of the height of the maximum. In this paper we study the jointlocations of thek
largest maxima of a stationary random field with extremal indexθ ∈ (0,1] satisfying a slight generaliza-
tion of ∆∗(un)−condition of Ferreira and Pereira [4]. Furthermore, results concerning the location of a
high level exceedance nearest of the site (0,0) are also presented.

2 Joint asymptotic behavior of locations of high values

The coordinatewise-mixing condition suitable in the present setting, is a slight generalization of∆∗ (un(x))
condition of Ferreira and Pereira [4] which enable us to deal with the joint behavior of largest values, in
disjoint rectangles, and their locations.

Definition 2.1 Let X be a stationary random field and{un(x1)}n≥1, {un(x2)}n≥1 be sequences of real
numbers. The coordinatewise-mixing condition∆∗

2(un(x1),un(x2)) is said to hold forX if there exist
sequences of integer valued constants{kni}ni≥1, {lni}ni≥1, i = 1,2, such that, asn → ∞, we have

(kn1,kn2) −→ ∞,

(
kn1 ln1

n1
,

kn2 ln2
n2

)
−→ 0,

(
kn1∆∗(1)

n,ln1
,kn1kn2∆∗(2)

n,ln2

)
−→ 0, (2)

where∆∗(i)
n,lni

, i = 1,2, are the components of the mixing coefficient defined as follows:

∆∗(1)
n,ln1

= sup{|P(A∩B)−P(A)P(B)| : A∈ B I1(un(x1)),B∈ B I2(un(x2))}, (3)

whereB I j (un), j = 1,2, denotes theσ-field generated by the events{Xi ≤ un : i ∈ I j}, j = 1,2, and the
supremum is taken over pairsI1 andI2 in S1(ln1),

∆∗(2)
n,ln2

= sup{|P(A∩B)−P(A)P(B)| : A∈ B I1(un(x1)),B∈ B I2(un(x2))}, (4)

where the supremum is taken over pairsI1 andI2 in S2(ln2) .

For x1 = x2, condition∆∗
2(un(x1),un(x2)) reduces to∆∗ (un) condition of Ferreira and Pereira [4].

Moreover, taking in (3) and (4) the eventsA = {M(1)
n (I1) ≤ un(x1)} andB = {M(1)

n (I2) ≤ un(x2)} we

METMAV International Workshop on Spatio-Temporal Modelling 2



Pereira, L. Asymptotic joint distributions of locations of largest values of astationary random field

obtain the condition∆2(un(x1),un(x2)) defined in Pereira [3]. Furthermore, if we assume thatx1 = x2,
condition∆2(un(x1),un(x2)) is the Cw-mixing condition of Leadbetter and Rootzén [2].

If in (3) and (4) we considerun(xi),un(x j) each being any choice of ther values un(x1),
un(x2), . . . ,un(xr), we say thatX verifies the cordinatewise-mixing condition∆∗

r (un(x1), . . . ,un(xr)).

Under∆∗ (un)−condition, Ferreira and Pereira [4] characterized the possible distributional limits for
the sequence of normalized point processes of exceedances ofun(x), by X, defined on[0,1]2 and for
n ≥ 1 by

Sn [X,un(x)](B) = ∑
i≤n

I{Xi>un(x)}δ( i1
n1

,
i2
n2

) (B) , B ⊆ [0,1]2 ,

whereδ(a1,a2) denotes the Dirac measure ata = (a1,a2) ∈ R
2.

If ∆(un(x)) holds and{Sn [X,un(x)]}n≥1, converges in distribution to some point processS, thenS is
necessarily a compound Poisson point process.The Poisson rateν can be obtained from the limit of zero
exceedances,ν = − log limn→∞P(Mn ≤ un), and the multiplicity distributionπ is the limit of cluster
size distributionπn, that is,π( j) = limn→∞πn( j) = limn→∞P

(
∑i≤rn

I{Xi>un} = j
∣∣∑i≤rn

I{Xi>un} > 0
)
,

j ∈ N, for somern =
(

n1
kn1

,
n2
kn2

)
andkn = (kn1,kn2) satisfying (2).

The next result establishes that ifI i , i ≤ kn, are disjoint rectangles of[0,1]2, then thekn1kn2 random
variablesSn [X,un,i ] (I i), i ≤ kn, where, for eachi, un,i is any one ofun(x1),un(x2), are asymptotically
independent and provides their distributional limit.

Proposition 2.1 Let {Xn}n≥1 be a stationary random field with extremal index0 < θ ≤ 1, {an > 0}n≥1

and{bn}n≥1 sequences of constants such that, asn −→ ∞, P(M(1)
n ≤ anx+bn) → Gθ(x), with a non-

degenerate distribution function G, andI i , i ≤ kn be disjoint rectangles of[0,1]2. If, for each x1,x2 ∈ R,
and un(xi) = anxi +bn, i = 1,2, X satisfies the condition∆2(un(x1),un(x2)), then
1. For any nonnegative integers si , i ≤ kn,

dn = P

(
⋂

i≤kn

{Sn [X,un,i ] (I i) = si}

)
− ∏

i≤kn

P(Sn [X,un,i ] (I i) = si) −−−→
n→∞

0,

where, for eachi, un,i is any one of un(x1),un(x2).
2. For each k= 1,2, . . . ,n1n2,

lim
n→∞

P(Sn [X,un(x)] (I1) ≤ k−1) = Gθ|I1|(x)

(
1+

k−1

∑
i=1

k−1

∑
j=i

(
− logGθ|I1|(x)

)i

i!
π∗i

( j)

)
,

whereπ∗i
is the ith convolution of the multiplicity distributionπ. We use the convention∑t

j=sa j = 0 if
t < s.

The Proposition 2.1 will lead to the asymptotic joint distributions of various quantities of interest,
such as, the locations of the k largest maxima, asn → ∞.

For the stationary random fieldX, let M(i)
n the ith largest maxima,ℑi = {j ∈ N

2 : Xj = M(i)
n }, P i =

{j ∈ ℑi : ∀j ′ ∈ ℑi ,d(j ,1)≤ d(j ′,1)}, Q i = {j ∈ P i : ∀j ′ ∈ P i , j1 ≤ j ′1} andR i = {j ∈ Q i : ∀j ′ ∈ Q i , j2 ≤ j ′2}.
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We define the location ofM(i)
n , L(i)

n , as follows

L(i)
n =






j (1) if P i = {j (1)}

j (2) if |P i | > 1 and Q i = {j (2)}

j (3) if |Q i | > 1 and R i = {j (3)}

.

Proposition 2.2 Assume that∆∗
2(un(x1),un(x2)) holds for all x1,x2 ∈ R. Then, for eachε1,ε2 ∈ (0,1],

lim
n→∞

P

(
k⋂

i=1

{
L(i)

n ∈ [1,n1ε1]× [1,n2ε2]∩N
2
})

= ε1ε2−
k−1

∑
s=1

(ε1ε2)
s(1− ε1ε2)

k−1

∑
t=s

π∗s
(t)

Now we study the asymptotic behavior of the location of the exceedance of thelevels{un(x)}n≥1 by
the stationary random fieldX nearest to the site (0,0).
Let ℑ∗

i =
{

j ∈ N
2 : Xj > un(x)

}
, P ∗i = {j ∈ ℑ∗

i : ∀j ′ ∈ ℑ∗
i ,d(j ,1) ≤ d(j ′,1)}, Q ∗

i = {j ∈ P ∗i : ∀j ′ ∈ P ∗i , j1 ≤ j ′1}
andR ∗

i = {j ∈ Q ∗
i : ∀j ′ ∈ Q ∗

i , j2 ≤ j ′2} . We define the location of the exceedance of the levels{un(x)}n≥1
nearest to the site (0,0),L∗

n, as follows

L∗
n (un(x)) ≡ L∗

n =






0 if ℑ∗
i = /0

j (1) if P ∗i =
{

j (1)
}

j (2) if |P ∗i | > 1 and Q ∗
i =

{
j (2)
}

j (3) if |Q ∗
i | > 1 and R ∗

i =
{

j (3)
}

.

Proposition 2.3 Suppose that∆∗
2(un(x1),un(x2)) holds for all x1,x2 ∈ R. Then, for eachε1,ε2 ∈ (0,1],

lim
n→∞

P
(
L∗

n ∈ [0,n1ε1]× [0,n2ε2]∩N
2
0

)
= Gθ(x)+1−Gθε1ε2(x).

The next result provides the asymptotic joint distribution of locations of the exceedance nearest to
the site (0,0) and the high local maxima.

Proposition 2.4 Suppose∆∗
3(un(x1),un(x2),un(x3)) holds for all x1,x2,x3 ∈ R. Then, for each

ε1,ε2 ∈ (0,1], δ1,δ2 ∈ [0,1],

lim
n→∞

P(L∗
n ∈ [0,n1δ1]× [0,n2δ2]∩N

2
0,L

(1)
n ∈ [0,n1ε1]× [0,n2ε2]∩N

2)

=






ε1ε2Gθ(x) if δ1 = δ2 = 0
ε1ε2−

ε1ε2−δ1δ2
1−δ1δ2

(
Gθδ1δ2(x)−Gθ(x)

)
if 0 < (δ1,δ2) ≤ (ε1,ε2) < (1,1)

1 if δ1 = δ2 = ε1 = ε2

.
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