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Abstract. This paper addresses the problem of local approximatiortietims of stationary models, of
intrinsic heterogeneous random fields, with incrementpldisng a local self-similar behavior char-
acterized by a functional exponent. Clustering in the wetvédbmain is performed for detecting the
homogeneous patterns, with a common second-order Holgemext. The number of clusters is de-
termined from the scalogram-based estimation of the H&dponent function.
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1 Introduction

Heterogeneity analysis constitutes an important topicpatiestemporal Geostatistics (see Christakos,
2000). A new class of spatiotemporal intrinsic heterogese@ndom fields was introduced in Ruiz-

Medina and Angulo (2007). The second-order local behavitveincrements of random fields in such a
class is characterized by a functional Holder exponent.ré&helarity assumptions satisfied by the Holder
exponent function (see Ruiz-Medina, Anh and Angulo, 208d)ice a slow local variation, reflected in

the configuration of local homogeneous patterns in the cvee function. In this paper, we address the
problem of detecting such patterns from the scalogramebastmation of the Holder exponent function,

and the clustering performed in the highest resolutioni$ewethe wavelet transformation of the data. A

simulation study is developed to illustrate the resultsveel.
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2 The methodology

The following definition provides the characterization mifrinsic heterogeneous random fields.

Definition 1 Let X be a zero-mean second-order random field. X is said tothasic heterogeneous if
the following local behavior is displayed: For alld T C R, andze D C RY,

EX(t+1.2+&) - X(t,2)]? = o(|(r.§) )"+, as ||(1,8)] —0,

where h denotes the Holder exponent function.

In Ruiz-Medina, Anh and Angulo (2004), this class of randoahdf is introduced, in a generalized ran-
dom field framework, in terms of the isomorphic relationsbiifits RKHS family with the multifractional
fractional Sobolev space class. The log-wavelet trandarfithe elements of this class of random fields
display an asymptotic linear behavior with slopes propodl to the corresponding Hélder exponent
functions (see Ruiz-Medina and Angulo, 2007). This factinatés the methodology proposed.

Let X be a spatiotemporal process defined on the spatial donaifR?. Assume thaX is observed
atN spatial locations anidl time points. The method consists of the following steps:

e For each location, perform a nonparametric estimationgdvas the wavelet transform, of the
local Holder spectrum. Applk-means clustering on the estimated values of the local Holder
spectrum. Select the optimal number of clusters using thewsttte coefficients and the average
silhouette values for each number of clusters considered.

e The number of clusters determined in the previous step isidered for detecting the possible
number of clusters in the highest resolution levels of theelet transformation of the data.

e For each location, apply the discrete wavelet transforrheémbserved time series.

e At each scalgj, extract the detail coefficients and perfokameans clustering on the objects
defined by theN spatial locations. Compute the silhouette coefficientsthedaverage silhouette
values for each number of clusters.

e Determine the local homogeneous patterns in the covarifammtion from the clustering results
obtained in the highest resolution levels.

e Repeat the procedure with different wavelet bases, selexteording to the regularity properties
of the Holder function estimated, to discriminate the dff#fche basis in the wavelet-clustering-
based classification procedure.

3 A simulated illustration

In this section, the effect of the functional form and thegpaeter values characterizing the Hdolder
exponent is analyzed. The influence of the regularity pitigeeand moment conditions of the wavelet
basis selected is also studied. Note that in the Gaussia tteesmethodology proposed also provides
the detection of homogeneous patterns in the sample paths.
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Figure 1: Case 1. Classification of the sites in 2 and 3 grolyaireed byk-means clustering on the
estimated values of the Holder exponent and on the detafficieats at level 9, applying the Haar
wavelet transform (from left to right).
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Figure 2: Case 1. Silhouette plots kyneans clustering on the estimated values of the Holderrexgo
and on the detail coefficients at level 9, for 2 and 3 groupplyamy the Haar wavelet transform (from
left to right).

The intrinsic heterogeneous random field model considerééfined in terms of the convolution of
an innovation process with the following spatiotemporaéfil

f(ty,t2;21,22;0,0) a
17 2! 17 2! ) — Y

1+ (Jto — 22 + |21 — 22]|2)Po(20)
with a > 0, and@ € ©, the parametric space associated with the Holder functibe.ifinovation process
g is assumed to be spatiotemporal Gaussian white noise widmeao?. The methodology proposed is
illustrated here for two functional forms for the Holder exygnt. In Case 1y is given by

ho(2) = B1exp{ — ((82-+ |12)* ) /8a}.

and in Case 2his defined as 0
1

(82+2])%

The parameter values considered are- 1,06, =1,6,=1,03=2,6, =1, og = 0.01, for Case 1,
anda =1,6;,=1,6,=1,03=0.2, 0§ = 0.01, for Case 2. In both cases, the proc¥ss simulated

at 1024 equally spaced time points, at 70 spatial locatiandamly selected from a regular 12828
grid defined on the domai® = [0,1]2. The wavelet transform is implemented in terms of Haar and
Daubechies (order 6) wavelets, respectively for Cases RaRtbm the results displayed in Figures 1 to
4, it can be observed that the smoother behavior of the Hébkjgonent function in Case 1 allows to fit

hg(Z) =
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the optimal number of clusters within the resolution levassidered. However, the fractal behavior of
the Holder exponent function in Case 2 requires a higher rummiresolution levels to be computed for
estimation and, consequently, for appropriate deterfainaif the optimal number of clusters required.
Similar results can be appreciated regarding accuracytima&son of the Holder exponent function

depending on the regularity conditions of the wavelet basis

Sites classification for the estimation of the Holder exponent ~ Sites classification for the estimation of the Holder exponent Sites classification for the detail coefficients at level 9 Sites classification for the detail coefficients at level 9
1 i 1 LIy 1 ol5g55 1 18 055
o « . «
09) - hd . 09) - ~ . 09) - 8 . 09) 2 “ 41
. . e . o s e © o - g ¥ o - = w7
o . ®h0 .« o . o0 .« o - ® w0 . s - af10 6
o] © % o7 o % e o7 o & o7 o &
15 a6 o o
08 “2 s &4 &0 08 . &8 08 . L 08 2 s & &0
- - s - P L 8 - s - - ® 58
05 " . 05 w . 0 o « 0 i~ o
) ) . 29,60 . g8 - - gm0 “ .
o “ ey 1457 04 © o L o 5 g (g o o g 145
= 2 « 22 ? @ L 2
a7 ar o o
03 5w 03 5w 03 @ |03 55 2
02] © “ [ * 02] - & ® * 02] o & -« * 02] b & 81 .
© 2 « «
L 33 (3 33 6 L L -«
01 - © 2 «© oo 01 S ! 2 . oo 01 5 51 70 © oo 01 © © o © e
Y ) " e o &
) « ® J ) « ® us ) . = o ) P 4

0 o1 02 03 04 05 06 07 08 08 1 0 o1 02 03 04 05 06 07 08 08 1 0 01 02 03 04 05 06 07 08 08 1 0 01 02 03 04 05 06 07 08 03 1

Figure 3: Case 2. Classification of the sites in 2 and 3 grolyaireed byk-means clustering on the
estimated values of the Holder exponent and on the detdficeats at level 9, applying the Daubechies
(order 6) wavelet transform (from left to right).
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Figure 4: Case 2. Silhouette plots kyneans clustering on the estimated values of the Holderrexgo
and on the detail coefficients at level 9, for 2 and 3 groupplyamy the Daubechies (order 6) wavelet
transform (from left to right).
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